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ABSTRACT

Batch training algorithms with a di�erent learning rate
for each weight are investigated. The adaptive learning
rate algorithms of this class that apply inexact one{
dimensional subminimization are analyzed and their
global convergence is studied. Simulations are con-
ducted to evaluate the convergence behavior of two
training algorithms of this class and to compare them
with several popular training methods.

1. INTRODUCTION

The use of a di�erent learning rate for each weight al-
lows us to �nd the proper stepsize that compensates
for the small magnitude of the gradient in a at weight
direction in order to avoid slow convergence, and damp-
ens a large weight change in a steep weight direction in
order to avoid oscillations. Moreover, this approach ex-
ploits the parallelism inherent in the evaluation of E(w)
and rE(w) by the BP algorithm.

Various batch training methods with a heuristically
determined learning rate for each weight have been pro-
posed [4, 5, 10, 11, 13]. These methods follow the iter-
ative scheme:

wk+1 = wk � diagf�k1 ; : : : ; �
k
ngrE(w

k); (1)

and try to decrease the error by searching a local min-
imum with small weight steps. These steps are usually
constraint by problem-dependent heuristic learning pa-
rameters, in order to ensure subminimization of the er-
ror function in each weight direction. However, these
attempts to determine a proper learning rate for each
weight usually result in a trade-o� between the conver-
gence speed and the stability of the training algorithm.
Highly problem-dependent heuristic parameters are in-
troduced to alleviate the stability problem. Further-
more, a well known di�culty of this approach is that
the use of inappropriate heuristic values for a weight
direction misguides the resultant search direction. In
such cases, these training algorithms cannot exploit the

global information obtained by taking into considera-
tion all the directions and no guarantee is provided that
the weight updates will converge to a minimizer of E.

2. ADAPTING A LEARNING RATE

FOR EACH WEIGHT BY

SUBMINIMIZATION

In function minimization problems, it is well known
that all the local minimaw� of a continuously di�eren-
tiable function E satisfy the necessary conditions

rE(w�) = �n: (2)

Eq. (2) represents a set of n nonlinear equations which
must be solved to obtain w�. Therefore, one approach
to the minimization of the error function E is to seek
the solutions of the set of Eq. (2) by including a pro-
vision to ensure that the solution found does indeed
correspond to a local minimizer.

We propose solving the equation (2) by applying the
class of nonlinear Jacobi methods. The main feature
of the nonlinear Jacobi process is that it is a parallel
algorithm [9], i.e. it applies a parallel update of the
variables. So, starting from an arbitrary initial point
w0 2 D, one can subminimize, at the kth iteration, the
one{dimensional function:

E(wk1 ; : : : ; w
k
i�1; wi; w

k
i+1; : : : ; w

k
n); (3)

along the ith direction and obtain the correspond-
ing subminimizer ŵi. This is done in parallel for all
i = 1; : : : ; n. Obviously for this ŵi

@iE(w
k
1 ; : : : ; w

k
i�1; ŵi; w

k
i+1; : : : ; w

k
n) = 0: (4)

This is a one-dimensional subminimization because all
other components of the vector w, except the ith, are
kept constant. Then the ith weight is updated accord-
ing to the following equation:

wk+1i = wki + �k(ŵi �wki ); �k 2 (0; 1]: (5)

Depending on the one{dimensional subminimization
method [3, 9], used for the subminimization of (3),



we can obtain training algorithms. When exact one-
dimensional subminimization is applied, and �k = 1 for
all k, convergence can be established (see [2]). When in-
exact one-dimensional subminimization is applied, the
number of iterations of the subminimization method
is related to the requested accuracy in obtaining the
subminimizer approximations. The following theorem
provides a local convergence result. It shows that there
is a neighborhood of a minimizer of the error function
and initial weights in this neighborhood for which con-
vergence to the minimizer can be guaranteed and it is
applicable to any iterative scheme (5) utilizing inexact
one-dimensional subminimization.

Theorem 1 [7]: Let E : D � IRn ! IR be twice contin-
uously di�erentiable in an open neighborhood S0 � D
of a point w� 2 D for which rE(w�) = �n and the
Hessian, H(w�), is positive de�nite with the property
A� . Then there exists an open ball with radius r,
S = S(w�; r), in S0 such that any sequence fwkg1k=0
generated by (5) converges to the point w� which min-
imizes E.

Note that a matrix A has the property A� if A can
be permuted by PAP> into a form that can be parti-
tioned into a block{tridiagonal form [1]. For an algo-
rithm which transforms a symmetric matrix to tridiag-
onal form, see [15, p.335]. It is worth mentioning that
the asymptotic rate of convergence of the algorithms of
this class depends on the spectral radius � (see [7] for
a proof). Due to the nonlinearity of the error function
exact minimization steps along each weight direction do
not usually help. On the other hand, when the current
iterate wk is close to the minimizer a \better" estima-
tor of the minimizer wk+1 can be found without much
di�culty. Thus, in practice, one iteration of the one{
dimensional subminimization method is used [9].

Below, the global convergence properties are stud-
ied. By a globally convergent algorithm we mean an
algorithm with the property that for any initial point
the sequence of the iterates converges to a local mini-
mizer of the error function (see [3]). A strategy of this
kind consists in accepting �k along the search direction
'k if it satis�es the Wolfe conditions:

E(wk + �k'k)� E(wk) � �1�
khrE(wk); 'ki; (6)

hrE(wk + �k'k); 'ki � �2hrE(w
k); 'ki; (7)

where 0 < �1 < �2 < 1 and h�; �i stands for the usual
inner product in IRn. In practice, the condition (7) is
generally not needed, because the use of a backtracking
strategy avoids very small steps. Alternatively, see [3],
Relation (7) can be replaced by

E(wk + �k'k)� E(wk) � �2�
khrE(wk); 'ki; (8)

where �2 2 (�1; 1). A simple backtracking strategy to
tune the length of the minimization step, so that it sat-
is�es Conditions (6)-(7) at each epoch, is to decrease
�k by a reduction factor 1=q, where q > 1 [9]. We
remark here that the selection of q is not critical for
successful learning, however it has an inuence on the
number of error function evaluations required to obtain
an acceptable weight vector. In practice, the condition
(7) is simply enforced by placing a lower bound on the
acceptable values of � . This bound has the same the-
oretical e�ect as the condition (7) and ensures global
convergence [3]. The value q = 2 has been found to
work without problems in the experiments reported in
the next section.

In this framework, an important theorem due to
Wolfe [3] states that if E is bounded below, then the
sequence fwkg1k=0 generated by any algorithm that
follows a descent direction 'k whose angle �k with
�rE(wk) is such that

cos �k =
h�rE(wk); 'ki

krE(wk)k k'kk
> 0; (9)

and satisfy the Wolfe's conditions, then it holds that
limk!1rf(wk) = 0 [3]. This is also true when Rela-
tion (7) is replaced by Relation (8) [3]. For a relative
convergence result, where the sequence fwkg1k=0 con-
verges q-superlinearly to a minimizer w�, see [3, p.123].
The following theorem provides a global convergence
result for training algorithms with a di�erent learning
rate for each weight.

Theorem 2: Suppose that the error function E : IRn !
IR is continuously di�erentiable. Assume that rE is
Lipschitz continuous on IRn. Then, given any point
w0 2 IRn, for any sequence fwkg1k=0, generated by the
iterative scheme:

wk+1 = wk � �k diagf�k1 ; �
k
2 ; : : : ; �

k
ngrE(w

k); (10)

where �k > 0, �km; m = 1; 2; : : : ; i � 1; i + 1; : : : ; n are
arbitrarily chosen positive real numbers and

�ki = �
�

@iE(wk)
�

1

@iE(wk)

nX

j=1

j 6=i

�kj @jE(w
k); (11)

where � is a positive real number and �k satis-
�es the Wolfe's conditions (6){(7), it holds that
limk!1rE(wk) = 0.

Proof: Evidently, the error function E is bounded be-
low on IRn. The sequence fwkg1k=0 follows the direction

'k(wk) = �diagf�k1 ; �
k
2 ; : : : ; �

k
ngrE(w

k):

This is a descent direction, since


rE(wk); 'k(wk)

�
<

0. In addition, since E is continuously di�erentiable



and bounded below, then there always exist stepsize
�k satisfying the Wolfe's conditions (6){(7). Moreover,
the restriction on the angle �k is ful�lled since, as it
can be easily justi�ed utilizing Relation (9), cos �k >
0. Thus, by the Wolfe's Theorem [3], it holds that
limk!1rE(wk) = 0. Thus the theorem is proved.

Note that for neural networks with sigmoid activation
functions the assumption on continuous di�erentiabil-
ity of the error function is redundant.

3. LEARNING RATE STRATEGIES

The problem of minimizing the error function E along
the mth direction

min
�m�0

E(w + �m em); (12)

for m = 1; : : : ; i � 1; i + 1; : : : ; n is equivalent to seek-
ing the value of �m that minimizes the one{dimensional
function:

�m(�) = E(w + �m em): (13)

Since E(w) � 0, 8w 2 IRn, then the point w� with
E(w�) = 0 minimizes E(w). By applying one step of
the Newton's method to the one-dimensional equation
�m(�) = 0 we obtain:

�1m = �0m �
�m(�0)

�0

m(�
0)
: (14)

Since �0m = 0 and �
0

m(�
0) = hrE(w); dmi, where

dm = em, then Eq. (14) can be written as

�m = �
E(wk)

@mE(wk)
; (15)

while the value of �ki can by obtained by (11). The
iterative scheme (10) with �km 6= 0 obtained by Rela-
tion (15) constitutes the �rst proposed training algo-
rithm which we call Alg-1.

Another approach is based on estimates of the Lip-
schitz constant in each direction. In this case, the di-
rection

'k(wk) = �diagf�k1 ; �
k
2 ; : : : ; �

k
ngrE(w

k);

is obtained utilizing the inverses of the estimates of
the Lipschitz constant K along each weight direction.
Speci�cally, the values of �km; m = 1; : : : ; i � 1; i +
1; : : : ; n are obtained by:

�km =
jwkm � wk�1m j

j@mE(wk) � @mE(wk�1)j
; (16)

while �ki is given by (11). The scheme (10) with �km 6= 0
obtained by Relation (16) constitutes the second pro-
posed training algorithm which we call Alg-2.

Relative training algorithms can be easily con-
structed by utilizing any one{dimensional submini-
mization method.

4. EXPERIMENTS

In this section, we give comparative results for �ve
batch training algorithms: Back-propagation with con-
stant learning rate (BP); Back-propagation with con-
stant learning rate and constant Momentum [12],
named BPM; Adaptive Back-propagation with adap-
tive momentum (ABP) proposed by Vogl [16]; the Alg-
1 and the Alg-2. The FNNs have been implemented in
PC-Matlab and 1000 simulations have been run in each
test case. The initial weights have been selected follow-
ing a uniform probability from the interval (�1;+1)
and the best available values of the heuristic learn-
ing parameters for each problem have been used. The
reader has to consider the fact that a gradient evalu-
ation is more costly than an error function evaluation
(for example M�ller [8] suggests to count a gradient
evaluation three times more than an error function eval-
uation).

In the �rst experiment a total of 12 Brodatz tex-
ture images of size 512� 512 is acquired by a scanner
at 150dpi [6]. From each texture image 10 subimages
of size 128 � 128 are randomly selected and the co-
occurrence feature extraction method is applied. A set
of 10 sixteenth-dimensional training patterns are cre-
ated from each image. A 16-8-12 FNN (224 weights,
20 biases) with sigmoid activations is trained to clas-
sify the patterns to 12 texture types. The termination
condition is a classi�cation error CE < 3%.

Results regarding the training performance of the
algorithms are presented in Table 1, where �GRD de-
notes the mean number of gradient evaluations required
to obtain convergence, �FE the mean number of error
function evaluations and % denotes the percentage of
successful simulations.

Table 1: Results for the texture classi�cation problem.
Algorithm �GRD �FE %

BP 15839 15839 96
BPM 12422 12422 94
ABP 560 560 100
Alg-1 791 2185 100
Alg-2 382 591 100

The successfully trained FNNs are tested for their
generalization capability using patterns from 20 subim-
ages of the same size randomly selected from each im-
age. The average percentage of classi�cation success is:
BP= 90%; BPM= 90%; ABP= 93:5%; Alg-1= 93%;
Alg-2= 94:1%.

In general, Alg-2 outperforms all other methods
tested. Alg-1 signi�cantly outperforms BP and BPM in
the number of gradient and error function evaluations



as well as in the percentage of successful simulations
without using any heuristics and initial learning rate.
ABP exhibits very good performance, however it re-
quires �ne tuning of four heuristic learning parameters.

In the second experiment, a 64-6-10 FNN (444
weights, 16 biases) for recognizing 8� 8 pixel machine
printed numerals from 0 to 9 [14]. The network is based
on neurons of the logistic activation model. Numer-
als are given in a �nite sequence C = (c1; c2; : : : ; cp)
of input{output pairs cp = (up; tp) where up are the
binary input vectors in IR64 determining the 8 � 8 bi-
nary pixel and tp are binary output vectors in IR10, for
p = 0; : : : ; 9 determining the corresponding numerals.
The termination condition for all algorithms tested is
an error value E � 10�3.

Detailed results regarding the training performance
of the algorithms are presented in Table 2, where the
abbreviations are as in Table 1.

Table 2: Results for the numeric font learning problem.
Algorithm �GRD �FE %

BP 14489 14489 66
BPM 10142 10142 54
ABP 1975 1975 91
Alg-1 1361 3708 100
Alg-2 159 581 100

Obviously, the number of gradient evaluations is
equal to the number of error function evaluations for
the BP, the BPM, and the ABP. Alg-2 has the smallest
average number of gradient evaluations which is con-
sidered very important in practice. Both Alg-1 and
Alg-2 provide a greater possibility of successful train-
ing: they exhibit a 100% of success in the 1000 simula-
tion runs. Regarding the performance of the Alg-1, it
is better that the BP and the BPM (without needing
an initial learning rate) and comparable to the overall
performance of the ABP which needs �ne tuning �ve
parameters.

5. CONCLUSIONS

In this paper training algorithms that apply one{
dimensional subminimization methods to adapt the
rate of learning has been investigated. These algo-
rithms use inexact line search strategies and ensure that
the error function is su�ciently decreased at every iter-
ation. This approach allows to reduce or even eliminate
the inuence of user-de�ned learning parameters. Two
algorithms of this class have been compared with sev-
eral widely used training algorithms and their e�ciency
has been numerically con�rmed by the experiments pre-
sented in this paper. The two methods provide stable

learning and, therefore, a greater possibility of good
performance.
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