Sets

A set is acollection of objects, called elements or members

- Theset, callit A, whose elements are Shakespeare, Tasmania, and Monday
- The set, call it B, of all even positive numbers

Notation

A = {Shakespeare, lasmania, Monday} list all elements and enclose with { }
B = {2,4,6,8,...} not entirely clear!
B = {x | x is an even positive number} specify a common property

of elements

Write a € S tosaythat a isanelementof S (from Greek ¢)
Write a ¢ S tosaythat a isnotanelementof S

8€ B T¢ B C ={zx|xecNand =z ¢ B}
where N is the set of all natural numbers. Whatis C?
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Three fundamental features of sets

- A set must be distinguished from its description
For instance, the following descriptions define the same set:
{2,3,4} {3,2,4} {2,2,3,4,4} {zxeN|[2<2<4} {yeN|1<y<5}

- All elements of a set are distinct
In other words, no element may ‘occur’ more than once in a set
We do not distinguish between  {3,2,4} and {2,2,3,4,4}

- The elements of a set are not ordered in any way
We do not distinguish between  {3,2,4} and {2,3,4}

- A set can be an element of another set
Forexample, {0,{0}} hastwo elements: 0and {0}
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Subsets

Aset B is a subset of aset A if every element of B is an element of A
Notation: B C A. Also say: B is included in A

A

Figure 1: Venn diagram of B C A.

John Venn was a 19th-century British philosopher and mathematician who introduced

the Venn diagram in 1881
{3,4,5} C {1,5,4,2,1,3} {3,3,5} C {3,5} {5,3} C {3,5}
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Equal sets, proper subsets

Two sets A and B are if they have exactly the same elements
Notation: A = B
A=B iff ACB and BCA

{1} = {1,1,1} {1} #{{1}}  {0,2,8} = {v4,0/5,2%}

Bisa propersubset of Aif BC A and A # B
Notation:. ACB o AGCB

Also say: A is properly included in B

{1} c {1,1,2} {1} £ {{1}}
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Important sets

0 ={} empty set, the set with no elements
N = {0,1,2,3,...} natural numbers
Nt = {1,2,3,...} positive natural numbers

7z = {0,1,-1,2,—-2,3,—3,...} infeger numbers
Q = A{z/y|xz,y €Z, y#0} rational numbers

R = {decimals} real numbers
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Set operations: union
The union of sets Aand Bistheset AUB = {x|x € A or z € B}

A U B is the set consisting of those elements that are in A orin B or both

A

B

Figure 2: Venn diagram of A U B.

Suppose A = {4,7,8} and B

Then

= {10,4,9}
AUB = {4,7,8,9,10}
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Set operations: intersection
The intersection of sets A and Bistheset ANB = {z|x € A and =z € B}

A N B is the set consisting of all elements which are bothin A and in B

A B

Figure 3: Venn diagram of A N B.

Suppose A = {4,7,8} and B = {10,4,9}

Then ANB = {4}

If ANB = @ then A and B are called disjoint
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Set operations: relative complement

The complement of a set B relative to a set A is the set
A—B = {xz|x€ A and = ¢ B}

A — B is also called the difference of A and B

A — B is the set of all elements that belong to A buf not to B

A B

Figure 4: Venn diagram of A — B.

f A= {4,7,84 and B = {10,4,9} then A—-B = {7,8}
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Set operations: (absolute) complement

In certain contexts we may regard all sets under consideration as being
subsets of some given universal set U.
For instance, if we are investigating properties of the real numbers R
(and subsets of R), then we may take R as our universal set

Given a universal set U and A C U, the complement of A (in U) is the set
—A=U—-A={zeU|x¢g A}

Figure 5: Venn diagram of — A

http://www.dcs.bbk.ac.uk/~michael/foc/foc.html 9


http://www.dcs.bbk.ac.uk/~michael/foc/foc.html

Set operations: powerset

The powerset of a set A is defined to be the set of all subsets of A

Notafion: Pow(A) = {X | X C A}

Examples:

1.Let A = {2}. Then
Pow(A) = {0, {2}}

2. Llet B = {1,2,3}. Then
Pow(B) = {0, {1}, {2}, {3}, {1,2}, {2,3}, {1,3}, {1,2,3}}

3. LetC = 0. Then
Pow(C) = {0} (#0)

More common notation: Pow(A) = 24 Why?

Because when A has n elements, then Pow(A) has 2™ elements
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Important equalities

Associative laws:
AUu(BUC)=(AuB)UC, An(BNC)=(ANB)NC
Commutative laws:
AUB=BUA, ANnB=BnA
|dentity laws (where U is the universal set):
AUD=A, AUU=U, ANU=A, AnD=0
Distributive laws:
AN(BUC)=(ANnB)U(ANC), Au(BNC)=(AUuB)N(AUCQ)
Complement laws (where U is the universal set):
AUu-A=U, -U=0, —(—A)=A, ANn—-A=0, —-0=U

De Morgan’s laws:

—-(AuB)=-ANn-B, —(ANnB)=-AU-B
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Russell’s paradox (1901)

Russell’s paradox shows that the “object’ {x | P(x)} is not always meaningful.

Considertheset A = {B | B ¢ B}

Give an example of an element of A
Problem: do we have A € A?
For every set C, denote by P(C) the statement C ¢ C 7
Then A = {B | P(B)}. - it
- Suppose A € A. Then not P(A). Therefore, we must have A ¢ A.
- Butif A ¢ A, then P(A). Therefore, A € A, which is a confradiction

Visit also |http://plato.stanford.edu/entries/russell-paradox/ |

Popular version: the barber paradox
Suppose there is a town with just one male barber. According to law in this town,
the barber shaves all and only those men in town who do not shave themselves.
Who shaves the barber?
- if the barber does shave himself, then the barber (himself) must not shave himself

- if the barber does not shave himself, then the barber (himself) must shave himself
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Sequences, tuples, and Cartesian products

A sequence of objects is a list of these objects taken in a certain order

The sequences (1,2,3) (2,1,3) (3,1,2) are different
The sefs {1,2,3} {2,1,3} {3,1,2} arethe same

Finite sequences are called tuples. A sequence with k elements is a k-tuple
A 2-tuple is also called a pair
The Cartesian product A x B of sets A and B is the set of all pairs (a, b)
wherea € Aandb € B

AxB = {(a,b)|a € Aand b € B}

Example. Let A = {1,2} and B = {a, b, c}. Then
Ax B = {(1,a),(2,a),(1,b),(2,b),(1,¢),(2,¢c)}

R x Ris the Euclidean plane. WhatisR x R x R?

Semantic Web 2011(3)  http://www.dcs.bbk.ac.uk/~michael/foc/foc.html 13


http://www.dcs.bbk.ac.uk/~michael/foc/foc.html

Binary relations

Let S be the set of students at Birkbeck, and C the set of available courses.
The registration database or the relationship ‘registered for’ can be represented

as the set R = {(s,c) € S x C | sregistered forc }

Eve Joe Bob Kate

Students Courses SxC
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Binary relations: definitions and examples

A binary relation between two sets A and B is a subset R
of the Cartesian product A x B. If A = B,then Risarelation on A
If (x,y) € Rthen we say that x is R-related to y and write xRy

- ‘Smaller than’ on Z < ={(z,y) EZXZ |z <y}
-1<0, —-1<1, 0<2,... but 1£0, 1&£—-1, 2<£0,...
- ‘Smaller than or equal to” on Z < ={(z,y)€eZxZ|x<y}
—1< -1, -1<1, 0<0,... but 10, 1<£—-1, 2<0,...
Note that < & <

- Input-output’ relation 10p for a given computer program P
Let I be the set of possible inputs for P, and O the set of possible outputs

1I0p = {(z,y) €I XO | P(x) =y}

xzl0Opy iff given x asaninputf, P refurns y
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Functions

A function from a set A to a set B is a binary relation R C A x B in which

every element of A is R-related a unique element of B, or, in other words:
for each a € A there is precisely one pair of the form (a, b) in R.

Which of the following relations are functions?

- {(z,y) ENXN|y=a—1}
- {(z,y) €eQxQ|y==—1}
- {(z,y) ENXR|y?> ==z}
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Notation

- Let f be afunction from a set A to aset B. Since for each x € A there exists
a uniquely determined y € B with (z,y) € f.wewrite |y = f(x)| and
refer to f(x) as the image of x under f

- Wewrite |f: A — B | toindicate that fis a function from A to B

- Ais called the domain of f. B is called the codomain of f

- Therange of fistheset |f(A) = {f(z) |z € A}
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Alphabets and words
An alphabet is a finite set ¥ of symbols

Examples: - %; = {a,b,c,...,z}, thesetof all lower-case letfters
- ¥, = {0,1}, the binary alphabet
- 23 == {D, <>, @}

A word or string (over an alphabet ) is a finite sequence of symbols from X

abracadabra, azwzax (over X,)

- 111111111110000000000, 000110 (over X,)
- QQOo, oooooQ (over X3)

- the empty word ¢ is a word over any alphabet X

Examples:

(but we may assume that € is NOT a symbol of any

of our alphabets)
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Words (cont.)

»* is the set of all words over X (always contains &)

The length |w| of a word w is the number of symbols in w

lw| = the number of occurrences of symbols in w

e.g.. lazwza| =5, |00 =3, |¢|=0

The concatenation of words x and y (notafion: xy) is
the word z followed by the word y

- w" = ww...w (g, (VO)°=¢ (01)2=010101, a* = aaaa)

- xe = ex = x, foreverywordx

if w = xzy then x is a prefix of w, and y a suffix of w

e.g.. for isaprefixand se isasuffixof torfoise
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Languages

A language over an alphabet X is a set of words over X,
that is, a language is a subset of X*

Examples:
M ¥ = {a,b,c,...,z}

- L, = all English words
- L, = dallLatin words

- L3 = {kdpekvg,leih,hkiiw, wowiszk}

@ = = {o0,1}

- L, = {001,101010,111,1001}

- Ls = {0™1™ | nis an even, m is an odd number}
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What is ‘iff’ ?

If and only if (or iff) is a biconditional logical connective between statements:

it is the standard conditional if combined with its reverse only if.

The truth of either one of the connected statements requires the truth of the other,

i.e., either both statements are true, or both are false.

Alternative phrases to P 'iff Q": P is necessary and sufficient for Q

P is equivalent to Q
P precisely if Q
P justin case Q

Example: Suppose A C B. Which of the following statements are true?

Forallz, = € Aiffx € B.

Forallxz, = € A issufficient forx € B.
Forallxz, = € B issufficient forxz € A.
Forallz, x € Aisnecessary forx € B.

Forallz, x € Bisnecessary forx € A.
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