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Motivating example: DL for Conceptual Modelling

empCode: Integer

salary: Integer

Employee

 

 
 
Manager

 
 
AreaManager

 
 
TopManager

1..1

1..*

boss

 

projectName: String

Project

3..*

1..1

1..1

worksOn

manages

1..*

{disjoint, complete}

Translating into DL:

TopManager v Manager

AreaManager v ¬TopManager

Manager v AreaManager t TopManager

Employee v ∃salary.>>>

∃salary−.>>> v Integer

≥ 2 salary.>>> v ⊥

Project v ≥ 3 worksOn−.>>>

CEO u (≥ 5 worksOn.>>>) u ∃manages.>>> v ⊥

manages v worksOn

DL-Lite!
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The DL-Lite family

1. DL-LiteNbool
R ::= P | P−

B ::= ⊥ | A | ≥ qR
C ::= B | ¬C | C1 u C2

TBox axioms C1 v C2

2. DL-LiteNhorn

TBox axioms B1 u · · · uBn v B

3. DL-LiteNkrom

TBox axioms B1 v B2 B1 v ¬B2 ¬B1 v B2

4. DL-LiteNcore = DL-LiteNhorn ∩ DL-LiteNkrom

combined complexity sat.: NP
data comp. instance: in AC0

data comp. query: coNP

combined complexity: P
data comp. instance: in AC0

data comp. query: in AC0

comb. comp.: NLOGSPACE
d.c. instance: in AC0

d.c. query: coNP

comb. comp.: NLOGSPACE
d.c. instance: in AC0

d.c. query: in AC0

NB: complexity by embedding in the 1-variable fragments of FOL

NB: in AC0 informally means ‘as effective as relational databases’, i.e., FO-rewritable

NB: UNA is essential for encoding number restrictions
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Embedding DL-Lite into FOL

Theorem The satisfiability problem for DL-LiteNbool knowledge bases is NP-complete

Proof by embedding into the 1-variable fragment of first-order logic

T = {A v ∃P−, ∃P− v A, A v ≥ 2P, > v ≤ 1P−, ∃P v A}, A = {A(a), P (a, a′)}

∀x
[
(A(x)→E1P

−(x))∧(E1P
−(x)→A(x))∧(A(x)→E2P (x))∧¬E2P

−(x)∧(E1P (x)→ A(x))

∧ (E2P (x)→E1P (x)) ∧ (E2P
−(x)→E1P

−(x))

∧ (E1P (x)→E1P
−(dp−)) ∧ (E1P

−(x)→E1P (dp))
]
∧ A(a)∧E1P (a)∧E1P

−(a′)

(∃P )I 6= ∅ iff (∃P−)I 6= ∅
(∃xE1P (x)↔ ∃xE1P

−(x))

.

.

dp−

dp

a

a′

all points are in A, ∃P−, ≥ 2P

.

.

dp−

dp

a

a′

.

.

dp−

dp

a

a′

No fmp,
but only linear number of

(domain and range)
witnesses needed !
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The DL-Lite family revisited

3D family DL-Liteβ,γβ,γβ,γ
ααα

α concept inclusions
core: B1 v B2, B1 v ¬B2

Krom: B1 v B2, B1 v ¬B2, ¬B1 v B2

Horn: B1 u · · · uBk v B
Bool: C1 v C2

β role inclusions
R: R1 v R2

: not allowed

γ number restrictions
: only ∃R
F : ∃R and ≥ 2R v ⊥ (functionality constraints)

N : ≥ q R

+ 4th dimension: unique name assumption UNA: aIi 6= aIj for all i 6= j
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The DL-Lite family: complexity-scape
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Unique Name Assumption (UNA)

Theorem The satisfiability problem for DL-LiteFcore (functionality only) KBs
is P-complete for data complexity

Proof ϕ =
n∧
k=1

(ak,1 ∧ ak,2 → ak,3) ∧
p∧
l=1

al,0 (a Horn-3CNF formula)

each ak,j and each al,0 is one of the propositional variables a1, . . . , am

ak,1, ak,2, ak,3 are all distinct.
P-complete problem ‘ϕ |= aj?’

T : ≥ 2P v ⊥, ≥ 2Q v ⊥, ≥ 2S v ⊥, ≥ 2 T v ⊥

object names t, aki , fk, gk, for 1 ≤ k ≤ n, 1 ≤ i ≤ m

A: S(a1
i , a

2
i ), . . . , S(an−1

i , ani ), S(ani , a
1
i ), for 1 ≤ i ≤ m

P (akk,1, fk), P (akk,2, gk), Q(gk, a
k
k,3), Q(fk, a

k
k,1), for 1 ≤ k ≤ n

T (t, a1
l,0), for 1 ≤ l ≤ p

ϕ |= aj iff (T ,A) |= T (t, a1
j) (without the UNA)

NB: P-completeness means that it is not FO-rewritable (in fact, it’s FO + LFP)
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FO-rewritability = in AC0 (rather than in LOGSPACE)

FO-rewritability:

given a query q(~a) and a TBox T one can construct a query qT (~x) such that
(T ,A) |= q(~a) iff AA |= qT (~a),

where AA is the first-order model induced by A

Fact Model checking in FOL (evaluating a FO-formula) is in AC0 for data complexity

circuit = DAG built from unbounded fan-in AND, OR and NOT gates

AC0 is the class of problems definable using
a family of circuits of constant depth and polynomial size,

which can be generated by a deterministic Turing machine in logarithmic time
(in the size of the input) LOGTIME-uniformity

i.e., AC0 stands for polynomially many processors with the constant run-time

NB: PARITY is in LOGSPACE but not in AC0

(Immerman 1989, Dawar et al 1998) AC0 = FO + BIT(x,y)

Theorem Without the UNA, instance checking in DL-Litecore with equalities (a ≈ b)
is LOGSPACE-complete for data complexity (in particular, not FO-rewritable)
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Delicate balance: either numbers restrictions or role inclusions

DL-LiteFcore (i.e., B1 v B2, B1 v ¬B2 ) is NLogSpace-complete for combined complexity
and in AC0 for data complexity (under the UNA)

DL-LiteR,Fcore (DL-LiteFcore + R1 v R2) is ExpTime-complete for combined complexity
and P-complete for data complexity

Example 1: A1 uA2 v C can be simulated by the axioms:

A1 v ∃R1 A2 v ∃R2

R1 v R12 R2 v R12

≥ 2R12 v ⊥
∃R−1 v ∃R

−
3

∃R3 v C

R3 v R23 R2 v R23

≥ 2R−23 v ⊥
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Delicate balance: either numbers restrictions or role inclusions (2)

DL-LiteR,Fcore (DL-LiteFcore + R1 v R2) is ExpTime-complete for combined complexity
and P-complete for data complexity

Example 2: A v ∃R.B can be simulated by the axioms:

A v ∃RB RB v R ∃R−B v C

Example 3: A v ∀R.B can be simulated by using reification:

.

.R S1 S2

≥ 2Sk v ⊥, Sk,B v Sk and Sk,¬B v Sk, for k = 1, 2

∃S1,B ≡ ∃S2,B and ∃S1,¬B ≡ ∃S2,¬B

∃S2 v ∃S2,B t ∃S2,¬B

∃S−2,B v B and ∃S−2,¬B v ¬B

A v ¬∃S−1,¬B
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DL-Lite(RN )
α : pushing the limits of DL-Lite

• role inclusions + number restrictions (like in DL-LiteA)

if R has a proper sub-role in T then T contains
no negative occurrences of ≥ q R or ≥ q inv(R) with q ≥ 2

• positive occurrences of qualified number restrictions≥ q R.C≥ q R.C≥ q R.C

if ≥ q R.C occurs in T then T contains
no negative occurrences of ≥ q′R or ≥ q′ inv(R) with q′ ≥ 2

no TBox can contain both a functionality constraint ≥ 2R v ⊥ and ≥ q R.C, for any q ≥ 1

• role disjointness, symmetry, asymmetry, reflexivity and irreflexivity constraints

all these extensions do not change the complexity
in particular, DL-Lite(RN )

α is the same as DL-LiteNα

NB. transitive roles do not change the combined complexity
(NLOGSPACE-hard for data complexity)
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