
Altn in a Strictly Positive Context

Stanislav Kikot1, Agi Kurucz2, Frank Wolter3, and Michael Zakharyaschev1

1Birkbeck, University of London, 2King’s College London, 3University of Liverpool, U.K.

A strictly positive term (or SP-term) is a modal formula constructed from propositional
variables p0, p1, . . . , constants > and ⊥, conjunction ∧, and the unary diamond operator 3.
An SP-implication takes the form σ → τ , where σ, τ are SP-terms, and an SP-logic is a
set of SP-implications. (An SP-implication σ → τ can be regarded as an algebraic equation
σ ∧ τ ≡ σ, while σ ≡ τ as a shorthand for ‘σ → τ and τ → σ’.) In various contexts, SP-logics
were investigated in [3, 7, 2, 1, 8, 6, 5, 4].

We consider two consequence relations. For an SP-logic L and SP-implication ϕ, we write
L |=Kr ϕ if ϕ is valid in all Kripke frames for L, and we write L |=SLO ϕ if ϕ is valid in
all bounded meet-semilattices with normal monotone operators (or SLOs) that validate L. We
call L (Kripke) complete in case L |=Kr ϕ iff L |=SLO ϕ, for all ϕ. Since SP-implications
are Sahlqvist formulas, L |=Kr ϕ iff L |=BAO ϕ, where BAO stands for Boolean algebras with
operators. Thus, completeness is equivalent to (purely algebraic) conservativity of |=BAO over
|=SLO. Completeness of an SP-logic L also means that its SP-implications axiomatise the SP-
fragment of L regarded as a standard modal logic. A simple example of an incomplete SP-logic
is L = {3p→ p}; indeed, for ϕ = (p ∧3> → 3p), we have L |=Kr ϕ and L 6|=SLO ϕ.

A classical method of showing completeness of a modal logic L is to prove its canonicity,
which can be done by establishing that every BAO for L is embeddable into the full complex
BAO F+ of some Kripke frame F for L. We call an SP-theory L complex if every SLO for
L is embeddable into the SLO-type reduct of F+ of some Kripke frame F for L. Examples of
complex, and so complete SP-logics include {p→ 3p} (reflexivity), {33p→ 3p} (transitivity),
{q ∧3p→ 3(p ∧3q)} (symmetry), {3p∧3q → 3(p∧q)} (functionality), and their unions. By
Sahlqvist’s theorem, all SP-logics have first-order correspondents. A number of general results
linking complexity of SP-logics to the form of their correspondents have been obtained in [4].

On the other hand, there are many SP-logics that define standard frame properties, but are
not complex. In this note, we aim to develop a new method for proving completeness of such
logics. First, we axiomatise the SP-fragment of the (Kripke complete) modal logic Altn whose
Kripke frames are n-functional , i.e., satisfy ∀x, y0, . . . , yn

(∧
i≤nR(x, yi)→

∨
i 6=j(yi = yj)

)
. We

set Alt+n = {ϕnfun}, where P = {p0, . . . , pn} and

ϕnfun =
( ∧

Q⊆P, |Q|=n

3
∧
Q → 3

∧
P
)
.

Note that Kripke frames for ϕnfun are exactly n-functional frames. Here we sketch the proof of

Theorem 1. For any n ≥ 1, the SP-logic Alt+n is complete, though not complex if n ≥ 2.

To prove that Alt+n (n ≥ 2) is not complex, one can show that the SLO on
the right (where 3> = >, 3⊥ = ⊥, and the arrows define 3 in other cases)
validates ϕnfun but is not embeddable into F+, for any n-functional F. 0 n

To show completeness, we require n-terms that are defined by induction: (i) all propositional
variables, ⊥ and > are n-terms; (ii) if τ1, . . . , τn are n-terms, then so is 3(τ1 ∧ · · · ∧ τn).

Lemma 2. For any SP-term %, there is conjunction %′ of n-terms with Alt+n |=SLO (% ≡ %′).
The proof is by induction on the modal depth d of %. The basis d = 0 is trivial. Suppose

now that % is of depth d > 0. Then % =
∧
P% ∧ 3%1 ∧ · · · ∧ 3%k, where P% is a set of
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propositional variables, ⊥ and>, and each %i is of depth≤ d−1. By IH, Alt+n |=SLO (%i ≡
∧
Ai),

for some set Ai of n-terms. Then Alt+n |=SLO

(
% ≡ (

∧
P% ∧

∧k
i=1 3

∧
Ai)
)
. If |Ai| ≤ n,

then we are done. So fix some i and suppose that |Ai| = k > n. Then we always have
|=SLO

(
(3
∧
Ai)→ (

∧
Q⊆Ai, |Q|=n3

∧
Q)
)
. We show that

Alt+n |=SLO

( ∧
Q⊆Ai,|Q|=n

3
∧
Q → 3

∧
Ai
)
. (1)

Indeed, by a syntactic argument, we have Alt+n |=SLO ϕmfun, for every m > n, from which we

obtain (1) as a substitution instance of ϕkfun.

Lemma 3. For any SP-term σ and any n-term τ , Alt+n |=Kr σ → τ implies |=Kr σ → τ .

The proof is by induction on the modal depth d of τ . The basis is again trivial. Now assume
inductively that the lemma holds for d and the depth of τ is d+1. Let σ =

∧
Pσ∧3σ1∧. . .∧3σk,

where Pσ is some set of propositional variables, ⊥, >, and each σi is an SP-term. Suppose
τ = 3(τ1 ∧ . . . ∧ τn), where each τi is either a variable, >, ⊥, or of the form 3(τ i1 ∧ · · · ∧ τ in).

Suppose 6|=Kr σ → τ . Then, for every j (1 ≤ j ≤ k), there is i (1 ≤ i ≤ n) such that
6|=Kr σj → τi, and so

⋃n
i=1Ki = {1, . . . , k}, for Ki = {1 ≤ j ≤ k | 6|=SLO σj → τi}. It is not hard

to see that, for any i with Ki 6= ∅, we have 6|=Kr (
∧
j∈Ki

σj)→ τi. By IH, for any such i, there
is a Kripke model Mi based on an n-functional frame with root ri where

∧
j∈Ki

σj holds, but
τi does not. Now take a fresh node r, make

∧
Pσ true in r, and connect r to ri of each Mi.

The constructed model is based on an n-functional frame and refutes σ → τ at r, showing that
Alt+n 6|=Kr σ → τ as required. That Alt+n is complete follows now from Lemmas 2, 3 and the
completeness of the empty SP-logic [7].

Using a similar (but more involved) technique, we can also show (see [4] for details) that the
SP-logic S4.3+ = {p → 3p,33p → 3p,3(p ∧ q) ∧ 3(p ∧ r) → 3(p ∧ 3q ∧ 3r)} is complete,
has exactly the same frames as S4.3, and is decidable in polynomial time. However, this does
not generalise to K4.3 whose class of Kripke frames is not SP-definable [4]. Svyatlovski has
recently shown that the SP-logic Ls = {33p→ 3p, 3(p∧3q)∧3(p∧3r)→ 3(p∧3q∧3r)}
is complete, tractable, and, for any SP-implication ϕ, we have Ls |= ϕ iff ϕ is valid in all frames
for K4.3 (although Ls has non-K4.3 frames).
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