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Abstract

Imputation of missing data is of interest in many areas such as survey data editing,

medical documentation maintaining and DNA microarray data analysis. This paper is

devoted to experimental analysis of a set of imputation methods developed within the

so-called least-squares approximation approach, a non-parametric computationally

effective multidimensional technique. First, we review global methods for least-squares

data imputation. Then we propose extensions of these algorithms based on the nearest

neighbours approach. An experimental study of the algorithms on generated data sets is

conducted. It appears that straight algorithms may work rather well on data of simple

structure and/or with small number of missing entries. However, in more complex cases,

the only winner within the least-squares approximation approach is a method, INI,

proposed in this paper as a combination of global and local imputation algorithms.
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1. Introduction

The problem of imputation of missing data emerges in many areas such as

survey data editing [5], medical documentation maintaining [17] and DNA
microarray data modelling [31]. In the last decades a number of approaches

have been proposed and utilised for filling in missing values. The most

straightforward idea of using average values for imputation into missing en-

tries, the Mean substitution [20], is probably the most popular approach. It has

been supplemented recently with more refined versions such as hot/cold deck

imputation and multidimensional techniques such as regression [19], decision

trees [16,24], etc. Two other approaches, the maximum likelihood and least-

squares approximation, take into account all available data to fill in all mis-
sings in parallel.

In the traditional statistics framework, any data set is considered as gen-

erated from a probabilistic distribution, which immediately leads to applying

the maximum likelihood approach for modelling and imputation of incomplete

data. This approach has led to introducing the so-called expectation–maxi-

mization (EM) method for handling incomplete data [6,28]. The EM algorithm

provides a good framework both in theory and in practice. This approach,

frequently supplemented with the so-called multiple imputation (MI) option,
has proven to be a powerful tool [26–28]. However, the methods within this

approach have two features that may become of issue in some situations. First,

they may involve unsubstantiated hypotheses of the underlying distribution.

Second, the rate of convergence of EM can be very slow sometimes. Fur-

thermore, the computational cost of the method heavily depends on the

absolute number of missing entries, and this can prevent its scalability to large

databases.

Another multidimensional approach to imputation of missing data, the so-
called least-squares approximation, extends the well-known matrix singular

value decomposition (SVD) and, therefore, relies on the geometric structure of

the data rather than on probabilistic properties. This approach is computa-

tionally effective and has attracted considerable attention of researchers

[10,18,21]. However, this approach is not sensitive to the shape of the under-

lying distribution, which can become an issue in imputing missing data from a

complex distribution.

In this paper, we experimentally explore computational properties of the
least-squares approach and combine it with a machine learning approach, the

so-called nearest neighbour (NN) method, which should balance the insensi-

tivity of the least-squares mentioned above. Indeed, the NN approach suggests

that, to impute a missing entry, only information of the nearest neighbours

should be utilised, leaving other observations aside. This approach recently was

successfully applied, in the context of bioinformatics, to the Mean substitution

method in various settings [13,23,31]. We combine the local NN approach with
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the least-squares algorithms to produce a number of NN versions of these

algorithms. Further on, we develop a combined algorithm, INI, which applies

an NN based least-squares technique to a preliminarily completed data matrix

rather than to the original data with missings.
Then we experimentally explore the performances of eight least-squares

imputation algorithms supplemented with Mean substitution method in both

the global and local versions. In our experiments, we separately generate a data

matrix and a missing pattern, which enables us to compare predicted values

with those generated originally. It appears, performances of the algorithms

depend on the type of data. In particular, when the underlying data model is

simple enough, simple global least-squares imputation methods are best.

However, in situations at which data structure is more complex, the local
versions win. In particular, when the data structure is complex but proportion

of missings is small, even the Mean substitution, in its local version, may be

appropriate. However, with the number of missings growing, the method INI

appears to be the only consistent winner.

The paper is organized as follows. Section 2 provides a review of existing

techniques for handling missing data by categorising them in (a) prediction

rules, (b) within the maximum likelihood framework and (c) the least-squares

approximation. Section 3 gives a brief description of the global least-squares
imputation methods. The NN versions of the imputation methods will be

proposed in Section 4. The setting and results of our experimental study will be

described in Section 5. Section 6 concludes the paper.
2. A review of imputation techniques

Among the methods of imputation of incomplete data, we can distinguish

the following three approaches:

(1) Prediction rules such as putting the variable mean into a missing entry or

using regression or decision trees [19,20,24].

(2) Maximum likelihood [6,20,27,28].

(3) Least-squares approximation [10,12,18,21,32].

Let us discuss them in turn.

2.1. Prediction rules

The most popular method of imputation is substitution of a missing entry by

the corresponding variable’s mean, which will be referred to as Mean algo-

rithm. An important drawback of the mean imputation is that the variance of
the imputed data systematically underestimates the real variance [20]. The
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Mean algorithm has been recently extended with other prediction models such

as hot deck imputation at which the nearest neighbour’s value is imputed, cold

deck imputation at which the modal value is imputed, and regression impu-

tation at which the regression-predicted value is imputed [19,20]. Decision trees
are used for handling missing categorical data in [16,24]. Methods for impu-

tation of incomplete data based on neural networks have been developed in

[2,7]. Recently, the use of nearest-neighbour based techniques has been pro-

posed for imputation of missing values [13,23,31].

The common feature of the prediction rule based approaches is that they

rely on a limited number of variables. The other two approaches take

advantage of using the entire available data entries to handle missings.
2.2. Maximum likelihood

The maximum likelihood approach relies on a parametric model of data

generation, typically, multivariate Gaussian mixture model. A maximum

likelihood method is applied for both fitting the model and imputation of the

missing data. The most popular is the expectation–maximization (EM) algo-

rithm [6,28]. It is sometimes implemented with multiple generation of candi-

dates for missing entries according to the fitted probabilistic distribution, so
that a missing entry is imputed as the candidates’ mean. This is referred to as

multiple imputation (MI) method [26,28]. EM/MI method have been imple-

mented in many data imputation programs such as NORM and EMCOV

which are freely available on the website [8]. The maximum likelihood ap-

proach is very popular since it is based on a precise statistical model. However,

methods within this approach may involve unsubstantiated hypotheses and

have a slow convergence rate. Either of these may prevent their scalability to

large databases.
2.3. Least-squares approximation

This is a non-parametric approach based on approximation of the available

data with a low-rank bilinear model akin to the singular value decomposition

(SVD) of a data matrix.

Methods within this approach, typically, work sequentially by producing

one factor at a time to minimize the sum of squared differences between the
available data entries and those reconstructed via bilinear modelling. There are

two ways to implement this approach:

(1) Find an approximate data model using non-missing data only and then

interpolate the missing values with values found with the model

[10,12,21,29,32].
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(2) Start by filling in all the missing values, then iteratively approximate thus

completed data and update the imputed values with those implied by the

approximation [12,18].

3. Least-squares (LS) imputation techniques

In this section we describe generic methods within each of the two least-

squares approximation approaches referred to above: (1) Iterative least-

squares algorithm [10,12,21], (2) iterative majorization least-squares algorithm

[12,18].

3.1. Notation

The data is considered in the format of a matrix X with N rows and n
columns. The rows are assumed to correspond to entities (observations) and

columns to variables (features). The elements of a matrix X are denoted by xik
(i ¼ 1; . . . ;N , k ¼ 1; . . . ; n). The situation in which some entries ði; kÞ in X may

be missed is modelled with an additional matrixM ¼ ðmikÞ where mik ¼ 0 if the

entry is missed and mik ¼ 1, otherwise.
The matrices and vectors are denoted with boldface letters. A vector is al-

ways considered as a column; thus, the row vectors are denoted as transposes

of the column vectors. Sometimes we show the operation of matrix multipli-

cation with symbol *.

3.2. Iterative singular value decomposition

Let us describe the concept of singular value decomposition of a matrix
(SVD) as a bilinear model for factor analysis of data. This model assumes the

existence of a number pP 1 of hidden factors that underlie the observed data

as follows:
xik ¼
Xp
t¼1

ctkzit þ eik; i ¼ 1; . . .N ; k ¼ 1; . . . ; n ð1Þ
The vectors zt ¼ ðzitÞ and ct ¼ ðctkÞ are referred to as factor scores for entities

i ¼ 1; . . . ;N and factor loadings for variables k ¼ 1; . . . ; n, respectively [15,21].
Values eik are residuals that are not explained by the model and should be made

as small as possible.

To find approximating vectors ct ¼ ðctkÞ and zt ¼ ðzitÞ, we minimize the

least-squares criterion:
L2 ¼
XN
i¼1

Xn
k¼1

xik

 
�
Xp
t¼1

ctkzit

!2

ð2Þ
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It is proven that minimizing criterion (2) can be done with the following one-

by-one strategy, which is, basically, the contents of the method of principal

component analysis, one of the major data mining techniques [15].

According to this strategy, computations are carried out iteratively. At each
iteration t, t ¼ 1; . . . ; p, only one factor is sought for. The criterion to be

minimized at iteration t is:
l2ðc; zÞ ¼
XN
i¼1

Xn
k¼1
ðxik � ckziÞ2 ð3Þ
with respect to the condition that the squared norm of c is unity, that is,Pn
k¼1 c

2
k ¼ 1. It is well-known that solution to this problem is the singular triple

ðl; z; cÞ such that Xc ¼ xz and XTz ¼ l2c with normed c and l equal to the

norm of z, so that l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN

i¼1 zi2
q

, the maximum singular value of X. The found

vectors c and z are stored as ct and zt and next iteration t þ 1 is performed. The

matrix X ¼ ðxikÞ changes from iteration t to iteration t þ 1 by subtracting the

found solution according to formula xik  xik � ctkzti.
To minimize (3), the method of alternating minimization can be utilised.

This method also works iteratively. Each iteration proceeds in two steps: (1)

given a vector ðckÞ, find optimal ðziÞ; (2) given ðziÞ, find optimal ðckÞ. Finding
optimal score and loading vectors can be done according to equations:
zi ¼
Pn

k¼1 xikckPn
k¼1 c

2
k

ð4Þ
and
ck ¼
PN

i¼1 xikziPN
i¼1 z

2
i

ð5Þ
that follow from the first-order optimality conditions.

This can be wrapped up as the following algorithm for finding a pre-spec-
ified number p of singular vectors.

Iterative SVD algorithm

0. Set number of factors p.
1. Set iteration number t¼ 1.

2. Initialize c� arbitrarily and normalize it. (Typically, we take c�0 ¼
ð1; . . . ; 1Þ.)
3. Given c�, calculate z according to (4).
4. Given z from step 3, calculate c according to (5) and normalize it.

5. If kc� c�k < � where � > 0 is a pre-specified precision threshold go to 6;

otherwise put c� ¼ c and go to 3.

6. If t < p, set t ¼ t þ 1 and go to 7; otherwise End.

7. Set l ¼ kzk, zt ¼ z=l, and ct ¼ c; update xik ¼ xik � lctkztk and go to step 2.
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Note that z is not normalised in the version of the algorithm described,

which implies that its norm converges to the singular value l, though the re-

sults are stored in the conventional normalized form. This method always

converges if the initial c does not belong to the subspace already taken into
account in the previous singular vectors.
3.3. Iterative least-squares (ILS) algorithm for data imputation

The ILS algorithm is based on the SVD method described above. However,

this time equation (1) applies only to those entries that are not missed.

The idea of the method is to find the score and loading vectors in decom-

position (1) by using only those entries that are available and then use (1) for
imputation of missing entries (with the residuals ignored).

To find approximating vectors ct ¼ ðctkÞ and zt ¼ ðzitÞ, we minimize the

least-squares criterion on the available entries. The criterion can be written in

the following form:
L2 ¼
XN
i¼1

Xn
k¼1

e2ikmik ¼
XN
i¼1

Xn
k¼1

xik

 
�
Xp
t¼1

ctkzit

!2

mik ð6Þ
where mik ¼ 0 at missings and mik ¼ 1, otherwise.
To minimize criterion (6), the one-by-one strategy of the iterative SVD

algorithm is utilised. According to this strategy, computations are carried out

iteratively. At each iteration t, t ¼ 1; . . . ; p, only one factor is sought for to

minimize criterion:
l2 ¼
XN
i¼1

Xn
k¼1
ðxik � ckziÞ2mik ð7Þ
with respect to condition
PN

i¼1 c
2
k ¼ 1. The found vectors c and z are stored as ct

and zt, non-missing data entries xik are substituted by xik � ckzi, and next

iteration t þ 1 is performed.

To minimize (7), the same method of alternating minimization is utilised.

Each iteration proceeds in two steps: (1) given a vector ðckÞ, find optimal ðziÞ;
(2) given ðziÞ, find optimal ðckÞ. Finding optimal score and loading vectors can

be done according to equations extending (4) and (5) to:
zi ¼
Pn

k¼1 xikmikckPn
k¼1 c

2
kmik

ð8Þ
and
ck ¼
PN

i¼1 xikmikziPN
i¼1 z

2
i mik

ð9Þ
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Basically, it is this procedure that was differently described in [10,12,21]. The

following is a more formal presentation of the algorithm.

ILS algorithm
0. Set number of factors p.
1. Set iteration number t ¼ 1.

2. Initialize n-dimensional c�0 ¼ ð1; . . . ; 1Þ and normalize it.

3. Given c�, calculate z according to (8).

4. Given z from step 3, calculate c according to (9) and normalize it after-

wards.

5. If kc� c�k < � where � > 0 is a pre-specified precision threshold go to 6;

otherwise put c� ¼ c and go to 3.
6. If t < p, store c as ct and z as zt, then set t ¼ t þ 1 and go to 7, otherwise

go to 8.

7. For ði; kÞ such that mik ¼ 1, update xik ¼ xik � ctkztk and go to step 2.

8. Impute the missing values xik at mik ¼ 0 according to (1) with eik ¼ 0.

There are two issues which should be taken into account when implementing

ILS:

(1) Convergence. The method may fail to converge depending on configu-

ration of missings and starting point. Some other causes of non-convergence as

those described by Grung and Manne [12] have been taken care of in our

formulation of the algorithm. In the present approach we, somewhat simplis-

tically, use the normed vector of ones as the starting point (step 2 in the

algorithm above). However, sometimes a more sophisticated choice is required

as the iterations may come to a ‘‘wrong convergence’’ or not converge at all. To

this end, Gabriel and Zamir [10] developed a method to use a row of X to build
an initial c�, as follows:

1. Find ði; kÞ with the maximum
xik ¼
X
b

mbkx2bk þ
X
d

midx2id ð10Þ

over those ði; kÞ for which mik ¼ 0.

2. With these i and k, compute
b ¼
P

b6¼i
P

d 6¼k mbdx2bkx
2
idP

b6¼i
P

d 6¼k mbdxbkxidxbd
ð11Þ
3. Set the following vector as initial at the ILS step 2:
c�0 ¼ ðxi1; . . . ; xik�1; b; xikþ1; . . . ; xinÞ ð12Þ
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The method is rather computationally intensive and may cause to slow down

the speed of computation (up to 60 times in our experiments). However, it can

be useful indeed when the size of the data is small.

(2) Number of factors. When the number of factors is equal to one, p ¼ 1,
ILS is equivalent to the method introduced by Wold [32] and his student

Christoffersson [4] under the name of ‘‘nonlinear iterative partial least squares’’

(NIPALS). In most cases the one-factor imputation technique leads to signif-

icant errors, which implies the need for getting more factors. Selection of p may

be driven by the same scoring function as selection of the number of principal

components: the proportion of the data variance taken into account by the

factors. This logics is well justified in the case of the principal component

analysis at which model (1) fits the data exactly when p is equal to the rank of
X. When missings are present in the data, the number of factors sequentially

found by ILS may be infinite; however, the logic is still justified since the

residual data matrix converges to zero matrix (see Statement 2.2 in [21], which

is applicable here).

3.4. Iterative majorization least-squares (IMLS) algorithm

This method is an example of application of the general idea that the
weighted least-squares minimimization problem can be addressed as a series of

non-weighted least-squares minimization problems with iteratively adjusting

solutions according to a so-called majorization function [14]. In this frame-

work, Kiers [18] developed an algorithm, a version of which can be formulated

within the framework presented. The algorithm starts with a completed data

matrix and updates it by relying on both non-missing entries and estimates of

missing entries.

The algorithm is similar to ILS except for the fact that it employs a different
iterative procedure for finding a factor, that is, pair z and c, which will be

referred to as Factor algorithm and described first. Factor algorithm operates

with a completed version of matrix X denoted by Xs where s ¼ 0; 1; . . . is the
iteration’s number. At each iteration s, the algorithm finds one best factor of

SVD decomposition of Xs and imputs the results into the missing entries, after

which the next iteration starts.

Factor algorithm
1. Set c0 ¼ ð1; . . . ; 1Þ and normalize it.

2. Set s ¼ 0 and define matrix Xs by putting zeros into missing entries of X.

Set a measure of quality hs ¼
PN

i¼1
Pn

k¼1 x
s
ik2.

3. Find the first singular triple z1, c1, l for matrix Xs by applying the iterative

SVD algorithm with p ¼ 1 and denote the resulting value of criterion (6)

by hsþ1. (Vectors z1, c1 are normalized here as described in the iterative

SVD algorithm.)
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4. If jhs � hsþ1j > � � hs for a small � > 0, set s ¼ sþ 1, put lzi1c1k for any

missing entry ði; kÞ in Xs and go back to step 3.

5. Set lz1 and c1 as the output.

Now we can formulate IMLS algorithm, which is a one-by-one version of

the approach in [18], as follows.

IMLS algorithm

0. Set the number of factors p.
1. Set iteration number t ¼ 1.

2. Apply Factor algorithm to matrix X with the missing structure M.

Denote results by zt and ct.
3. If t ¼ p, go to step 5.

4. For ði; kÞ such that mik ¼ 1, update xik ¼ xik � ctkzit, put t ¼ t þ 1 and go to

step 2.

5. Impute the missing values xik at mik ¼ 0 according to (1) with eik ¼ 0.

Theoretical properties of the IMLS method remain to be explored. IMLS

has always converged in our experiments.
4. Nearest neighbour based data imputation

4.1. Lazy learning and nearest neighbour

The term ‘‘lazy learning’’ applies to a class of local learning techniques in

which all the computation is performed in response to a request for prediction.

The request is addressed by consulting data from only a relatively small
number of entities considered relevant to the request according to a distance

measure [1,3].

In this framework, the imputations are carried out sequentially, by ana-

lyzing entities with missing entries one-by-one. An entity containing one or

more of missing entries which are to be imputed is referred to as a target entity.

A most popular version of the lazy learning approach is the so-called K-nearest
neighbour (see, for instance, [22]). According to this approach, a distance

measure is computed between the target entity and each of the other entities
and then K entities nearest to the target are selected. The imputation model

such as (1), for the target entity, is found by using a shortened version of X to

contain only K þ 1 elements: the target and K selected neighbours.

To apply the NN approach, the following two issues should be addressed.

(1) Measuring distance. There can be a multitude of distance measures consid-

ered. We choose Euclidean distance squared as this measure is compatible



I. Wasito, B. Mirkin / Information Sciences 169 (2005) 1–25 11
with the least-squares framework. The distance between a target entity Xi
and an entity Xj is defined as:
D2ðXi;Xj;MÞ ¼
Xn
k¼1
½xik � xjk
2mikmjk; i; j ¼ 1; 2; . . . ;N ð13Þ

where mik and mjk are missingness values for xik and xjk, respectively. This
distance was also used in [13,23,31].

(2) Selection of the neighbourhood. The principle of selecting the closest entities

can be realized, first, as is, on the set of all entities, and, second, by consid-

ering only entities with non-missing entries in the attribute corresponding
to that of the target’s missing entry. The second approach was applied in

[13,31] for data imputation with the method Mean. We apply the same ap-

proach when using this method. However, for ILS and IMLS, the presence

of missing entries in the neighbours creates no problems, and, with these

methods, we select among all entities.

Further we consider nearest neighbour (NN) based versions for the algo-

rithms above.
4.2. Nearest neighbour imputation algorithms

Briefly, the NN based techniques can be formulated as follows: take the first

row that contains a missing entry as the target entity Xi, find its K nearest

neighbours, and form a matrix X consisting of the target entity and the

neighbours. Then apply an imputation algorithm to the matrix X with
imputing missing entries at the target entity only. Repeat this until all missing

entries are filled in. Then output the completed data matrix.

NN based imputation algorithm

1. Take the first row in the data table that contains a missing entry as the

target entity Xi.

2. Find K neighbours of Xi.

3. Create a data matrix X consisting of Xi and K selected neighbours.
4. Apply an imputation algorithm to matrix X and impute missing values in

Xi.

5. If there are no missing entries in the data, then stop; otherwise go back to

step 1.

To make the NN based imputation algorithms work fast, we choose K be of

the order of 5–10 entities. Then, to apply the least-squares imputation tech-

niques, we have to restrict ourselves to small numbers of factors to guarantee
that the subspace approximation processes converge. Thus, we take p ¼ 1 and
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use the Gabriel–Zamir’s initialization in ILS. Still, ILS algorithm may lead to

non-convergent results because of the small NN data sizes. In contrast, IMLS

algorithm always uses complete data and converges.

4.3. Global–local learning imputation algorithm

One more NN based approach can be suggested to combine the lazy

learning approach with the global imputation algorithms described in Section

3. In this approach, we use a global imputation technique to fill in all the

missings in matrix X. Let us denote the resulting matrix X�. Then a lazy

learning technique is applied to fill in the missings in X again, but, this time,

based on distances computed with the completed data X�.
The same distance formula (13) can be utilised in this case as well, by

assuming that all values mik are unities, which is the case when matrix X� is

utilised. This distance will be referred to as the prime distance.

Let us consider an application of this global–local approach involving IMLS

at both of the stages. This technique, referred to as INI in the remainder, will

include four main steps. Firstly, impute missing values in the data matrix X by

using IMLS with p ¼ 4. Then compute the prime distance metric with thus

found X�. Take a target entity according to X and apply the NN algorithm to
find its neighbours according to X�. Finally, impute all the missing values in the

target entity with NN based IMLS technique (this time, with p ¼ 1).

INI algorithm

1. Apply IMLS algorithm to X with p ¼ 4 to impute all missing entries in

matrix X; denote resulting matrix by X�.

2. Take the first row in X that contains a missing entry as the target entity Xi.

3. Find K neighbours of Xi on matrix X�.
4. Create a data matrix Xc consisting of Xi and rows of X corresponding to

the selected K neighbours.

5. Apply IMLS algorithm with p ¼ 1 to Xc and impute missing values in Xi
of X.

6. If no missing entries remain, stop; otherwise go back to step 2.
5. Experimental study

The goal of the experimental study is twofold:

(1) To compare different methods of imputation on various data sets and miss-

ing patterns.

(2) To see whether performances of NN based techniques are always superior

to those of global least-squares techniques.
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5.1. Selection of algorithms

The considerations above lead us to consider the following eight least-

squares data imputation algorithms as a representative selection:

(1) ILS-NIPALS or NIPALS: ILS with p ¼ 1.

(2) ILS: ILS with p ¼ 4.

(3) ILS-GZ or GZ: ILS with the Gabriel–Zamir procedure for initial
settings.

(4) IMLS-1: IMLS with p ¼ 1.

(5) IMLS-4: IMLS with p ¼ 4.

(6) N-ILS: NN based ILS with p ¼ 1.

(7) N-IMLS: NN based IMLS-1.

(8) INI: NN based IMLS-1 imputation based on distances from an IMLS-4

imputation.

Of these, the first five are versions of the global ILS and IMLS methods, the

next two are lazy learning versions of the same approaches, and the last

algorithm INI combines local and global versions of IMLS. Similar combined

algorithms involving ILS have been omitted here since they do not always

converge. For the purposes of comparison, two mean scoring algorithms have

been added:

(9) Mean: Imputing the average column value.
(10) N-Mean: NN based Mean.

In the follow-up experiments, the NN based techniques will operate with

K ¼ 10.
5.2. Data generation

5.2.1. Rank one data model

Let us specify some vectors cð15�1Þ, zð200�1Þ with their components in

the range between �1 and 1, and generate a uniformly random matrix

Eð200�15Þ within the same range. Then the data model can be formulated as

follows:
X� ¼ z � c0 þ �E ð14Þ
where coefficient � scales the random noise added to the one-dimensional

matrix z � c0. The coefficient � will be referred to as the noise level; it has been
taken at six levels from � ¼ 0:1 to � ¼ 0:6.

Model (14) can be applied as many times as a data set is needed.
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5.2.2. Gaussian mixture data model

Gaussian mixture data model is described in many monographs (see, for

instance, [9]). In this model, a data matrix DN�n is generated randomly from the

Gaussian mixture distribution with a probabilistic principal component anal-
ysis (PCA) covariance matrix [25,30]. We refer to a mixture of p Gaussian

distributions (classes) as a Gaussian p-mixture. The following three-step pro-

cedure, Neural Network NETLAB, is applied as implemented in a MATLAB

Toolbox freely available on the web [11]:

(1) Architecture: set the dimension of data equal to n, number of classes

(Gaussian distributions) to p and the type of covariance matrix based on

the probabilistic PCA in a q dimension subspace. In our experiments, p
is 3 or 5, n between 15 and 25, and q typically is n� 3.

(2) Data structure: create a Gaussian mixture model with the mixing coefficient

equal to 1=p for each class. A Gaussian distribution for each ith class

(i ¼ 1; . . . ; p) is defined as follows: a random n-dimensional vector avgi is

generated based on Gaussian distribution Nð0; 1Þ. The n� q matrix of the

first q loading n-dimensional vectors is defined as follows:
Wq ¼
Iq�q
1ðn�qÞ�q

� �
ð15Þ

where Iq�q and 1ðn�qÞ�q are the identity matrix and matrix of ones,
respectively.

In our experiments, the general variance r2 is set to be equal to 0.1.

The probabilistic PCA (PPCA) covariance matrix is computed as

follows:
Cov ¼Wq �W0q þ r2In�n ð16Þ
(3) Data: generate randomly data matrix DN�n from the Gaussian mixture dis-

tribution defined above, as follows:

Compute eigenvectors and corresponding eigenvalues of Cov and denote the

matrix of eigenvectors by evec and vector of the square roots of eigenvalues

by
ffiffiffiffiffiffiffiffiffiffiffi
eigen
p

.

For i ¼ 1; . . . ; p:
Set Ni ¼ N=p, the number of rows in ith class.

Generate randomly RðNi�nÞ based on Gaussian distribution Nð0; 1Þ.
Compute Di ¼ avgi þ R � diag

ffiffiffiffiffiffiffiffiffiffiffi
eigen
p
ð Þ � evec0.

end

Define D as N � n matrix combining all generated matrices Di,

i ¼ 1; . . . ; p.
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5.2.3. Generation of missings

Given a data table generated, a pattern of missing entries is produced

randomly on a matrix of the size of the data table with a pre-specified pro-

portion of the missings. The proportion of missing entries may vary. We use
the random uniform distribution for generating missing positions and the

proportion’s range at 1%, 5%, 10%, 15%, 20% and 25% of the total number of

entries.
5.2.4. Evaluation of results

Since the data and missings are generated separately, we can evaluate the

quality of imputation by comparing the imputed values with those generated

at the stage of data generating. We use the squared imputation error,

IE, to measure the performance of an algorithm. The measure is defined as

follows:
IE ¼
PN

i¼1
Pn

k¼1ð1� mikÞðxik � x�ikÞ
2PN

i¼1
Pn

k¼1ð1� mikÞx2ik
ð17Þ
where mik is the missingness matrix entry and x�ik the data matrix X� with im-

puted values.
5.3. Experimental results

5.3.1. Experiments with rank one data model

Table 1 shows the average results of 30 experiments (five data sets times six
missings patterns) with the selected algorithms. Both ILS and ILS-GZ fre-

quently do not converge, probably because of too many factors, four, required

in them. This is labelled by the symbol ‘N/A’ put in the corresponding cells of

the Table 1. Table 1 shows that, in each of the methods, except the Mean, the

error increases with the noise level growing. At the Mean, the error stands

constant on the level of about 100%. Two obvious winners, according to the

table, are NIPALS (that is, ILS-1) and IMLS-1. The other methods’ perfor-

mances are much worse. This, probably, can be explained by the very nature of
the data generated: unidimensionality. The other methods seem just over-

specified and thus wrong in this situation.

To remove the effect of failing convergencies and, moreover, the effect of

overlapping dispersions in performances of the methods, we also compare the

methods pairwise. That is, for each pair of methods we consider at how many

experiments one of them outperformed the other. These results are shown in

Table 2 ði; jÞ entry in which shows how many times, per cent, the method in jth
column outperformed the method in ith row.

The data in Table 2 confirm the results in Table 1. Moreover, we see that

IMLS-1 was the winner more often than NIPALS (76% to 24%). Also, method



Table 1

The average squared errors of imputation (%) for different methods (in rows) at different noise levels, columns; the values in parentheses are corre-

sponding standard deviations, per cent as well

Methods Noise level

0.1 0.2 0.3 0.4 0.5 0.6

ILS 33.45 (179.42) 110.38 (478.79) 235.06 (928.57) N/A (N/A) N/A (N/A) N/A (N/A)

GZ N/A (N/A) N/A (N/A) 282.97 (1042) 359.19 (1416) 303.12 (1413) 260.17 (1180)

NIPALS 3.44 (0.58) 12.67 (2.17) 25.09 (4.44) 38.12 (6.98) 50.12 (9.33) 60.41 (11.14)

IMLS-1 3.44 (0.58) 12.67 (2.17) 25.07 (4.44) 38.09 (6.98) 50.08 (9.32) 60.35 (11.13)

IMLS-4 34.37 (82.54) 17.69 (3.02) 34.92 (6.26) 53.18 (9.76) 69.70 (12.84) 84.10 (15.40)

Mean 100.77 (1.21) 100.73 (1.21) 100.69 (1.23) 100.65 (1.25) 100.61 (1.29) 100.59 (1.32)

N-ILS N/A (N/A) N/A (N/A) N/A (N/A) N/A (N/A) N/A (N/A) N/A (N/A)

N-IMLS 13.38 (23.20) 20.61 (13.21) 43.76 (36.70) 61.29 (31.05) 84.89 (36.84) 103.56 (43.02)

INI 33.84 (83.45) 28.08 (42.19) 42.26 (55.89) 53.55 (34.84) 63.86 (16.39) 78.75 (21.27)

N-Mean 74.30 (45.43) 77.55 (41.32) 82.08 (35.89) 87.53 (30.95) 92.57 (27.36) 97.83 (24.53)

Table 2

The pair-wise comparison between 10 methods; an entry ði; jÞ shows how many times, per cent, method j outperformed method i with the rank one data

model

ILS GZ NIPALS IMLS-1 IMLS-4 Mean N-ILS N-IMLS INI N-Mean

ILS – 44.00 100.00 100.00 74.00 1.50 32.00 80.00 98.00 20.00

GZ 56.00 – 100.00 100.00 77.00 1.50 33.00 88.00 98.00 17.00

NIPALS 0.00 0.00 – 76.00 0.00 0.00 0.00 0.00 0.00 0.00

IMLS-1 0.00 0.00 24.00 – 0.00 0.00 0.00 0.00 0.00 0.00

IMLS-4 26.00 23.00 100.00 100.00 – 0.00 21.00 67.00 97.50 0.00

Mean 98.50 98.50 100.00 100.00 100.00 – 52.00 99.50 100.00 77.00

N-ILS 68.00 67.00 100.00 100.00 79.00 48.00 – 94.00 100.00 67.00

N-IMLS 20.00 12.00 100.00 100.00 33.00 0.50 6.00 – 92.00 3.00

INI 2.00 2.00 100.00 100.00 2.50 0.00 0.00 8.00 – 0.00

N-Mean 80.00 83.00 100.00 100.00 100.00 23.00 33.00 97.00 100.00 –

1
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INI gets noted as the third ranking winner, which should be attributed to the

fact that it heavily relies on IMLS-1.
5.3.2. Experiments with Gaussian mixture data model

The experiments are carried out with two types of generated data: 3-mixture

and 5-mixture, both with the dimension of the PPCA subspace equal to n� 3.
We generated 10 data sets of random sizes (from 200 to 250 rows and from 15

to 25 colums) for each of these two data types. We also generated six sets of

missing patterns for each of the following levels of data missing: 1%, 5%, 10%,

15%, 20% and 25% missings. Altogether, we have thus 36 various patterns of

missings. The results of running all the 10 imputation methods over each of the

10 data sets with the 36 missing patterns will be presented in the same format as

in the previous section.
5.3.2.1. Results for 3-mixture data. Table 3 shows the average results of 60

experiments (10 data set times six missing patterns) in analysis of the selected

algorithms. The results for N-ILS reflect somewhat poor convergence of the
method at the levels of missing greater than 1%. Once again we see that, for

each of the algorithms, except the Mean, the error increases as the number of

missings grows. However, the increase is at a smaller scale than at the rank one

data in the previous section. At the Mean method, the error is constant again,

of the order of 92%, also a decrease from the results for the rank one data.

The obvious winner, at each level of missings, is INI, the global–local ver-

sion of least-squares imputation. In a close range, it is followed by IMLS-4 and

ILS-GZ. Method N-IMLS is around: it is the second best when missings are
sparce, but it falls out of the range when the proportion of missings grows to
Table 3

The average squared error of imputation at 3-mixture data with different levels of missing entries

(%)

Methods Proportion of missing

1% 5% 10% 15% 20% 25%

ILS 31.45 (15.99) 29.52 (7.28) 30.69 (4.68) 33.27 (7.33) 36.98 (8.35) 40.03 (8.49)

GZ 31.45 (15.99) 29.52 (7.28) 30.67 (4.66) 33.26 (7.34) 37.00 (7.34) 40.09 (8.47)

NIPALS 49.86 (17.71) 50.08 (10.55) 50.11 (6.28) 52.33 (8.03) 54.41 (9.53) 56.03 (8.97)

IMLS-1 49.86 (17.73) 49.70 (10.01) 49.75 (6.21) 50.45 (5.33) 50.63 (4.98) 51.42 (4.54)

IMLS-4 31.45 (16.06) 29.13 (6.11) 30.25 (4.54) 31.30 (3.65) 33.16 (4.14) 35.30 (3.89)

Mean 93.41 (12.06) 91.76 (3.77) 92.58 (3.66) 92.15 (2.88) 92.30 (2.63) 92.26 (2.13)

N-ILS 30.00 (100.00) 300.00 (2100) 880.00 (4000) N/A (N/A) N/A (N/A) N/A (N/A)

N-IMLS 30.63 (15.36) 29.09 (7.16) 30.38 (4.51) 35.84 (9.74) 44.83 (16.33) 54.99 (18.78)

INI 29.96 (15.07) 28.18 (7.21) 28.51 (4.37) 29.96 ( 3.93) 33.18 (5.82) 35.10 (5.58)

N-Mean 33.13 (12.98) 39.94 (8.42) 52.88 (6.55) 63.75 (8.92) 74.65 (9.50) 86.04 (11.68)
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25%. These conclusions may be blurred by the overlapping standard deviations

of the methods’ average errors. Therefore, once again, let us consider results of

direct pairwise comparisons between the methods. At this perspective, the re-

sults appear to depend on the level of missings: there are somewhat different
situations at 1% missings and at the other, greater, missing levels, which are

similar to each other. Therefore, Table 4 will present results of the pair-wise

comparisons at 1% missings and Table 5 will show a typical pattern of pair-

wise comparisons between the methods at a greater level of missings (15%, in

this case).

Table 4 shows that with 1% missings, all the three nearest neighbour ver-

sions of the least-squares imputation, N-ILS, N-IMLS, and INI, have very

good and similar performances, though N-ILS is obviously weaker than N-
IMLS (by 10–90%). This shows that N-ILS, actually, is not that bad as it is

seen in Table 3: it just does not always converge, but when it converges, it

works well.
Table 4

The pair-wise comparisons of methods; an entry ði; jÞ shows how many times in % method j performed better

than method i on a mixture of three with n� 3 PPCA factors Gaussian distributions for 1% missing data

ILS GZ NIPALS IMLS-1 IMLS-4 Mean N-ILS N-IMLS INI N-Mean

ILS – 30.00 10.00 10.00 60.00 10.00 60.00 60.00 70.00 40.00

GZ 70.00 – 10.00 10.00 60.00 10.00 60.00 60.00 70.00 40.00

NIPALS 90.00 90.00 – 50.00 90.00 0.00 90.00 90.00 90.00 80.00

IMLS-1 90.00 90.00 50.00 – 90.00 0.00 90.00 90.00 90.00 80.00

IMLS-4 40.00 40.00 10.00 10.00 – 10.00 60.00 60.00 70.00 40.00

Mean 90.00 90.00 100.00 100.00 90.00 – 100.00 100.00 90.00 100.00

N-ILS 40.00 40.00 10.00 10.00 40.00 0.00 – 90.00 50.00 40.00

N-IMLS 40.00 40.00 10.00 10.00 40.00 0.00 10.00 – 50.00 40.00

INI 30.00 30.00 10.00 10.00 30.00 10.00 50.00 50.00 – 40.00

N-Mean 60.00 60.00 20.00 20.00 60.00 0.00 60.00 60.00 60.00 –

Table 5

The pair-wise comparisons of methods; an entry ði; jÞ shows how many times in % method j performed better

than method i on a mixture of three with n� 3 PPCA factors Gaussian distributions for 15% missing data

ILS GZ NIPALS IMLS-1 IMLS-4 Mean N-ILS N-IMLS INI N-Mean

ILS – 20.00 0.00 0.00 70.00 0.00 20.00 20.00 80.00 0.00

GZ 80.00 – 0.00 0.00 70.00 0.00 20.00 20.00 80.00 0.00

NIPALS 100.00 100.00 – 70.00 100.00 0.00 50.00 100.00 100.00 0.00

IMLS-1 100.00 100.00 30.00 – 100.00 0.00 50.00 100.00 100.00 0.00

IMLS-4 30.00 30.00 0.00 0.00 – 0.00 20.00 20.00 70.00 0.00

Mean 100.00 100.00 100.00 100.00 100.00 – 70.00 100.00 100.00 100.00

N-ILS 80.00 80.00 50.00 50.00 80.00 30.00 – 90.00 100.00 30.00

N-IMLS 80.00 80.00 0.00 0.00 80.00 0.00 10.00 – 100.00 0.00

INI 20.00 20.00 0.00 0.00 30.00 0.00 0.00 0.00 – 0.00

N-Mean 100.00 100.00 100.00 100.00 100.00 0.00 70.00 100.00 100.00 –
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This mixed result does not hold at greater levels of missings. Table 5 shows

that INI becomes the single winner, with no close runner-ups. Also, Mean

consistently displays the worst performance. Overall, results reported in Table

5 are consistent with those in Table 4.
5.3.2.2. Results for 5-mixture data. Let us consider results of the experiments at

data generated from Gaussian 5-mixture distributions. The average error’s
pattern is presented in Table 6. Obviously, the pattern is almost identical to

that of results at the Gaussian 3-mixture data in Table 4. This implies similar

conclusions to those reported above according to Table 4.

However, this flat pattern becomes more complex when we analyse results of

pairwise comparisons between the methods at different levels of missings. We

can see three different patterns in pairwise comparisons: (1) at 1% missings

(Table 7), (2) at 5% missings (Table 8), and (3) at 10% and more missings

(Table 9).
At 1% missings, according to Table 7, there are four winners, all the nearest

neighbour based methods, N-Mean included. Although N-Mean loses to INI

by 30–70%, it outperforms the others in winning over one-dimensional NI-

PALS and IMLS-1. This shows that the local version of Mean method can be

rather appropriate when the proportion of missings is small.

Unfortunately, when the proportion of missings increases to 5% and more,

the N-Mean method loses to all the least-squares imputation methods except

for the unidimensional ones, NIPALS and IMLS-1.
Table 8 shows results of pairwise comparison of the methods at 5% missings.

This time, there are only three winners, INI, N-IMLS and N-ILS, that are

ordered in such a way that the previous one wins over the next one(s) in 70% of
Table 6

The average squared error of imputation and its standard deviation (%) at 5-mixture data with

different levels of missing entries

Methods Proportion of missings

1% 5% 10% 15% 20% 25%

ILS 41.25 (15.00) 39.66 (7.91) 38.68 (4.64) 40.42 (6.00) 45.33 (7.82) 48.56 (9.58)

GZ 41.26 (15.01) 39.66 (7.91) 38.67 (4.67) 40.43 (6.02) 45.27 (7.83) 48.25 (8.99)

NIPALS 56.49 (20.12) 50.64 (10.27) 49.54 (5.46) 49.75 (6.76) 54.14 (8.88) 55.25 (9.51)

IMLS-1 56.59 (20.19) 50.59 (10.35) 49.38 (5.52) 48.93 (4.82) 51.75 (5.49) 52.35 (5.80)

IMLS-4 41.25 (14.99) 39.66 (8.11) 38.68 (4.56) 40.42 (4.37) 45.33 (4.50) 48.56 (6.41)

Mean 97.13 (8.50) 95.82 (2.94) 96.19 (3.01) 96.11 (1.89) 95.72 (1.90) 95.62 (1.51)

N-ILS 35.14 (1000) 193.02 (12200) N/A (N/A) N/A (N/A) N/A (N/A) N/A (N/A)

N-IMLS 35.04 ( 13.96) 34.71 ( 7.83) 36.80 (7.64) 41.82 (8.67) 53.58 (17.38) 66.75 (19.06)

INI 35.29 (13.03) 33.19 (6.81) 33.27 (4.83) 34.89 (4.75) 38.93 (5.47) 43.01 (8.05)

N-Mean 37.66 (13.19) 41.98 (7.32) 50.96 (5.67) 59.32 (5.91) 69.70 (7.80) 80.98 (8.58)



Table 7

The pair-wise comparisons of methods; an entry ði; jÞ shows how many times in % method j outperformed

method i on Gaussian 5-mixtures with n� 3 PPCA factors for 1% missing data

ILS GZ NIPALS IMLS-1 IMLS-4 Mean N-ILS N-IMLS INI N-Mean

ILS – 70.00 0.00 0.00 30.00 0.00 60.00 60.00 60.00 60.00

GZ 30.00 – 0.00 0.00 30.00 0.00 60.00 60.00 60.00 60.00

NIPALS 100.00 100.00 – 20.00 90.00 10.00 90.00 90.00 100.00 100.00

IMLS-1 100.00 100.00 80.00 – 90.00 10.00 90.00 90.00 100.00 100.00

IMLS-4 70.00 70.00 10.00 10.00 – 0.00 70.00 70.00 80.00 60.00

Mean 100.00 100.00 90.00 90.00 100.00 – 100.00 100.00 100.00 100.00

N-ILS 40.00 40.00 10.00 10.00 30.00 0.00 – 100.00 50.00 50.00

N-IMLS 40.00 40.00 10.00 10.00 30.00 0.00 0.00 – 50.00 50.00

INI 40.00 40.00 0.00 0.00 20.00 0.00 50.00 50.00 – 30.00

N-Mean 40.00 40.00 0.00 0.00 40.00 0.00 50.00 50.00 70.00 –

Table 8

The pair-wise comparisons of methods; an entry ði; jÞ shows how many times in % method j outperformed

method i on Gaussian 5-mixtures with n� 3 PPCA factors for 5% missing data

ILS GZ NIPALS IMLS-1 IMLS-4 Mean N-ILS N-IMLS INI N-Mean

ILS – 40.00 0.00 0.00 40.00 0.00 80.00 80.00 100.00 10.00

GZ 60.00 – 0.00 0.00 40.00 0.00 80.00 80.00 100.00 10.00

NIPALS 100.00 100.00 – 50.00 100.00 0.00 100.00 100.00 100.00 90.00

IMLS-1 100.00 100.00 50.00 – 100.00 0.00 100.00 100.00 100.00 90.00

IMLS-4 60.00 60.00 0.00 0.00 – 0.00 80.00 90.00 100.00 20.00

Mean 100.00 100.00 100.00 100.00 100.00 – 100.00 100.00 100.00 100.00

N-ILS 20.00 20.00 0.00 0.00 20.00 0.00 – 70.00 70.00 20.00

N-IMLS 20.00 20.00 0.00 0.00 10.00 0.00 30.00 – 70.00 20.00

INI 0.00 0.00 0.00 0.00 0.00 0.00 30.00 30.00 – 0.00

N-Mean 90.00 90.00 10.00 10.00 80.00 0.00 80.00 80.00 100.00 –

Table 9

The pair-wise comparisons of methods; an entry ði; jÞ shows how many times in % method j outper-

formed method i on Gaussian 5-mixtures with n� 3 PPCA factors for 15% missing data

ILS GZ NIPALS IMLS-1 IMLS-4 Mean N-ILS N-IMLS INI N-Mean

ILS – 40.00 0.00 0.00 50.00 0.00 40.00 50.00 100.00 0.00

GZ 60.00 – 0.00 0.00 50.00 0.00 40.00 60.00 100.00 0.00

NIPALS 100.00 100.00 – 30.00 100.00 0.00 60.00 100.00 100.00 10.00

IMLS-1 100.00 100.00 70.00 – 100.00 0.00 70.00 100.00 100.00 10.00

IMLS-4 50.00 50.00 0.00 0.00 – 0.00 40.00 60.00 90.00 0.00

Mean 100.00 100.00 100.00 100.00 100.00 – 80.00 100.00 100.00 100.00

N-ILS 60.00 60.00 40.00 30.00 60.00 20.00 – 100.00 100.00 20.00

N-IMLS 50.00 40.00 0.00 0.00 40.00 0.00 0.00 – 100.00 0.00

INI 0.00 0.00 0.00 0.00 10.00 0.00 0.00 0.00 – 0.00

N-Mean 100.00 100.00 90.00 90.00 100.00 0.00 80.00 100.00 100.00 –
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the cases. Thus, INI leads the contest and Mean loses it on almost every count,

at the 5% proportion of missings.
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When the proportion of missings grows further on, INI becomes the only

winner again, as can be seen from Table 9 presenting a typical pattern. Another

feature of the pattern is that ILS, GZ and IMLS-4 perform similarly to the

local versions, N-ILS and N-IMLS. Once again, the method Mean is the worst,
this time always losing to all other methods.
5.4. Performance

As we mentioned already, the data table sizes in our experiments have been

about (200–250)� (15–25). With this type of data, the ordinary global least-

squares methods such as ILS require about half a second to run on the plat-

form MatLab-6 installed at a Pentium III 733 MHz. The nearest neighbour

versions of least-squares imputation are about 30 times slower than that. ILS-

GZ appears to be the slowest of the 10 methods.
5.5. Data complexity

As was shown above, the methods may perform differently depending on

data complexity. For instance, the ordinary least-squares imputation methods
perform better than the local versions when the data is generated from a

unidimensional source.

Thus, a measure of data complexity should be introduced to give the user a

guidance in prior selection of appropriate imputation methods.

A good candidate for such a measure seems to be the contribution of the

first factor to the data scatter. As is well known, a singular value squared shows

the part of the total data scatter taken into account by the corresponding

principal component. The relative contribution of hth factor to the data
scatter, thus, is equal to
Contributionh ¼
l2
hPN

i¼1
Pn

k¼1 x
2
ik

ð18Þ
where lh is hth singular value of matrix X. This measure can be extended to the

case of missing data, as well.

The proportion of the first greatest component shows how much the rank of
the data matrix is close to 1: the larger Contribution1 the closer. The data

matrix is simplest when it has rank 1, that is, Contribution1 ¼ 1.

Especially appealing this measure seems as a device to distinguish between

the one-dimensional and Gaussian data generators. However, the measure

does not necessarily work. To demonstrate this, let us compare contributions

of the first factor to data generated according to the one-dimensional model



Table 10

Contribution of the first factor to the data scatter (%) for the unidimensional data generator

Data sets Noise level

0.1 0.2 0.3 0.4 0.5 0.6

Data-1 97.39 90.28 80.54 70.11 60.31 51.78

Data-2 96.95 88.84 78.10 67.03 56.99 48.48

Data-3 96.92 88.89 78.45 67.77 58.10 49.89

Data-4 97.61 91.14 82.18 72.42 63.05 54.69

Data-5 97.15 89.61 79.57 69.09 59.41 51.06

Table 11

Contributions of the first two factors to the data scatter, %, for the Gaussian 3-mixture data

Data sets Contribution (%)

First Second Total

Data-1 59.33 12.49 71.82

Data-2 59.27 12.27 71.54

Data-3 52.58 17.03 69.61

Data-4 54.80 14.01 68.81

Data-5 58.64 11.77 70.41

Data-6 58.42 13.53 71.95

Data-7 59.17 11.90 71.17

Data-8 56.85 13.21 70.06

Data-9 59.05 11.59 70.64

Data-10 57.22 10.23 67.45

Table 12

Contributions of the first two factors to the data scatter, %, for the Gaussian 5-mixture data

Data sets Contribution (%)

First Second Total

Data-1 57.93 8.26 66.19

Data-2 62.73 8.37 71.10

Data-3 60.91 7.15 68.06

Data-4 58.88 7.81 66.69

Data-5 58.41 10.81 69.22

Data-6 61.50 8.79 70.29

Data-7 59.69 11.27 70.96

Data-8 53.64 9.79 63.43

Data-9 58.33 13.76 72.09

Data-10 58.42 9.60 68.02
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(see Table 10) and to data generated according to Gaussian 3- and 5-mixture

models (Tables 11 and 12).

Table 10 presents contributions of the first factor to data sets generated

according to the unidimensional model at the noise levels from � ¼ 0:1 through
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� ¼ 0:6. The contribution falls from 97% to 52%, on average, almost propor-

tionally to the noise level.

The other two tables, Tables 11 and 12, show individual and summary

contributions of the first two factors to the data scatter at Gaussian 3-mixture
and 5-mixture data generators, respectively.

Obviously, contribution of the first factor at either of the latter tables is

always greater than that in Table 10 at the level of noise � ¼ 0:6. Yet the

unidimensional global least-squares methods NIPALS and IMLS-1 outper-

form all the other methods at the latter’s data generation model (as shown in

Table 3), which clearly shows that the contribution is not valid as a data

complexity measure in this case.
6. Conclusion

In this work, we summarised a number of least-squares data imputation

techniques that extend the singular value decomposition of complete data

matrices to the case of incomplete data. It appears, there are two principal

approaches to this: (1) by iteratively fitting the available data only, as in ILS,

and (2) by iteratively updating a completed data matrix, as in IMLS.
Then we proposed local versions of the IMLS and ILS methods based on

utilising the nearest neighbour (NN) approach. Also, a combined method INI

has been developed by using the NN approach at a globally imputed matrix.

A set of eight least-squares based methods then have been tested at simu-

lated data to compare their performances. The well-known average scoring

method Mean and its NN version, N-Mean, recently described in the literature,

have been used as the bottom-line.

The results show that the relative performances of the methods depend on
the character of data and missings. In particular, global methods perform well

in the situations in which the data are generated from a unidimensional source,

even when the level of noise is significant. With a more complex Gaussian

mixture data structure the local versions perform better. Even N-Means may

do relatively well at a complex data structure when missings are rare. However,

the only method to consistently outperform the others, especially at the data of

complex structure with a proportion of missings in the range of 5–25 per cent,

is the combined method INI.
With regard to the issues raised, directions for future work should include

the following:

(1) It should be a theoretical investigation carried out on the properties of con-

vergence for both major iterative techniques, ILS and IMLS. In our com-

putations, ILS does not always converge, even when the Gabriel–Zamir

setting is applied to initialise the process.
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(2) The performances of the least-squares based techniques should be com-

pared with those of another set of popular imputation techniques based

on the maximum likelihood principle. This requires some work since the

latter methods are computationally expensive and may fail to converge.
In our preliminary experiments, though, the errors were similar between

the global least-squares imputation techniques and standard expectation–

maximization techniques implementing the maximum likelihood principle.

(3) A measure of data complexity should be introduced to guide the user in

selecting data-specific imputation methods. However, this is not an easy

task: it appears, a seemingly good measure, the factor contribution to

the data scatter, cannot do the job.

(4) The simulation design should be further advanced in both the variety of
data structures and missing patterns. In particular, more specific models

for mechanisms of missings should be introduced and explored.
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