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Abstract. The goal of this paper is to further investigate the extreme
behaviour of the proportional membership model (FCPM) in contrast to
the central tendency of fuzzy c-means (FCM). A data set from the ¯eld
of psychiatry has been used for the experimental study, where the clus-
ter prototypes are indeed extreme, expressing the concept of `ideal type'.
While augmenting the original data set with patients bearing less severe
syndromes, it is shown that the prototypes found by FCM are changed
towards the more moderate characteristics of the data, in contrast with
the almost unchanged prototypes found by FCPM, highlighting its suit-
ability to model the concept of `ideal type'.
Keywords: Fuzzy clustering; fuzzy model identi¯cation; proportional
membership; ideal type.

1 Introduction

In our previous work [1], we introduced and studied the proportional member-
ship model (FCPM) for fuzzy clustering. In contrast to other fuzzy clustering
approaches, FCPM is based on the assumption that the cluster structure is re-
°ected in the data from which it has been constructed. More speci¯cally, the
membership of an entity in a cluster expresses the proportion of the cluster
prototype re°ected in the entity, according to FCPM. One of the phenomena
observed in our experiments was that the cluster prototypes tend to express an
extreme rather than average behavior within a cluster. The other approaches
such as fuzzy c-means (FCM) tend to produce clusters whose prototypes are
averaged versions of the relevant entities (up to degrees of the relevance) [2]-[4].

The goal of this paper is to further investigate this property of FCPM. Having
a cluster structure revealed in a data set, we question how sensible is this cluster
structure with regard to augmenting of the data set by entities that bear more or
less similarity to the cluster prototypes. We take a speci¯c data set [5] from the
¯eld of psychiatry where the cluster prototypes are indeed extreme to express
severe syndromes of mental conditions and we augment this set with patients
bearing less severe syndromes and explore whether the prototypes are changed
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or not. Yes, they are changed towards the more moderate characteristics with
FCM. However, there is almost no change under FCPM, which shows that this
domain may be a natural habitat of the FCPM approach.

2 The Fuzzy Clustering Proportional Membership Model
(FCPM)

2.1 The Proportional Membership Model

In the clustering model, we assume the existence of some prototypes, o®ered by
the knowledge domain, that serve as \ideal" patterns to data entities. To relate
the prototypes to observations, we assume that the observed entities share parts
of the prototypes. The underlying structure of this model can be described by
a fuzzy c-partition de¯ned in such a way that the membership of an entity to
a cluster expresses proportion of the cluster's prototype re°ected in the entity
(proportional membership). This way, the underlying structure is substantiated
in the ¯tting of data to the \ideal" patterns.

To be more speci¯c, let X = [xkh] denote a n £ p entity-to-feature data
table where each entity, described by p features, is de¯ned by the row-vector
xk = [xkh] 2 <p (k = 1 ¢ ¢ ¢n ; h = 1 ¢ ¢ ¢p). Let data matrix X be preprocessed
into Y = [ykh] by shifting the origin to the gravity center of all the entities
(rows) in Y and rescaling features (columns) by their ranges. This data set
can be structured according to a fuzzy c-partition which is a set of c clusters,
any cluster i (i = 1; ¢ ¢ ¢ ; c) being de¯ned by: 1) its prototype, a row-vector
vi = [vih] 2 <p, and 2) its membership values fuikg (k = 1 ¢ ¢ ¢n), so that the
following constraints hold for all i and k:

0 · uik · 1 (1a)
cP

i=1
uik = 1 : (1b)

Let us assume that each entity yk of Y is related to each prototype vi up to
its membership degree uik; that is, uik expresses the proportion of vi which is
present in yk in such a way that approximately ykh = uikvih for every feature
h. More formally, we suppose that

ykh = uikvih + "ikh; (2)

where the residual values "ikh are as small as possible.
These equations provide a feedback from a cluster structure to the data.
According to (2), a clustering criterion can be de¯ned to ¯t each data point

to each of the prototypes up to the degree of membership. This goal is achieved
by minimizing all the residual values "ikh via one of the least-squares criteria

Em(U; V ) =
cX

i=1

nX

k=1

pX

h=1

um
ik(ykh ¡ uikvih)2; (3)
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subject to constraints (1a) and (1b), where m = 0; 1; 2 is a pre-speci¯ed para-
meter.

The equations in (2) along with the least-squares criteria (3) to be minimized
by unknown parameters U and V = (v1;v2; : : : ;vc) 2 <cp for Y given, are
designated as the generic FCPM model. The models corresponding to m = 0; 1; 2
are denoted as FCPM-0, FCPM-1,and FCPM-2, respectively [1].

In FCPM, both, prototypes and memberships, are re°ected in the model
of data generation. The equations (2) can be considered as a device to recon-
struct the data from the model. The clustering criteria follow the least-squares
framework to warrant that the reconstruction is as exact as possible. Other
scalarizations of the idea of minimization of the residuals can be considered as
well.

2.2 Ideal Type and FCPM

Each prototype, vi, according to (2), is a \model" or \ideal" point such that
any entity, yk, bears a proportion of it, uik, up to the residuals. The proportion,
uik, is considered as the value of membership of yk to the cluster i, representing
thus, the extent entity yk is characterized by the corresponding \ideal" point vi.
This allows us to consider this model as relevant to the concept of ideal type in
logics. M. Weber [1864-1920] de¯nes that `The ideal type is such a combination
of characteristics that no real entity can satisfy all of them, though the entities
can be compared by their proximity to the ideal type' (quoted from [5]). An
ideal type represents a concept self-contained and entirely separated from all
the other (ideal) types.

As our simulation experiments have shown, the model indeed tends to reveal
somewhat extreme points as the cluster prototypes, especially when FCPM-2 is
employed [1]. This will be further explored in the remainder.

2.3 FCPM and FCM

The criteria (3) can be expressed in terms of the distances between observed
entities yk and cluster prototypes vi as follows:

Em(U; V ) =
nX

k=1

cX

i=1

um
ikd(yk; uikvi) (4)

where d(a;b) is the Euclidean distance (squared) between p-dimensional vectors
a and b.

This shows that these criteria are parallel, to an extent, to those minimized
in the popular fuzzy c-means method (FCM) [2]:

Bm(U; V ) =
nX

k=1

cX

i=1

um
ikd(yk;vi). (5)

The major di®erence is that FCPM takes the distances between entities yk

and their `projections' on the axes joining 0 and cluster prototypes while FCM
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takes the distances between yk and prototypes themselves. This leads to the
following di®erences in respective algorithms and solutions:

1. The alternating optimization algorithm is straightforward in FCM because
its criterion (5) well separates the sets of variables related to centroids and
to membership. On the contrary, the alternating optimization in FCPM re-
quires some work when optimizing the membership, because it is not sepa-
rated from centroids in (4).

2. FCM gives poor results when m = 0 or m = 1 [2], while these values of m
are admissible in FCPM and lead to interesting results [1]. In particular, in
FCPM-0 each entity is considered as a part of each prototype, leading to such
e®ects as automatically adjusting the number of clusters to smaller values.
On the other hand, in FCPM-1 and FCPM-2 larger proportions uik have
larger weights over the smaller ones, thus overcoming the rigidity of FCPM-
0. We are going to stick to the most contrast of our models, FCPM-2, in this
paper.

3. FCM tends to produce prototypes as averaged versions of their clusters,
while FCPM would tend keep prototypes outside of the data cloud.

4. In FCPM, the following phenomenon occurs which has no analogues in FCM.
Given centroids vi, minimizing (4) over uik would tend to minimize distances
d(yk; uikvi) by projecting yk onto axes joining 0 and vi thus leading to
uikvi being these projections. This would require a careful choice of the
location of the origin of the space in FCPM, which is irrelevant in FCM.
In particular, putting the origin into the gravity center (grand mean) point
would make all potential extreme prototypes much di®ering from each other
in the framework of FCPM. Figure 1 illustrastes this aspect geometrically.
Consider two data points, y1 and y2, and a prototype, v1, in the original
reference frame. It is apparent from the ¯gure that the projection of each
data point onto prototype v1, u11v1 and u12v1 correspond to close values.
Let us consider the reference frame centered on the mean of the data, y,
instead. Now, the prototype is v0

1, and the projections, u11v0
1 and u12v0

1,
of each data point, become much more distinct from each other. A similar
construction may be devised for prototype v2 and v0

2 in each reference frame.
Moreover, if the original reference frame is used, one may question the utility
of having two prototypes (v1 and v2), whereas in the transformed reference
frame the corresponding prototypes (v0

1 and v0
2) become very much distinct.

2.4 FCPM Algorithm

An FCM like alternating optimization (AO) algorithm had been developed in
order to minimize the FCPM criteria [1]. Each iteration of the algorithm consists
of two steps as follows.

First, given a prototype matrix V , the optimal membership values are found
by minimizing one of the criteria (3). In contrast to FCM, minimization of
each criteria subject to constraints (1a) and (1b) is not an obvious task; it
requires an iterative solution on its own. The gradient projection method [7],[8]
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Fig. 1. How the distinction between prototypes vi and corresponding projections,
uikvi, of data points yk are a®ected by the choice of the origin of the space in the
framework of FCPM model.

has been selected for ¯nding optimal membership values (given the prototypes).
It can be proven that the method converges fast for FCPM-0 with a constant
(anti)gradient stepsize.

Let us denote the set of membership vectors satisfying conditions (1a) and

(1b) by Q. The calculations of the membership vectors u
(t)
k =

h
u

(t)
ik

i
are based

on vectors d
(t)
k =

h
d
(t)
ik

i
:

d
(t)
ik = u

(t¡1)
ik ¡ (6)

2®m

h
(m + 2) hvi; viiu

(m+1)
ik ¡

2(m + 1) hvi; ykium
ik + m hyk; ykium¡1

ik

¤

where ®m is a stepsize parameter of the gradient method. Then, u
(t)
k is to be

taken as the projection of d
(t)
k in Q; denoted by PQ(d

(t)
k )1: The process stops

when the condition
¯̄
U (t) ¡ U (t¡1)

¯̄
· " is ful¯lled, with j¢jerr an appropriate

matrix norm.

Second, given a membership matrix U , the optimal prototypes are determined
according to the ¯rst-degree optimum conditions as

1 The projection PQ(d
(t)
k ) is based on an algorithm we developed for projecting a

vector d
(t)
k over the simplex of membership vectors u

(t)
k ; its description is omitted

here.
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v
(t)
ih =

Pn
k=1

³
u

(t)
ik

´m+1

ykh

Pn
k=1

³
u

(t)
ik

´m+2 , (7)

with m = 0; 1; 2. Thus, the algorithm consists of \major" iterations of updating
matrices U and V and \minor" iterations of recalculation of membership values
in the gradient projection method within each of the \major" iterations. The
algorithm starts with a set V (0) of c arbitrarily speci¯ed prototype points in
<p and U (0); it stops when the di®erence between successive prototype matrices
becomes small or a maximum number of iterations t1 max is reached (in our
experiments t1 max = 100).

The algorithm converges only locally (for FCPM-1 and FCPM-2). Moreover,
with a \wrong" number of clusters pre-speci¯ed, FCPM-0 may not converge at
all due to its peculiar behavior: it may shift some prototypes to in¯nity [1].

3 Experimental Study

3.1 Contribution Weights

The concept of `importance weight' of a variable is useful in cluster analysis.
In particular the following relative contributions of a variable h to a cluster i,
w(hji) and to the overall data scatter, w(h), will be considered in this study [5],
[6]:

w(hji) =
v2

ihP
h v2

ih

(8)

w(h) =

cP
i=1

v2
ihni

P
k;h y2

kh

(9)

where vih denotes the gravity center of (hard) cluster i, i.e. vih =
P

k2i ykh=ni,
with ni the number of entities belonging to cluster i. Note that the farther vih is
from zero (which, due to our data standardization is the grand mean), the easier
is to separate that cluster from the other ones in terms of variable h, which is
re°ected in the weight values. Due to this, w(hji) might be viewed as a measure
of the \degree of interestingness" of variable h in cluster i with regard to its
\standard" mean value [6].

Let us de¯ne the `most contributing' features within a cluster and
to the overall data structure, as the ones greater than the averages of
(8) and (9),

P
h w (hji) =p and

P
h w (h) =p respectively, which may act as

frontier values.
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Table 1. Relative contributions of the 17 psychosomatic variables (h1-h17) to classes
D , M , Ss and Sp ; and to the data scatter according to the original partition structure.
The features values higher than corresponding averages are marked.

D M Ss Sp General
h w(hjD) w(hjM) w(hjSs) w(hjSp) w(h)

h1 4.27 3.87 0.22 0.04 2.07
h2 2.36 1.67 3.75 2.19 2.02
h3 2.28 16.17 7.31 0.03 5.58
h4 2.70 0.00 0.54 1.49 1.06
h5 14.17 3.44 1.00 2.19 5.07
h6 1.30 3.76 4.42 1.41 2.20
h7 1.18 0.67 1.70 0.99 0.92
h8 9.95 13.99 12.76 8.93 9.57
h9 15.60 4.94 0.59 2.28 5.74
h10 3.44 1.39 4.28 8.37 3.43
h11 1.76 0.53 2.79 16.40 3.97
h12 1.76 0.71 1.00 12.50 3.02
h13 16.88 6.26 0.13 6.12 7.00
h14 1.36 0.46 3.01 5.35 1.92
h15 0.59 0.49 0.70 6.45 1.54
h16 0.00 8.39 20.92 1.27 5.64
h17 5.44 16.40 11.14 2.00 7.45

w 5.00 4.89 4.50 4.60 4.01

3.2 Fuzzy Clustering of Mental Disorders Data

A mental disorders data set [5] was chosen, consisting of 44 patients, described
by seventeen psychosomatic features (h1-h17). The features are measured on a
severity rating scale taking values of 0 to 6. The patients are partitioned into four
classes of mental disorders: depressed (D), manic (M ), simple schizophrenic (Ss)
and paranoid schizophrenic (Sp). Each class contains eleven consecutive entities
that are considered `archetypal psychiatric patients' of that class.

The mental disorders data set shows several interesting properties. First,
there is always a pattern of features (a subset of h1-h17) that take extreme
values (either 0 or 6) and clearly distinguish each class. Better still, some of
these features take opposite values among distinct classes. However, some feature
values are shared by classes leading to overlaps. Given these characteristics, each
disease is characterized by `archetypal patients' that show a pattern of extreme
psychosomatic feature values de¯ning a syndrome.

Table 1 presents the relative weights, w (hji) (de¯ned by (8)), of features h1-
h17 to classes D, M , Ss and Sp and to the data scatter, w(h) (9), according to
the original partition structure. The corresponding averages, w, are listed
at the bottom row. All values are in percent, and the values corresponding
to the `most contributing' features are marked.
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The algorithms FCPM-2 and FCM (with its parameter m = 2) have been run
starting from the same initial points with parameter c = 4. Table 2 shows the
prototypes found by FCM and FCPM-2, in the original data scale, where the
marked values belong to the set of the most contributing weight fea-
tures within a cluster. Comparing the results, it is clear that the feature-values
of FCPM-2 prototypes are more extreme than corresponding ones obtained by
FCM (which is in accordance with our previous studies [1]). Moreover, in the
prototypes found by FCPM-2 some of the feature values move outside the fea-
ture scale. In fact, all these `outside' values belong to the set of features
that contribute the most to the whole partition or, at least, to a clus-
ter (Table 1). In particular, these features present the highest discriminating
power to separate the corresponding cluster from the remaining ones.

This property of FCPM prototypes goes in line with suggestions in data
mining that the more deviant a feature is from a standard (the grand mean, in
this case), the more interesting it is (cf.[6]).

Concerning the membership values found, both algorithms assign the highest
belongingness of an entity to its original class, correctly clustering all entities to
the corresponding class2.

3.3 Clustering of Augmented Mental Disorders Data

In order to study FCPM-2 behaviour on revealing extreme prototypes against
FCM based central prototypes, the original data set should be modi¯ed to get
in less expressed cases. To achieve that, each class was augmented with six mid-
scale patients and three light-scale patients. Each new patient, xg = [xgh], was
generated from a randomly selected original patient, xk = [xkh], applying the
transformation: xgh = round (sF ¢ xkh) + t (for all h = h1; ¢ ¢ ¢ ; h17), with scale-
factor sF = 0:6 to obtain a mid-scale patient and sF = 0:3 to obtain a light-scale
patient. The shift parameter t is a random number between 0 or 1.

Table 3 shows the prototypes (v) found in the original data set followed by
corresponding ones (v0) for the augmented data, for each algorithm, where the
values of features with the highest weights are also marked.

Most of FCM prototypes extreme feature values (in v's) move towards in-
termediate feature values (in v

0
's), showing FCM tendency to reveal central

prototypes. Contrastingly, in FCPM-2 prototypes, the most weighting features
maintain their full-scale (i.e. extreme) values, reinforcing the `extreme' nature
of FCPM-2 prototypes, and consequently, their sensibility to the most
discriminating features, despite the presence of new mid- and light-scale pa-
tients.

2 The only exception occurs for entity (21) from classM , which is assigned to class Sp;
the same phenomenon is reported in [5] for other clustering algorithms as complete
linkage, K-means and separate-and-conquer.
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Table 2. Cluster prototypes ( vD vM vSsvSp), revealed by FCM and FCPM-2, pre-
sented in the original space. Values corresponding to the most contributing weight
features are marked.

FCM FCP M-2
h vD vM vSs vSp vD vM vSs vSp
h1 4 1 3 3 6 0 2 4
h2 4 2 2 4 5 1 0 5

h3 5 0 5 3 6 -2 6 4
h4 2 3 3 4 1 3 3 6

h5 5 1 1 1 7 0 0 0
h6 2 5 2 4 1 6 0 5
h7 1 1 2 3 0 0 3 4

h8 0 6 1 5 -1 7 -1 6

h9 6 1 2 2 8 0 1 1
h10 2 4 2 5 0 4 1 6

h11 2 2 2 5 1 2 1 7
h12 1 1 1 4 0 1 0 6

h13 5 0 2 1 7 -1 3 -1
h14 3 4 2 5 2 4 1 6

h15 3 3 3 5 2 2 2 7

h16 2 0 5 2 3 -1 7 1

h17 1 6 0 4 -1 8 -1 5

4 Conclusion

Modelling the concept of `ideal type' through the notion of `proportional mem-
bership' seems to be a natural consequence of the FCPM model.

The results of the experimental study clearly outline the extreme behaviour
of FCPM prototypes in contrast with the central tendency of FCM prototypes,
particularly when the data set was augmented with new patients more or less
similar to the cluster prototypes. Since the extreme feature values of FCPM
correspond to the most contributing weights, the proportional membership has
a discriminating power to separate clusters from each other. Moreover, this ex-
treme behaviour appears to be compatible with the notion of \interestingness"
in data mining, since it is sensitive to the feature-values that are farthest from
the average.

In terms of applications, the concept of `ideal type' ¯ts to such domain ar-
eas as psychiatry, where a mental disturbance is well characterized by extreme
conditions. Modeling such a concept through fuzzy clustering seems appealing
in such ¯elds, to support decision making in fundamental tasks as diagnosis and
therapeutic strategies.
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Table 3. Prototypes found by FCM and FCPM-2, in the original data set (v's) and in
the augmented data set (v0's), characterizing each mental disorder: D , M , Ss and Sp .

F CM FCP M -2
h vD v0D vM v0M vSs v0Ss vSp v0Sp vD v0D vM v0M vSs v0Ss vSp v0Sp
h1 4 4 1 1 3 2 3 3 6 5 0 0 2 2 4 4
h2 4 4 2 2 2 2 4 4 5 5 1 1 0 0 5 5

h3 5 4 0 1 5 4 3 3 6 5 -2 -1 6 5 4 4
h4 2 2 3 3 3 2 4 4 1 1 3 3 3 2 6 5

h5 5 4 1 1 1 1 1 1 7 7 0 0 0 0 0 0
h6 2 2 5 4 2 2 4 4 1 1 6 6 0 0 5 5
h7 1 1 1 1 2 2 3 2 0 0 0 0 3 2 4 4

h8 0 0 6 5 1 1 5 4 -1 -1 7 7 -1 -1 6 6

h9 6 5 1 1 2 2 2 2 8 7 0 0 1 1 1 1
h10 2 2 4 3 2 2 5 4 0 0 4 4 1 1 6 6

h11 2 2 2 2 2 2 5 5 1 1 2 2 1 0 7 7
h12 1 1 1 2 1 1 4 4 0 1 1 1 0 0 6 6

h13 5 4 0 1 2 2 1 1 7 7 -1 -1 3 2 -1 0
h14 3 2 4 4 2 2 5 5 2 2 4 4 1 1 6 6

h15 3 3 3 3 3 2 5 5 2 2 2 3 2 1 7 7

h16 2 2 0 1 5 3 2 1 3 3 -1 -1 7 6 1 1

h17 1 1 6 5 0 1 4 4 -1 0 8 7 -1 -1 5 4
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