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Abstract

Although the notion of generality is central in mathe-
matics and science, being able to identify and express gen-
eral patterns and/or articulating structures is one of the
main difficulties for children when they learn mathematics.
This paper presents a step towards a set of tools that ad-
dresses this problem problem by encouraging students to
connect between actual activities within the task and ex-
pressions of generality. The paper describes a novel tool —
ShapeBuilder — and how it can be used in the context of a
well-known generalisation activity: tiling a pond. Insights
gained from various small-scale studies with children are
discussed followed by a description of how we expect this
tool to develop in future work.

1. Introduction

The need to recognise, express and justify generality is
at the core of mathematical thinking and scientific enquiry.
However, a voluminous body of mathematics education re-
search (see [14]) suggests that expressing generality, recog-
nising and analysing patterns and articulating structure is
complex and problematic for students. As suggested in [14],
the difficulties students face should not be interpreted sim-
ply as their own failure but have to be investigated in the
context of the curriculum, the nature of the tasks posed and
the tools available for their solution.

In the traditional mathematical curriculum, algebra is a
means of expressing generality. However, generalisation
is so implicit in algebra that experts no longer notice the
strategies they have integrated into their thinking [12]. This
causes problems for students who perceive algebra as an
endpointrather than a tool for problem solving [14]. One
of the reasons for this is that the questions asked and the ac-
tions to be taken have no real need for mathematical expres-

sion. The latter — even when achieved correctly — is of-
ten disconnected from the activity which precedes it which
‘neither illuminates the problem nor provides a means for
validating its solution’ [8].

This paper presents a step towards a set of tools that
addresses this problem by encouraging students to connect
their actions within activities with the need to express gen-
erality. These tools are being developed as part of a learning
environment which will promote the learning of mathemat-
ical generalisation. The environment will also contain tools
that are (a) able to provide personalised support adapted to
students construction processes and (b) foster and sustain
an effective online learning community by providing assis-
tance to learners based on analyses of their own learning and
the activities of the group and advising learners and teach-
ers as to which constructions and reports of others to view,
compare, critique and build upon.

Throughout the development of this system, we are fol-
lowing an iterative user-centred design methodology. For-
mer studies have shown that the use of educational tools
in the education of mathematics must be carefully inte-
grated with the normal development of the class [8]. In
addition, studies about the adoption of educational soft-
ware highlight that teachers would like the opportunity to
be more involved in the whole design process of computer-
based environments for their students [16, 15]. Similarly,
many researchers report that when developers of innova-
tions are able to match learning environments to teachers
goals and expectations for students learning, they are more
likely to implement those innovations [3]. Based on the
above, teachers in our project are given the active role of
being critical users and co-designers of the activities andthe
learning environment rather than just the role of receivers.
Guided by the same principles we attempt to involve stu-
dents in appropriate parts of the design process.

The paper is structured as follows. Section 2 discusses
related work from both the learning sciences and computer



science fields. Section 3 presents the learning environment
and its application to a specific example generalisation task
followed by Section 4 which details the insights obtained
from testing this tool with various children. Section 5 closes
the paper, drawing general conclusions and presenting the
lines of research that remain open.

2. Related Work

The difficulty that algebraic thinking poses to children
has been thouroughly studied in the field of mathematics
education [11, 7]. There have been numerous attempts to
foster a shift towards an appreciation of generality, most
notably through finding ways for students to construct their
own mathematical models [14]. This modelling approach
seeks not only to foster seeing the general in the particular
by construction and exploration, but also a sense of own-
ership of the abstraction process. However, despite some
successes, difficulties remain, and these tend to coalesce
around the need for appropriate pedagogic support from the
teacher.

Two intelligent tutoring system for the domain of alge-
bra are presented in [18, 13], but they deal with actual for-
mulae with variables and numbers, and thus are only suit-
able for children that already have a clear notion of variable
and some skill in algebraic notation; they cannot give in-
formation about structural misconceptions in the learners’
heads [10]. T-Algebra [9] is a learning environment for the
domain of algebra but it also focuses on the language of al-
gebra. Our system works at a cognitively preliminary stage
as it tries to bridge the gap between the language and the
current objects in the mind of the learner

3. The ShapeBuilder

3.1. Using Expressions to Define Shapes

ShapeBuilder is an environment for early secondary ed-
ucation children (10–12 years) that aims to encourage struc-
tured algebraic reasoning. Figure 1 shows the layout of the
ShapeBuilder. The Expression Toolbar allows the user to
populate the Expression Palette with constants, variables
and arbitrarily complex compound expressions involving
the operators addition, subtraction, multiplication and di-
vision. The Shape List enumerates the shapes that are
currently in existence and also allows the creation of new
rectangles.1 The width and height of shapes are specified
through dragging expressions from the palette to the appro-
priate position within the list.

Once the shape has been created and defined, it can be
manipulated on the interaction canvas. All shapes can be

1Creation of other shapes will be explored in future work.

moved through dragging the mouse and attached to other
shapes. Rectangles whose width and/or height are defined
by variables can also be resized using the mouse. Shapes
can be copied through dragging the thumbnail to the inter-
action canvas. As the expressions defining a shape group
are changed, all copies are updated appropriately.2

At any time, the current value of a variable can be edited
directly. This can potentially lead to an unlimited number of
changes in the dimensions of the shapes on the interaction
canvas.

3.2. Using Shapes to Define Expressions

As described so far, ShapeBuilder provides facilities for
the learner to build shapes using expressions. However, a
critical feature of the software allows users todefine expres-
sions using shapes. Specifically, by double-clicking on an
edge of a rectangle, the user is able to create an expression
which, at all times, evaluates to the current value of that
dimension of the rectangle. This is represented iconically.3

3.3. Using ShapeBuilder for Pond Tiling

Pond tiling is a very typical generalisation task for chil-
dren in our target age group. Given a rectangular pond with
a particular integer width and height, the task entails chal-
lenging the child to determine how many1 × 1 tiles are re-
quired to surround it. Although simple, this task is surpris-
ingly rich in that it lends itself to a variety of different solu-
tions as shown in Figure 2. These tilings correspond to the
general algebraic equations2a+2b+4,2(a+1)+2(b+1),
2a+2(b+2) and2(a+2)+2b. Such scope for alternatives
allows the learner to realize how multiple valid solutions to
a problem lead to different — but equivalent — expressions.
There is then an incentive to develop some of the basic rules
of algebra intuitively such as commutativity and associativ-
ity as well as provocation to collaborate with other children
who have found correct but different solutions.

Figure 3 details the gradual construction of one of these
possible solutions using the interface features of the Shape-
Builder as described in the previous sections. Having con-
structed this solution, the user could then change the values
of the variables and observe their resulting tiling thus vali-
dating the generality of their solution (across these specific
cases).

2Note that shapes are grouped only when copied through thumbnail
dragging. Creating a shape explicitly using the same expressions will lead
to a separate entry in the shape list.

3We envisage that this functionality will be extended in the future so
that, for example, a user could create a variable based on theinterior angle
of a shape.

2



(a)

(b) (c) (d)

Figure 1. The layout of the ShapeBuilder. (a) the Expression Toolbar; (b) the Shape List; (c) the overall
ShapeBuilder interface (the gridded area is the interactio n canvas); (d) the Expression Palette.

Figure 2. Four examples of general solutions

4. Insights from User Testing

At this stage of the development process, various iter-
ations of the ShapeBuilder have been tested with students
selected by teachers who collaborate with our project. The
objectives of these small-scale studies are (a) to refine as-
pects of the user interface (in line with our user-centred
design methodology) and (b) to investigate how students
approach the task in this innovative situation. The studies
involved two or three students working with the system in
the presence of their teacher and/or researchers from our
team. Students were first presented with simple tasks which
were designed to familiarise them with the user interface
and introduce the possible ways of constructing shapes and
expressions. After the familiarisation session, studentsare
presented with the pond tiling activity which asks them to
develop an expression that represents a rule that calculates
the number of tiles needed to surround a pond. The 10 stu-
dents who have used the system so far seemed very inter-
ested and engaged with the tasks posed. While they quickly
perceive the affordances of the interface, some early ses-

Step 1 The user creates two independent variables,
clicks on ‘New Shape’ and then drags these expressions
to define the width and height of their pond (rectangle).

Step 2 The user creates an iconic expression for
the pond width and adds 2 to it. They then use
this to define the width of the horizontal tile. They
copy this through dragging to create two instances.

Step 3 They then create an iconic expression for the
height of the pond and use this to define the height of the
vertical tile. Once again, they copy this through drag-
ging.

Figure 3. Using ShapeBuilder for the pond
tiling task. Each step shows the latest entry
in the shape list and the current state of the
canvas.
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sions helped us recognise the importance of finding moti-
vating familiarisation tasks that would introduce students to
the system in an open-ended and natural manner. Their con-
structions during the pond-tiling task show that they under-
stand the notion of iconic variables. This is demonstrated
particularly well when they are asked to explain their rules
to other students. Not only they use references from the
user interface of the system but they also create new con-
structions to justify their arguments. As explained in Sec-
tion 3.3, one of the interesting aspects of the pond tiling task
is the different ways for constructing a representation.

This variety lends itself to interesting pedagogical ap-
proaches. In terms of their constructions, an approach
which has been established as potentially powerful in Dy-
namic Geometry Environments [1], is often referred to as
‘messing up’ [6]. This strategy challenges students to
produce constructions which cannot be ‘messed-up’ when
changed. One of the main advantages of ShapeBuilder is
that it allows students to put their creations to exactly this
kind of test. When they are asked to create shapes in relation
to others (like when surrounding a pond with tiles) they can
construct this for the particular case given (using constants
and/or variables) or in a more general way (with icon vari-
ables related to the shapes given). However, only solutions
constructed in a general way will pass this test [6]. Figure 4
shows a non-general solution that becomes invalid as soon
as the pond changes its size. At the moment, the teacher
(or indeed another student) can easily mess-up such con-
structions by changing, for example, the width of the pond.
This raises discussions between teachers and students. This
‘provocation’ to generalise [12] provides students with the
opportunity to realise that there is an advantage to using
icon variables. In this way, it helps them start thinking in
terms of abstract characteristics of the task rather than ac-
tual measurements.

Figure 4. Messing up highlights the differ-
ence between a solution which is general and
one which is not. The first one is not valid
anymore if the pond size is changed, while
the second one is.

In terms of the solutions that students produced during
the small-scale studies, they varied from specific to general.
With the help of the teacher/researcher, and usually by re-
ferring to a general construction that cannot be messed up,
students were able to derive more general rules and com-
pare them with each other. At the moment, this requires an
intensive one-to-one interaction that would not be possible
in a classroom. Analysing these interactions further will in-
form the design of the intelligent components of the system
that will be able to provide support to students and teachers
in a classroom context. This is discussed as future work in
the next section.

5. Conclusions and Future Work

Algebra in general, and the development of mathemati-
cal patterns in particular, is one of the more important dif-
ficulties in the learning of mathematics at an early age. We
have presented a tool that encourages the user to connect co-
herently between some concrete activity involving shapes
(such as pond tiling) and the actual algebraic expressions
that describe the general solution to the problem.

Some small-scale studies have been performed with
young learners achieving encouraging results, as they where
able to constructgeneralsolutions (and describe them ver-
bally) that they could notmess up. However, the actual level
of learning of algebra by them is a matter that demands
further and more formal investigation, with an assessment
strategy and much larger sample.

Immediate progress of our research tends towards provi-
sion of intelligent feedback on the activity by the tool itself.
This would help students in self-learning and distance learn-
ing scenarios as well as act as an effective supplement to the
support that a teacher provides in the classroom. Since the
actions of the students will be logged by the system as they
happen, . This allows for the provision of feedback based
both in real time analysis of current actions as well as offline
analysis.

However, there are two important challenges. First, the
exploratory nature of the task we are dealing with makes
it difficult to establish routes that the students may follow
through the state-space of the task, and there is a broad grey
area between “clearly correct” and “clearly incorrect” that
cannot be easily assessed. The system cannot be an ITS
in the classical sense where there are correct and incorrect
answers. Some techniques have been used in the past for
dealing with exploratory environments like Bayesian net-
works [4, 5], combinations of heuristics and formal meth-
ods [17] or multi-agent systems [19] based in Balacheff’s
formalization of mathematical knowledge [2]. Additionally,
the domain of mathematical generalisation is vague and dif-
ficult to formalise. Our intention therefore is to develop on-
tologies with which we can categorise specific task domains
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and possible strategies within them. In this way, we aim to
develop a generic system that enables effective and mean-
ingful interaction with a wide range of generalisation tasks.
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