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In this paper we propose a nonmonotone approach to recurrent neural networks training
for temporal sequence processing applications. This approach allows learning performance
to deteriorate in some iterations, nevertheless the network’s performance is improved over
time. A self-scaling BFGS is equipped with an adaptive nonmonotone technique that
employs approximations of the Lipschitz constant and is tested on a set of sequence pro-
cessing problems. Simulation results show that the proposed algorithm outperforms the
BFGS as well as other methods previously applied to these sequences, providing an effec-
tive modification that is capable of training recurrent networks of various architectures.
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1. Introduction

There are several real-world applications, such as robotics, speech recognition, language processing, computer vision,
which require processing data sequences. This kind of processing involves tasks like clustering, classification, prediction,
and transduction of sequential data which can be symbolic, non-symbolic or mixed. When the sequence elements are
time-varying then the sequence is called temporal or time-series, depending on whether its elements are nominal symbols
from a particular alphabet, or continuous, real-valued data, respectively. Processing these sequences is a challenging task as
the range of data dependencies is usually unknown, and generalisation is highly affected by the samples in the training set.

Recurrent neural networks (RNNs) are well-known for their power to memorise time dependencies and model nonlinear
systems. They can be trained from examples to map input sequences to output sequences and in principle they can imple-
ment any kind of sequential behaviour. They have been considered to be eminently suitable for this task and indeed several
attempts have been made to use them for processing sequences [4,10,11,13,36,54].

Most RNN applications are using first-order learning algorithms despite the drawbacks of the Gradient Descent [9]. Some
attempts have been made to propose second-order learning algorithms, e.g. dos Santos and von Zuben [17] proposed a quasi
second-order method, and Tsoi [65] examined the Newton approach. Also, simulated annealing has given some promising
results but the training time is relatively higher. Nevertheless, first-order methods still remain the most popular choice. This
is mainly attributed to the nature of the particular problem and the time dependency of the training data which generate
error landscapes that cause instabilities in the calculation of the Hessian matrix, vanishing gradients and convergence to
local minima that are far away from any desired minimisers. More details on the use of RNNs in sequence processing and
their training can be found in [52].

In this paper, we focus on second-order learning algorithms for RNNs to process temporal sequences, i.e. sequences
whose elements are nominal symbols from a particular alphabet. We propose a modified version of BFGS, which combines
the usage of adaptive nonmonotone learning and self-scaling utility; the former takes the benefits of Lipschitz constant and
. All rights reserved.
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provides more information of the morphology of a given function, while the latter has been proved effective in solving
unconstrained nonconvex optimisation problems.

The rest of this paper is organised as follows. Section 2 introduces the basic elements of an RNN and presents some pop-
ular RNN architectures. Section 3 formulates the RNN training problem in the context of unconstrained optimisation. It also
looks into monotone learning algorithms based on quasi-Newton methods and discusses their use for training artificial neu-
ral networks in general and RNNs in particular. Section 4 introduces nonmonotone BFGS learning, discussing the property of
global convergence. In Section 5, the proposed algorithm, called adaptive nonmonotone self-scaling BFGS (ANMSCBFGS) is
presented. The behaviour of the method is investigated through an empirical study and experimental results are presented
in Section 6. The paper concludes with Section 7.

2. Overview of recurrent neural networks

In the area of artificial intelligence (AI) researchers proposed simplified models of the human brain, called artificial neural
networks (ANNs) in an attempt to produce computational models that will emulate its operation. ANNs can have a large
number of highly interconnected processing units, where each unit, called a artificial neuron, neural node, or simply node,
can have the same or different processing abilities. The connections between nodes are used to transmit data from one arti-
ficial neuron to the other and carry some weight. The way the nodes are organised and connected defines the so-called archi-
tecture of an ANN. More details of how the biological models of neurons relate to computational ones and the artificial
neurons’ processing abilities can be found in the relative literature, such as [31,39,42].

In terms of their temporal characteristics, ANNs can be characterised as static or dynamic. In this paper we focus on net-
works that belong to the second category, and in particular to recurrent neural networks (RNNs).

An RNN is an artificial neural network in which self-loop and backward connections between nodes are allowed [39,60].
One of the first RNNs was the avalanche network developed by Grossberg [29] for learning and processing an arbitrary spa-
tiotemporal pattern. Jordan’s sequential network [35] and Elman’s simple recurrent network [18] were proposed later. The
first RNNs did not work very well in practical applications, and their operation was poorly understood. However, several
variants of these models were developed for real-world applications, such as robotics, speech recognition, music composi-
tion, computer vision, and their potential for solving real-world problems has motivated a lot of research in the area of RNNs.
Current research in RNNs has overcome some of the major drawbacks of the first models. This progress has come in the form
of new architectures and learning algorithms, and has led in a better understanding of the RNNs’ behaviour.

Fig. 1 illustrates a node with recurrent connections – a self-loop in this case – where F is the activation function. The node
operates by the following difference equation:
yt ¼ Fða0 þwyt�1 þ bÞ; ð1Þ
where yt is the new output at time t P 1; yt�1 is the previous output ð8t – 1; y0 ¼ 0Þ, w is the weight of the recurrent con-
nection, b is the bias term, which can be considered as a connection to an input that is always þ1, and a0 is the initial input to
the node, which is applied at t ¼ 0 and then removed. During operation, Eq. (1) is used repeatedly to generate a sequence
fyg1t of values that correspond to the output, or activation level, of the node. This sequence of activation values may con-
verge to a fixed point, which is stable, or diverge depending on the weight’s value. So a main feature of this kind of node
during operation is that the change of the output over time will cause a network of these nodes to settle into one of several
states depending on the input applied and the set of weight values. Seeking appropriate weights is done during the training
phase of the RNN, as discussed below.

In this work, we consider RNNs with nodes organised in three basic layers, i.e. input, hidden and output layers, where
each layer consists of a specific number of nodes. Each layer receives the outputs of the previous layer and produces an out-
put which is then sent to the next layer. Backward connections between nodes or layers are allowed. The three kinds of RNNs
considered in this work, as shown in Figs. 2–4, are the Feed-Forward Time-Delayed (FFTD) network, the Layer Recurrent
Network (LRN) and the Nonlinear Autoregressive Network with Exogenous Inputs (NARX) network. In these figures circles
Fig. 1. Neuron with recurrent connection.



Fig. 2. A three-layer FFTD architecture.

Fig. 3. A three-layer LRN architecture.
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denote neurons, squares with solid lines are delay units, while dash-line squares take all outputs of the nodes within and
transfer them to the corresponding positions indicated by the weighted arrows. The input layer is normally responsible
for receiving the input vectors.



Fig. 4. A three-layer NARX architecture.
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Kremer [37] has provided a mathematical formalisation that unifies several RNN models, including the ones considered in
this work. Following Kremer’s formulation, the FFTD network is described by the following equations with time index t,
oðtÞFFTD ¼ w wouthðtÞ þ bout
� �

; ð2Þ

hðtÞFFTD ¼ w whidsðtÞ þ bhid
� �

ð3Þ
and
sðtÞFFTD ¼ iðtÞ � iðt � 1Þ � � � � � iðt � s1Þ; ð4Þ
where i is the input vector, whid and wout the weight matrices of the hidden layer and the output layer, w a predefined arbi-
trary nonlinear activation function, o is the RNN output vector, h is the output vector of the hidden layer, sðtÞ denotes the
state vector at time t, � the Cartesian product, and s1 the number of delays.

As shown in Fig. 3, the LRN architecture includes a feedback connection from the hidden layer to the delay unit, and can
be formulated as,
oðtÞLRN ¼ wðwouthðtÞ þ boutÞ; ð5Þ
and
hðtÞLRN ¼ /ðKhðt � 1Þ þwhidiðtÞ þ bhidÞ; ð6Þ
where K is a diagonal matrix.
Lastly, the NARX network shown in Fig. 4 can be stated as following,
oðtÞNARX ¼ wðwouthðtÞ þ boutÞ; ð7Þ

hðtÞNARX ¼ / Khðt � 1Þ þwhidsðtÞ þ bhid
� �

ð8Þ
and
sðtÞNARX ¼ fiðtÞ � iðt � 1Þ � � � � � iðt � s2Þg � foðt � 1Þ � oðt � 2Þ � � � � � oðt � s3Þg; ð9Þ
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where s2 is number of delays at the input and s3 is the number of output feedbacks. The details of connection topologies of
these RNNs can be found in [51,52].

3. Training of RNNs within a deterministic framework of analysis and the quasi-Newton method

During training an RNN tries to find a set of weight values that would allow it to settle into one of several states for each
input presented to it during operation. However, it is not possible to know a priori all possible inputs so RNN training is
based on a particular set of data, the so-called training set.

In this work, training is considered within the framework of deterministic optimisation which leads to minimising an
objective function, the so-called error function, E, and finding an ‘‘optimal’’ set of weights and biases on the basis of some
training data. This can be formulated as the following deterministic unconstrained optimisation problem
min EðWÞ; ð10Þ
where E : Rn ! R1; E 2 C2, W is a set of vectors that consist of weights w between the layers of the RNN, and biases b of its
nodes. In general, the objective function EðWÞ takes the form of the Mean Squared Error (MSE)
EðWÞ ¼ 1
P

XP

p¼1

ðyp � �ypÞ2; ð11Þ
where �y is the desired output vector, and y is the actual output of the RNN for input p. It is expected that an RNN trained that
way would be able to perform well when unknown data are presented at the input by allowing its outputs to settle into the
right state during operation.

In the context of deterministic unconstrained optimisation, quasi-Newton methods, sometimes called variable metric
methods, are well-known algorithms for finding local minima of functions in the form of Eq. (10). Quasi-Newton methods
are based on Newton’s method to find the stationary point of a function, where the gradient is zero. Newton’s method as-
sumes that the function can be locally approximated as a quadratic in the region around the optimum, and requires the first
and second derivatives [24], i.e. the gradient vector and the Hessian matrix, to find the stationary point. Moreover, the New-
ton’s method and its variants require that the Hessian is positive definite – a condition that is difficult to guarantee in
practice.

Quasi-Newton methods have been proposed in an attempt to alleviate some of the concerns regarding the application of
Newton’s method in real-world applications. At the k iteration, a quasi-Newton method has the following basic structure:

(1) set dk ¼ �Hkgk;
(2) apply line search along dk giving:
wkþ1 ¼ wk þ akdk; ð12Þ
(3) update Hk giving Hkþ1;

where d is the search direction, H is the Hessian approximation, g denotes the first derivative, and a the stepsize. The initial H
is any given n� n symmetric positive definite matrix, and Hk ¼ B�1

k .
Methods that satisfy the quasi-Newton condition, i.e., Bkþ1ŝk ¼ ŷk, where ŝk ¼ wkþ1 �wk, and ŷk ¼ gkþ1 � gk, can be consid-

ered as members of the class of quasi-Newton methods. Some of the most famous approaches for updating Bkþ1 are the Davi-
don–Fletcher–Powell (DFP) formula:
BDFP
kþ1 ¼ I � ŷkŝT

k

ŷT
k ŝk

� �
Bk I � ŝkŷT

k

ŷT
k ŝk

� �
þ ŷkŷT

k

ŷT
k ŝk

; ð13Þ
the Broyden–Fletcher–Goldfarb–Shanno (BFGS) formula:
BBFGS
kþ1 ¼ Bk �

BkŝkðBkŝkÞT

ŝT
k Bkŝk

þ ŷkŷT
k

ŷT
k ŝk

; ð14Þ
the Powell–Symmetric–Broyden (PSB) formula:
BPSB
kþ1 ¼ Bk þ

ðŷk � BkŝkÞŝT
k þ ŝkðŷk � BkŝkÞT

ŝT
k ŝk

� ðŷk � BkŝkÞT ŝk

ŝT
k ŝk

� �2 ŝkŝT
k ð15Þ
and the Broyden’s class of methods, which uses a linear combination of the DFP and the BFGS updates
BBroyden
kþ1 ¼ ð1� nÞBBFGS

kþ1 þ nBDFP
kþ1; n 2 ½0;1�: ð16Þ
There is a relatively large number of applications of quasi-Newton methods in training static neural networks, such as
[1,3,30,38,46,47,55,56,66]. This approach exploits the idea of building up curvature information as the iterations of a training
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method are progressing, and several techniques to update Bkþ1 have been applied to neural networks [26], such as Eq. (13)
[15,16,21], Eq. (15) [22–24], and Eq. (14) [12,23,25,63].

As mentioned in [34,61,62] quasi-Newton methods for training static neural networks are fast to converge but in many
cases converge to local minima. Although several efforts have been made to reduce the memory requirement of updating the
Hessian approximation [5,32,38,45,59,65], the need of using a monotone line search and the drawback of getting trapped in
neighbourhoods of local minimum points limit the application of these methods in real-world applications. Another problem
in neural networks applications is that quasi-Newton methods suffer from large eigenvalues in the approximated Hessian
matrices of the objective function [58].

Despite the emergence of the self-scaling approaches for the Hessian approximation in the field of numerical optimisation
[66] (the fundamental concept of self-scaling is to accommodate the change of target variables efficiently), self-scaling is
rarely introduced when training neural networks [47]. In addition, the literature of RNNs includes only very few attempts
to train RNNs with quasi-Newton methods with limited results [5,7,8,17,34,37].

The self-scaling techniques can resolve problems caused by larger eigenvalues by scaling the Hessian approximation be-
fore it is updated at each iteration to keep the eigenvalues of the approximated Hessian matrix within a suitable range [66].
This technique was first proposed in [49,50], and was used to update the approximated Hessian as follows:
BOren
kþ1 ¼ Bk �

BkŷkŷT
k Bk

ŷT
k Bkŷk

þ hvvT

� �
cþ ppT

pT ŷk
; ð17Þ
where
p ¼ �aBkg;

v ¼ ŷT
k Bkŷk

� �1=2 p
pT ŷk

� Bkŷk

ŷT
k Bkŷk

� �
;

c ¼ u
g0p

g0Bkŷk
þ ð1�uÞ pT ŷk

ŷT
k Bkŷk

ð18Þ
and u; h 2 ½0;1�. After these attempts, more relative works have been developed, such as in [2,48].
In our approach, presented in detail in the following sections, we use the scaling factor qk which was introduced for the

BFGS method by [66]. This is defined as
BSCBFGS
kþ1 ¼ qk Bk �

BkŝkŝkBT
k

ŝT
k Bkŝk

" #
þ ŷkŷT

k

ŷT
k ŝk

; ð19Þ
where
qk ¼
ŷT

k ŝk

ŝT
k Bkŝk

: ð20Þ
Numerical evidence has shown that methods that apply a scaling factor for Bkþ1 are superior to the original quasi-Newton
methods. Especially in real-world applications the scaling factor could potentially play an important role: when qk is suffi-
ciently large, the eigenvalues of Bkþ1 are relative small, with strong self-correcting property [66]. Despite this looks partic-
ularly appealing for training RNNs, to the best of our knowledge it has not been exploited at all in this area to improve the
effectiveness of second-order training algorithms, and in [53] we conducted a preliminary study to explore its potential with
promising results. Another useful characteristic of the factor qk, which makes it useful in RNN training, is that it takes only
the information of the most current point to scale the Hessian approximation and no user-defined parameters, compared to
the factor c in Eq. (17). This is particularly helpful when dealing with high-dimensional search spaces, such as the ones
encountered in the applications discussed in this paper.

4. Nonmonotone BFGS training for recurrent neural networks

Typically, deterministic optimisation methods for RNN training require monotonicity of the error values, i.e. they reduce
the error function at each iteration. Nevertheless, enforcing monotonicity does not guarantee that a method will efficiently
explore the search space in the sense that it may be trapped in a local minimum point early on (e.g. when poorly initialised
weights are used) and never jump out to reach a global one under ill conditions.

We propose here a nonmonotone approach to RNN training inspired by some of the characteristics that learning exhibits
during cognitive development [20]. In the cognitive process, learning is typically defined as systematic change of behaviour,
resulting from experiences, and is characterised by frequent errors and ‘‘U-shaped’’ patterns of behaviour in which good per-
formance is sometimes followed by periods where performance deteriorates [19]. At the same time nonmonotone RNN
training is consistent with recent research in nonlinear optimisation aiming at better exploring the search space, and can
potentially enhance the convergence behaviour of RNN training methods.



C.-C. Peng, G.D. Magoulas / Applied Mathematics and Computation 217 (2011) 5421–5441 5427
From a deterministic optimisation perspective, nonmonotonicity can be introduced through conditions, such as those ini-
tially proposed by Grippo et al. [27], for finding a stepsize that occasionally permits an increase in the function value while
retaining global convergence of the minimisation method:
Eðwk þ akdkÞ 6 max
06j6mðkÞ

fEðwk�jÞg þ �1akgT
k dk ð21Þ
and
gðwk þ akdkÞT dk 6 ��2gT
k dk; ð22Þ
where 0 < �1 < �2 < 1=2; mð0Þ ¼ 0, and m is updated by the rule:
mðkÞ ¼minfmðk� 1Þ þ 1;Mg: ð23Þ
The parameter mðkÞ plays the role of a memory element, or buffer, and is typically a nondecreasing integer (cf. with Eq. 23),
bounded by a nonnegative prefixed integer M. Another approach proposed recently is to replace max in Eq. (21) by an aver-
age of function values [67]. Lastly, Grippo et al. [28] proposed the use of a slightly different approach that employs the fol-
lowing condition instead of Eq. (22)
kdkk 6 abh; ð24Þ
where a > 0 and b 2 ð0;1Þ are user-defined real numbers and h is an integer that increases by one unit whenever the con-
dition is satisfied. If Eq. (24) is satisfied, ak ¼ 1 and the new point, wkþ1, is accepted without evaluating the objective function.
If Eq. (24) does not hold then Eq. (21) is used to determine the stepsize ak.

Grippo et al. also proved the following theorem that describes the convergence properties of quasi-Newton algorithms
that adopt a nonmonotone strategy.

Theorem 4.1 [28]. Let fwkg be a sequence produced by an iterative scheme of the form (12), where the stepsize ak is computed by
Eqs. (21) and (24). Assume that:

(H4.1) the level set U ¼ fwjEðwÞ 6 Eðw0Þg is compact;
(H4.2) positive numbers �, c, p1 and p2 exist such that the following conditions hold:
gT
k dk 6 ��kgkk

p1 ;

kdkkp2
6 ckgkk:
Then either the algorithm terminates at some point wl such that gðwlÞ ¼ 0, or it generates an infinite sequence such that:

(1) the sequence fwkg remains in a compact set and every limit point w� belongs to the level set and satisfies gðw�Þ ¼ 0;
(2) no limit point of fwkg is a local maximum of E;
(3) if the number of stationary points of E in U is finite or there exists a limit point where H is nonsingular, the sequence fwkg

converges.

Although Grippo et al. [28] do not directly make any assumptions about the convexity of the objective function, they as-
sume that the search direction is computed by minimising the quadratic approximation of the objective function at the cur-
rent point. Furthermore, they demonstrate that this scheme works well even when the search direction is computed
approximately by means of a truncated quasi-Newton algorithm with finite difference approximations of second-order
derivatives.

Theorem 4.1 can be specialised to algorithms of the Newton class, such as those employing the updates defined in Eqs.
(13)–(16), by imposing appropriate form in the conditions H4.2. Thus, when the search direction is defined by
dk ¼ �B�1
k gk ð25Þ
and fBkg is a sequence of symmetric positive definite matrices with uniformly bounded eigenvalues kðBkÞ, i.e. there exist k;K
such that for all k:
0 < k 6 kiðBkÞ 6 K: ð26Þ
Then
gT
k dk 6 �K�1kgkk

2
; ð27Þ

kdkk 6 k�1kgkk: ð28Þ
Since RNNs’ error functions are nonconvex, we present and discuss below the main theoretical results for global convergence
of nonmonotone BFGS methods that hold in this case. It is worth mentioning that proving global convergence for nonconvex
objective functions is a very challenging problem that has not been explored totally yet. Also it is important to distinguish
between the notion of global convergence and that of global optimisation: a globally convergent algorithm always reaches a
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minimiser (not necessarily the global minimiser) starting from almost any initial weight [41]. Here we are based on the work
of Yin and Du [66] which applies the nonmonotone technique of Han and Liu [33] stated as follows:
Eðwk þ akdkÞ 6 max
06j6M

fEðwk�jÞg � d minfr1ðlkÞ;r2ðmkÞg ð29Þ
and
gðwk þ akdkÞT dk P bgT
k dk; ð30Þ
where
lk ¼ �
gT

k dk

kdkk
ð31Þ
and mk ¼ �agT
k dk; 0 < d < b < 1, and r1 and r2 are two forcing functions, which are used to measure the sufficiency of des-

cent and prove convergence. As shown in [33], Eqs. (29) and (30) formulate one of the most general types of line search,
which has as special cases many monotone and nonmonotone techniques. Furthermore, Sun et al. [64] have shown that
the nonmonotone Armijo rule, the nonmonotone Goldstein rule, and the nonmonotone Wolfe rule employ special forms
of forcing functions.

Before presenting the main theorem for global convergence, the following Assumptions (H5) are needed.

(H5.1) The level set W ¼ fw 2 Rn : EðwÞ 6 Eðw0Þg is bounded.
(H5.2) In some neighbourhood @ðWÞ of W, the gradient of EðwÞ; gðwÞ is Lipschitz continuous, that is, there exists a constant

L > 0 such that for all w, �w 2 @ðWÞ,
kgðwÞ � gð �wÞk 6 Lkw� �wk:
Below we present the theorem of Yin and Du that needs Assumptions (H5). It makes use of the BFGS property to generate
positive definite matrices BBFGS

k [24], and exploits their own result that the update Eq. (19) preserves the positive definiteness
of the matrices BSCBFGS

k .

Theorem 4.2 [66]. Suppose that Assumptions (H5) hold, and let us assume that w0 is any starting point, B0 is any symmetric

positive definite matrix, and that the sequence fwkg is generated by the iterative scheme (12), where dk ¼ �ðBSCBFGS
k Þ�1 � gk, and

the stepsize ak is determined by Eqs. (29) and (30). If there exists a positive constant K P 1 for which
kŷkk 6 ð1� bÞkgkk
for all k P K, then
lim inf
k!1

kgkk ¼ 0: ð32Þ
Assumption (H5.1) holds for training RNNs of a fixed architecture on a finite set of training patterns because the error
function is bounded below in Rn since E P 0: if a w� exists such that Eðw�Þ ¼ 0 then w� is the global minimum; otherwise
the vector w with the smallest available value is the global minimiser. Assumption (H5.2) also holds for RNNs that use
smooth enough activation functions (the derivatives of order p are available and continuous), such as the logistic function
that is used in our experiments later in the paper. Moreover, H5.2 implies that there exists a constant c such that
kgkk 6 c; 8w 2 @ðWÞ. A detailed proof is provided in [66], which shows that the limit (32) is the best type of global conver-
gence result that can achieved for nonconvex functions.
5. Self-scaling BFGS with adaptive nonmonotone strategy

In this section we present the proposed algorithm, named Adaptive Self-scaling NonMonotone BFGS (ASCNM-BFGS),
through the high-level description presented below.

5.1. Algorithm model of the self-scaling BFGS with adaptive nonmonotone strategy

STEP 0. Initialise w0; k ¼ 0, a symmetric positive definite matrix B0;M
0 ¼ 0;Mmax is an upper boundary for

Mk;a0 2 ðk1; k2Þ; 0 < k1 < k2 are positive constants, d0 ¼ �gðw0Þ and r; d 2 ð0;1Þ.
STEP 1. If gðwkÞ ¼ 0, stop.
STEP 2. If k P 1, Calculate a local approximation of the Lipschitz constant Kk ¼ kgðwkÞ�gðwk�1Þk

kwk�wk�1k
and adapt Mk using the scheme:
Mk ¼
Mk�1 þ 1; if Kk < Kk�1 < Kk�2;

Mk�1 � 1; if Kk > Kk�1 > Kk�2;

Mk�1; otherwise;

8><
>:
where Mk ¼minfMk;Mmaxg;
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STEP 3. 8k P 1, set ak ¼maxfak�1; �akg, where �ak ¼ j2½EðwkÞ�Eðwk�1Þ�j
gT ðwkÞ�dk

, and check that ak satisfies the nonmonotone condition
Eðwk þ akdkÞ 6 max
06j6Mk

fEðwk�jÞg þ d � ak � gTðwkÞ � dk;
otherwise find stepsize ak :¼ ak � rlq that satisfies the nonmonotone condition, setting each time lq :¼ lq þ 1.
STEP 4. Generate a new weight vector wkþ1 ¼ wk þ akdk.
STEP 5. Update the search direction dk using the Hessian approximation Bk calculated by the self-scaling BFGS formula
Bkþ1 ¼ qk Bk �
BkŝkŝkBT

k

ŝT
k Bkŝk

" #
þ ŷkŷT

k

ŷT
k ŝk

;

where ŝk ¼ wkþ1 �wk; ŷk ¼ gkþ1 � gk and the self-scaling factor is qk ¼
ŷT

k
ŝk

ŝT
k

Bk ŝk
; set dk ¼ �B�1

k gk.
STEP 6. Set k :¼ kþ 1 and lq ¼ 0, go to STEP 1.

A feature of the ASCNM-BFGS method is the use of an adaptive memory element Mk, called nonmonotone learning horizon,
instead of a fixed heuristic value. To this end, it calculates in Step 2 a local estimation of the Lipschitz constant, which could
provide helpful information on the morphology of a function, and uses it to automatically adapt the size of M (see also [56]
Fig. 5. Convergence behaviour of FFTD network trained with the ASCNM-BFGS method in the P5 problem.
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for the usefulness of this estimate). The local estimation of the Lipschitz constant gets large values in steep regions of the
search space and small values in flat areas. At the beginning, i.e. k < 3, there is not enough information to adapt M through
the local estimation of the Lipschitz, and as a result the nonmonotone conditions in Step 3 actually operates as a monotone
one comparing the new function value against the previous one.

Also the initial choice of the stepsize merits some attention. At k ¼ 0 the stepsize is an arbitrary positive real number ran-
domly chosen in the interval ðk1; k2Þ and the algorithm operates in the direction of the negative of the gradient, d0 ¼ �gðw0Þ.
That quickly changes, 8k P 1, as the search direction is updated through the self-scaling BFGS update equation, which tunes
the Hessian approximations at every iteration the eigenvalues possess large values; when qk is sufficiently large, then the
eigenvalues of BSCBFGS

k are small. The stepsize is then initialised through �ak, following a technique suggested by Charalambous
[14], and constantly tuned to ensure that, whilst it is not smaller than the stepsize of the previous iteration, it satisfies the
nonmonotone condition in Step 3. This condition regulates the sufficient decrease of the error function through the forcing
function þd � ak � gTðwkÞ � dk, whilst for k ¼ 1;2 this condition is reduced to the monotone Armijo rule (cf. with Theorem 2,
[43]).

The algorithm also employs some heuristic parameters: an upper bound for Mk to help the algorithm concentrate on the
recent past, while, in Step 4, r regulates the stepsize, i.e. the larger r the smaller trial stepsize is used, while d controls the
amount of change. The error function E is calculated through the Mean Squared Error (MSE) formula (11), while the gradient
is calculated using the Backpropagation-Through-Time (BPTT) formulae [6].

To illustrate the behaviour of the method we provide below some examples of convergence behaviour from learning the
parity-5 problem, [61], using RNNs of the three types discussed above, namely the FFTD network, the LRN and the NARX
network. Figs. 5–7 illustrate the behaviour of the MSE, the stepsize, the value of M, and the scaling factor. Despite the nonm-
otonone behaviour that one can observe in the MSE values, it is clear that there is a trend toward smaller learning errors,
Fig. 6. Convergence behaviour of LRN trained with the ASCNM-BFGS method in the P5 problem.



Fig. 7. Convergence behaviour of NARX network trained with the ASCNM-BFGS method in the P5 problem.
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whilst in all cases, the use of adaptive M does not affect the stability of the method. The scaling factor behaviour indicates the
self-correcting property of the method, which results in smaller eigenvalues for BSCBFGS

k for relatively larger q values.

6. Experiments and results

In this section, we present simulation results on the following problems, parity-5 and parity-10, Sequence Classification,
Sequence Learning, and Reading Aloud. Learning the parity-N sequence has been treated as a standard test problem for new
algorithms operating in the presence of strong local minima and saddle points, while the other problems are used as exam-
ples of temporal sequence applications in order to assess the generalisation performance of the trained RNNs. The descrip-
tion of each problem is followed by the setting of training parameters and the numerical results. All simulations in this paper
were coded in Matlab 7.2 running on Windows XP platform. The notation used in the tables below is as follows: #hid indi-
cates the number of hidden nodes used; Conv indicates the percentage of runs that met the MSE condition within predefined
epochs, if applicable; MSE gives the average mean-squared-error (in %); Ave. provides the average number of epochs achieved
by each method at the end of training; Min., Max. and Std. give the minimum, the maximum and the standard deviation of
epochs for runs that converged to the MSE condition; while CE (in %) represents the classification error in the testing set (i.e.
generalisation performance). All results reported in this paper are averaged over 100 runs using randomly initialised weights
and biases.

6.1. Parity-N problem

The N-bit parity problem has been widely used to verify the performance of novel training algorithms [55]. We consider
here two instances: the parity-5 (P5) and the parity-10 (P10). The stopping criterion is set to a Mean-Squared-Error = 0.01
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within 2000 epochs for the P5 and 4000 epochs for the P10. In both cases, the heuristic parameters are set as
3 6 Mk

6 15; r ¼ 0:9 and d ¼ 0:01. Numerical results for the three RNNs architectures in the P5 and P10 problems are
shown in Tables 1–6, respectively, while Figs. 8–13 provide examples of learning behaviours using the BFGS and the
ASCNM-BFGS.

As shown in Tables 1–3, the performance of the new method for the parity-5 problem employing three different neural
architectures, i.e. Feedforward Time Delay (FFTD), Elman’s Recurrent Network (LRN) and Nonlinear Autoregressive Network
with Exogenous Inputs (NARX), using 1, 2, 5 or 7 hidden nodes is always better than the original BFGS. For example, BFGS-
trained NARX networks using 5 hidden nodes converged in 59 out of 100 runs (see Table 3), exhibiting a 100-run average
Table 1
Average performance of FFTD networks in the P5 problem.

Algorithm #Hid Conv. MSE Ave. Min. Max. Std.

BFGS 1 0 23.825 – – – –
2 0 20.862 – – – –
5 4 9.229 1933 53 1171 331
7 19 5.131 1679 33 1719 682

ASCNM–BFGS 1 0 23.794 – – – –
2 0 17.487 – – – –
5 30 3.336 1616 52 1974 653
7 74 1.772 803 61 1983 327

Table 2
Average performance of LRNs in the P5 problem.

Algorithm #Hid Conv. MSE Ave. Min. Max. Std.

BFGS 1 0 23.195 – – – –
2 0 19.978 – – – –
5 5 9.205 1928 53 1568 339
7 15 5.635 1173 34 1927 573

ASCNM–BFGS 1 0 22.849 – – – –
2 0 17.699 – – – –
5 30 3.316 1617 54 1978 652
7 77 2.029 758 63 1951 762

Table 3
Average performance of NARX networks in the P5 problem.

Algorithm #Hid Conv. MSE Ave. Min. Max. Std.

BFGS 1 15 24.979 903 254 1983 1003
2 31 11.370 688 121 1537 892
5 59 3.862 373 72 1244 538
7 68 1.979 146 63 893 301

ASCNM–BFGS 1 100 0.551 14 3 62 10
2 100 0.586 17 5 53 10
5 100 0.543 16 3 39 6
7 100 0.595 15 5 33 5

Table 4
Average performance of FFTD networks in the P10 problem.

Algorithm #Hid Conv. MSE Ave. Min. Max. Std.

BFGS 1 0 24.977 – – – –
2 0 23.307 – – – –
5 0 14.067 – – – –
7 4 9.612 2022 1047 3091 859

10 12 6.428 3697 327 3949 912

ASCNM–BFGS 1 0 24.925 – – – –
2 0 23.349 – – – –
5 1 11.253 1520 1520 1520 0
7 15 2.938 1848 711 3743 856

10 57 1.786 2798 671 3983 1198



Table 5
Average performance of LRNs in the P10 problem.

Algorithm #Hid Conv. MSE Ave. Min. Max. Std.

BFGS 1 0 24.862 – – – –
10 0 5.873 – – – –

ASCNM–BFGS 1 0 24.794 – – – –
10 100 0.964 1736 889 1970 841

Table 6
Average performance of NARX networks in the P10 problem.

Algorithm #Hid Conv. MSE Ave. Min. Max. Std.

BFGS 1 0 24.998 – – – –
2 0 17.632 – – – –
5 34 7.659 1352 591 3439 1387
7 52 4.205 855 273 2155 601

10 67 3.837 492 107 1563 489

ASCNM–BFGS 1 100 0.788 13 4 121 12
2 100 0.739 21 6 91 14
5 100 0.742 18 6 40 6
7 100 0.726 17 5 30 5

10 100 0.730 18 5 28 4

Fig. 8. Example of convergence behaviour for BFGS (dashed line) and ASCNM-BFGS (solid line) trained FFTD networks in the P5 problem.

Fig. 9. Example of convergence behaviour for BFGS (dashed line) and ASCNM-BFGS (solid line) trained LRN in the P5 problem.
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Fig. 10. Example of convergence behaviour for BFGS (dashed line) and ASCNM-BFGS (solid line) trained NARX network in the P5 problem.

Fig. 11. Example of convergence behaviour for BFGS (dashed line) and ASCNM-BFGS (solid line) trained FFTD network in the P10 problem.

Fig. 12. Example of convergence behaviour for BFGS (dashed line) and ASCNM-BFGS (solid line) trained LRN in the P10 problem.
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MSE of 0.09229, while the proposed method reaches 100% convergence rate with improvements that are 6 times better in
terms of MSE, 22 times smaller in the average and minimum number of training epochs, 30 times smaller in the maximum
number of training epochs, and a 88 times smaller in the value of standard deviation for the converged runs.



Fig. 13. Example of convergence behaviour for BFGS (dashed line) and ASCNM-BFGS (solid line) trained NARX network in the P10 problem.
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In general, experimental results in Tables 1–6 provide evidence that the new method is able to locate minimisers with
smaller function values than the original method, which is important in certain real-world problems to provide good gen-
eralisation. For example, in Table 4, 12% of the BFGS-trained FFTD networks reached an MSE = 0.01 in a maximum of 3949
epochs, while the average MSE achieved by BFGS in that case was 0.06428. That was caused by the fact that the majority of
the BFGS-trained networks did not reach the MSE goal within 4000 training epochs; some of them stuck to minima with
higher function values while others failed to converge because of instabilities in the Hessian. When BFGS fails to reach
the error goal we only provide the average error obtained. Also a 0% convergence in Tables 1, 2, 4, 5 and 6 indicates that
not a single run of the BFGS method converged within the predefined number of epochs, and since only epochs of the con-
verged runs are reported, we enter the symbol ‘‘–’’ in the corresponding cells. We observed that the ASCNM-BFGS method
provided consistently a stable behaviour with the use of the scaling factor and a better ability to escape from swallow local
minima, which could be attributed to its nonmonotone behaviour; some examples of improved learning behaviour are illus-
trated in Figs. 8–13.

6.2. Sequence Classification

This problem [40] concerns recognising the task from a sequence of events generated by end-users of a personalised sys-
tem as they perform various tasks. A task consists of a sequence of events, such as the ones generated when opening a brow-
ser window, searching for information, saving information from the search results or storing bookmarks, and users may
execute it in slightly different ways depending on their preferred way of seeking or processing information.

The dataset consists of a sequence of 203 training and 73 testing patterns (events), which are represented by 36-dimen-
sional binary patterns for the inputs and 3-dimensional binary patterns for the outputs representing three different tasks. As
the patterns represent events and are collected over time, they generate a sequence that is particularly noisy because some
events can occur during execution of more than one task, and tasks can have varying lengths.

For this problem, 10-hidden node FFTD, LRN and NARX networks, with 763, 503 and 433 of weights and biases, respec-
tively, were trained 200 epochs and the training goal is set to MSE = 0.01. The amounts of input/output delays are 5 for FFTD
and 1-input-1-output delays for NARX. All other training parameters are the same as the parity-N problem. Table 7 shows
the average performance in terms of MSE (%) achieved in training and CE (%) in testing. In all cases, the proposed algorithm
achieves better MSE, from 0.1% to 12%, and CE, from 0.2% to about 20%, with LRNs producing better generalisation (i.e. lower
CE) than the other RNNs. Examples of learning behaviours are in Figs. 14–16, showing how the nonmonotone strategy helps
locating minimisers with lower error values, which leads to lower average classification error in testing (cf. with Table 7).
Table 7
Average performance of the three RNNs architectures in the Sequence Classification problem.

RNN Algorithm MSE% (training) CE% (testing)

FFTD BFGS 21.484 33.363
ASCNM–BFGS 20.326 32.041

LRN BFGS 21.518 32.301
ASCNM–BFGS 9.175 11.534

NARX BFGS 7.496 27.247
ASCNM–BFGS 7.100 27.082



Fig. 14. Example of convergence behaviour for BFGS (dashed line) and ASCNM-BFGS (solid line) trained FFTD network in the Sequence Classification
problem.

Fig. 15. Example of convergence behaviour for BFGS (dashed line) and ASCNM-BFGS (solid line) trained LRN in the Sequence Classification problem.

Fig. 16. Example of convergence behaviour for BFGS (dashed line) and ASCNM-BFGS (solid line) trained NARX network in the Sequence Classification
problem.
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6.3. Sequence Learning

In this application [44], a grammar is given that consists of a set of six letters {a,b,d, i,g,u} that are used to generate letter
sequences. A sequences consists of combinations of strings {ba}, {dii} and {guuu} and all possible permutations of these 3
strings are legal, with each letter represented by 4-bit binary codes. The task concerns predicting successive letters in a ran-
dom sequence of 1000 words and each word consists of one of the above 3 consonant–vowel combinations. A sequence of
length 2993 is used for training and a sequence of length 9 for testing, as in the original work [44].

We adopted the approach of [44] and trained the RNNs for 23 epochs measuring the MSE in training and testing. We kept
the same settings as in the parity-N problem for the BFGS and ASCNM-BFGS heuristic parameters in order to test the robust-
ness of the method. We made 100 independent runs for each of the three RNN architectures to estimate the average gener-
alisation performance of the two algorithms.
Table 8
Average performance of the three RNNs architectures in the Sequence Learning problem.

RNN Algorithm MSE% (Training) MSE% (Testing)

FFTD BFGS 21.485 17.437
ASCNM–BFGS 17.275 15.457

LRN BFGS 23.347 32.301
ASCNM–BFGS 17.854 15.070

NARX BFGS 8.991 9.846
ASCNM–BFGS 7.584 8.313

Fig. 17. Example of convergence behaviour for BFGS (dashed line) and ASCNM-BFGS (solid line) trained FFTD network in the Sequence Learning problem.

Fig. 18. Example of convergence behaviour for BFGS (dashed line) and ASCNM-BFGS (solid line) trained LRN in the Sequence Learning problem.
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It is worth mentioning that the average performance presented in Table 8 was achieved using RNNs with 10 hidden nodes
(i.e., numbers of weights and biases are: 134 for FFTD, 194 for LRN, and 214 for NARX), as in [44]. For comparison we should
mention that in [44] LRNs are only used and the MSE obtained is 25% in training (using a first-order training method) and
22% in testing. As shown in Figs. 17–19, the nonmonotone strategy helps to located solutions that lead to low errors, while
the monotone BFGS suffers from convergence to minimisers with higher values. We also investigated the performance of
NARX networks with smaller number of hidden nodes. Results in Table 9 show that the new method is able to train networks
with 2 and 5 hidden nodes better than the BFGS.

6.4. Reading Aloud

This task concerns learning the mapping of a set of orthographic representation to their phonological forms [57]. Both
subsets of orthography and phonology have 3 different parts, i.e. onset, vowel and coda, with 30, 27 and 48, and 23, 14
and 24 possible characters, respectively. Examples of words included in the dataset are: bed, keep, bike, boy. Data are in
the form of a temporal sequence which consists of 105-dimensional input patterns and 61-dimensional output patterns,
and the training dataset has 2998 patterns. Ideally, a specially designed RNN architecture with 100 hidden nodes (26582
adjustable weights), which is described in detail in [57], is needed to learn this dataset. Although in the original work there
is no special testing dataset, we choose 30 words which are not included in the original training set from an online dictionary
in order to verify our algorithm’s generalisation ability.
Fig. 19. Example of convergence behaviour for BFGS (dashed line) and ASCNM-BFGS (solid line) trained NARX network in the Sequence Learning problem.

Table 9
Average MSE for NARX networks in the Sequence Learning problem.

Algorithm #Hid MSE% (training) MSE% (testing)

BFGS 2 20.196 20.824
5 11.029 12.119

10 8.991 9.846
ASCNM–BFGS 2 19.972 20.7925 9.740 10.360

10 7.584 8.313

Table 10
Average performance of FFTD and NARX networks in the Reading Aloud problem.

Net Algorithm #Hid MSE% (Training) MSE% (Testing)

FFTD BFGS 5 10.665 18.716
10 6.982 15.840

ASCNM–BFGS 5 9.558 18.143
10 6.081 15.652

NARX BFGS 5 8.589 16.625
10 6.248 15.407

ASCNM–BFGS 5 7.080 16.106
10 5.184 14.547



Fig. 20. Example of convergence behaviour for BFGS (dashed line) and ASCNM-BFGS (solid line) trained FFTD network in the Reading Aloud problem.

Fig. 21. Example of convergence behaviour for BFGS (dashed line) and ASCNM-BFGS (solid line) trained NARX network in the Reading Aloud problem.
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We used FFTD and NARX networks with 5 and 10 hidden nodes (for FFTD networks, the numbers of adjustable parameters
are 1421 and 2781, while 2031 and 4001 for NARX) and the maximum number of epochs was set to 300. Two delays were
applied, i.e. 2 input delays for the FFTD networks, and 2-input-2-output delays for the NARX networks. The heuristic param-
eters are 3 6 Mk

6 15; r ¼ 0:5 and d ¼ 0:9. The results in Table 10 provide numerical evidence that the nonmonotone BFGS
exhibits better ability to produce solutions with lower errors on the average. Both methods are able to train networks to
reach small training errors. For comparison we should mention that in [57] 1900 epochs are needed to produce similar train-
ing error values. Figs. 20 and 21 provide some examples of learning behaviours, showing the ability of the ASCNM-BFGS to
reach desirable solutions with smaller error values than then the BFGS method.

7. Conclusions

The paper investigated the problem of training recurrent neural networks in the framework of deterministic nonlinear
optimisation. The proposed approach is based on the BFGS method, a well-known quasi-Newton method, and employs
self-scaling of the approximations of the Hessian matrix. Furthermore, it is equipped with an adaptive nonmonotone strat-
egy to better exploit information collected as it searches the space of the adjustable parameters. Comparing to the traditional
monotone learning approach, our experiments using various data sequences provide evidence that the self-scaling BFGS with
adaptive nonmonotone strategy enhances the convergence behaviour of RNNs and is more effective for training networks of
various RNN architectures than the BFGS, even when hidden nodes numbers are smaller than the ones typically reported in
the literature for these problems.
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