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Abstract

It is known that for temporal languages, such as first-
order LT L, reasoning about constant (time-independent)
relations is almost always undecidable. This applies to tem-
poral description logics as well: constant binary relations
together with general concept subsumptions in combina-
tions of LT L and the basic description logic ALC cause
undecidability. In this paper, we explore temporal exten-
sions of two recently introduced families of ‘weak’ descrip-
tion logics known as DL-Lite and EL. Our results are two-
fold: temporalisations of even rather expressive variants of
DL-Lite turn out to be decidable, while the temporalisation
of EL with general concept subsumptions and constant re-
lations is undecidable.

1. Introduction

Over the last 15 years, many temporalised versions of
description logics (DLs) have been suggested and investig-
ated. We refer the reader to the survey papers and mono-
graph [6, 14, 4] where the history of the development of
both interval and point-based temporal extensions of DLs
is discussed in full detail. Our main concern in this paper
are extensions of DLs by point-based temporal logics, in
particular the standard linear time temporal logic L7 L (see
[13] and references therein). The current state of the art
in this field can be summarised as follows: it is generally
agreed that the semantics of combined temporal description
logics should be based on the Cartesian products of the flow
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of time (the natural numbers N for £7 £) and the domains
of the DL interpretations. Thus, a model for the combined
language consists of a flow of snapshots that represent the
domains of interest at various time points. This semantics
corresponds to the semantics of first-order temporal logics
(more precisely, to first-order temporal models with con-
stant domains; varying and expanding domains have been
considered as well in temporalised DLs, but they are not
within the scope of this paper). In fact, the translation of
standard DLs into first-order logic can be extended to a
translation of temporalised DLs into first-order temporal lo-
gics. For this semantics, the expressivity and computational
complexity of combinations of £7 £ and DLs extending the
standard Boolean DL .ALC have been completely classified
[14, 4]. Instead of trying to summarise all the available res-
ults here, we only point out one of the main insights from
this investigation:

e combinations of £7 £ and ALC, which allow general
concept inclusions (GCIs) Cy C Cs, are decidable (in
fact, usually EXPSPACE-complete) if, and only if, the
temporal operators are not applied to binary relations
(roles) and, more generally, no constraints are imposed
on the binary relations.

In other words, as long as one only wants to reason about the
temporal behaviour of axioms (corresponding to closed for-
mulas) and concepts (corresponding to unary predicates),
the resulting combination is likely to be decidable; but as
soon as the combination allows reasoning about the tem-
poral behaviour of binary relations it becomes undecidable.
This phenomenon is well understood and reflected in the
definition of, e.g., the monodic fragments of first-order tem-



poral logics [17, 12]. In particular, the undecidability results
hold for the most important temporal constraint on binary
relations, namely, that a role is constant over time: even
a single constant role results in an undecidable combina-
tion of ALC and L7 L with GCIs. Without GCIs, tem-
poral description logics may be decidable even with con-
stant roles [14].

Unfortunately, many applications of temporal descrip-
tion logics (say, temporal data modelling, which will be
briefly discussed in Section 3, or dynamic ontologies) re-
quire both GClIs and temporal constraints on roles, in par-
ticular constant roles. It was this problem that motivated the
research which resulted in this paper. More precisely, our
main aim was to find out whether it is possible to design
useful combinations of £7 £ and DLs with GCIs and con-
stant roles that are still decidable.

Recent developments in description logic have opened a
new path to follow in designing such languages. First, the
recognition of the importance of tractable reasoning and, in
particular, query answering over DL ontologies with GCIs
has given rise to the investigation of the new DL-Lite family
of DLs [10, 11, 2]. And second, the use of huge DL-based
ontologies with GClIs in bio- and medical informatics has
led to the introduction and investigation of ‘weak’ DLs (re-
flecting the expressive power of existing ontologies) with
tractable subsumption algorithms, namely, the £L-family
of DLs [5, 7, 8]. Both families of DLs lack some of the
expressive power of ALC but have nevertheless proved ex-
pressive enough for a number of applications. In this paper,
we explore to which extent these new families of DLs can
provide basis for useful and still decidable combinations of
LT L and DLs with GCIs and constant roles.

The obtained results are twofold. On the one hand, we
prove in Section 4 that the combination of one of the most
expressive versions DL-Litey,,; of DL-Lite with L7 L is in-
deed decidable (in EXPSPACE), even with GCls and con-
stant roles. Moreover, its Krom fragment turns out to be
decidable in PSPACE. The proofs are based on an embed-
ding into the one-variable fragment of first-order temporal
logic. This means, in particular, that reasoning in temporal
DL-Lite can be supported by available temporal provers;
see, e.g., [12]. On the other hand, we show in Section 7 that
the corresponding combination of ££ and £7 L is undecid-
able. The meaning of these results is analysed in Section 8.

2. Temporal extension of DL-Lite,,,,

We begin by introducing the temporal extension
TDL-Litey,,; of one of the most expressive description lo-
gics DL-Litey,,; of the DL-Lite family [2]. It combines the
temporal operators of LT L, O (‘at the next moment’) and
U (‘until’), with the language of DL-Litey,,; in a straight-
forward manner by applying them to concepts and Boolean

combinations of GCIs and ABox assertions. Moreover, we
will distinguish between local and global role names. Thus,
TDL-Litey,,; contains object names ag,aq, ..., concept
names Ay, A1, .. ., local role names Py, Py, . .., and global
role names Ty, T1, . . .. Roles R, basic concepts B and con-
cepts C of TDL-Litey,,; are defined as follows:

R ow= B | B | T | T,

B === L1 | A | >¢R,

cC == B | -~C | CinCy |
oC | CiUCy,

where ¢ > 1 is a natural number (note that the results of
this paper do not depend on whether ¢ is given in unary or
in binary). TDL-Litey,,; formulas are built from atoms of
the form
Cl C 027 C’(ai), R(CLZ', aj)

with the help of the Boolean connectives (say, — and A) and
the temporal operators O and /. The atoms C; T C5 are
often called general concept inclusions (GCls), while the
atoms C(a;) and R(a;, a;) are called ABox assertions.

A TDL-Litey,.; interpretation T is a function

I(n Z(n Z(n
AL pEm e

I(n) = (A,al™,... )
where A is a nonempty set, n € N, aiz(n) €A, AZ.I(”) C A,
PE c Ax A, TH™ € A x A, with a7 ™ = 7™
and TI(") = I(m) , forall n,m € N, and q; Z(n) # a; ),
for all i #£j and all n € N (the last COIldlthIl means the
unique name assumption, which standard in DL). The role
and concept formation constructors are interpreted in Z as
follows (where R; is either a local or global role name):

— n Z(n
(R;)E™ = {(y,2) | (x,y) € RF™},
LI(N) _ (Z),

(> qR)™™ = {zeAlt{y| (z,y) € RF™} > q},
(- )I(n) = A\ CI(n)’
(C1 N C)EM = ¢ qcft)
( C)I _ CI(n+1)’
(Ch U Cy)F) — U (OQI(’“) n m Clz(m)).
k>n n<m<k

The standard abbreviations T = -1, 3R = (> 1R),
CyUuCy = ﬂ(_\C1 1 —\Cg), <qgR = —\(Z q—|—1R),
(=qR) = (€gR)M (> qR), OpC = T U C (‘some
time in the future’) and OpC = O p—C (‘always in the
future’) we need in what follows are self-explanatory and
correspond to the intended semantics.



The satisfaction relation (Z,n) = ¢, for a TDL-Litepoo;
formula ¢, is defined inductively:

(Z,n) = C) C Gy iff CF™ o™,
(Ia n) ): C(ai) iff aiI(n) c CI(n)7
(Z,n) E R(ai,aj) iff (aZ_I(n),a]I_(n)) c Rz(n)’

(Z,n) =~ iff (Z,n) = ¢,
(Z,n) = @1 Ao it (Z,n) |= @1 and (Z,7n) = o,
(Z,n) = Op iff (Z,n+1) = o,
(Z,n) = p1U o iff thereis k > n with (Z,k) = ¢
and (Z,m) |= ¢ foralln < m < k.

We will also freely use the Booleans — and V and the tem-
poral operators O and < p for formulas. A formula ¢ is
satisfiable if there is an interpretation Z and a time point n
such that (Z,n) & .

Observe that the interpretation of object names and
global role names is time-independent, while the interpret-
ation of local role names and concepts is allowed to vary
over time. Time-independent concepts can be introduced
by means of the axioms IIJ;C (A C OA) and DJPC (OA C A),
where 05 = ¢ A Opp.

At first sight one might think that the satisfiability prob-
lem for this logic is undecidable because using a single
global functional role 7' (functionality can be ensured by
the axiom > 27T C 1) with functional 7'~ one can easily
enforce the existence of a N x N grid, which could possibly
be used to encode the undecidable N x N tiling problem.
However, the language is not capable of expressing the re-
quirements on colour matching in the domain ‘dimension,’
i.e., that if (x,y) € T7(") then the colours of tiles covering
x and y match (which can be easily expressed with the qual-
ified existential quantifier 37.C). In fact, as we shall see
in the next section, TDL-Litep,,; can be embedded in the
one-variable fragment of first-order temporal logic, which
is known to be decidable, actually, EXPSPACE-complete;
see, e.g., [14]. Note that satisfiability in DL-Litey,; is NP-
complete [2].

3. Temporal data modelling with TDL-Lite;,,,

Here we briefly discuss how TDL-Litey,,; can be used
for temporal data modelling. It was argued in [10] that the
underlying DL DL-Litey,,; can represent atemporal con-
ceptual data models like UML class diagrams and Entity-
Relationship models. For example, one maps entities E,
denoting sets of abstract objects, into concept names Ag.
Then one can represent the subclass relation (ISA) and dis-
Jjointness between E, and Fy by Ag, C Ag, and Ag, C
- Ag,, respectively, and to express that E is covered by
Ey,...,E,onecanuse Agp C Ag, U---UAg, and Ag, T

Ag,...,Ag, T Ag. To capture an n-ary relationship R
over entities F', ..., F,, one reifies the relationship. First,
take a concept name Ag and n role names Ry, ..., R,. The
GCIs Ar C (= 1R;) ensure that every instance of Ap
gives rise to a unique tuple in R; the GCIs 3R, T Ag,
guarantee that only instances of E1, . . ., E,, may be connec-
ted by R. Participation constraints are captured by cardin-
ality restrictions Ag, C (> kR; ) and Ag, C (< mR;).
An attribute P of an entity F, associating values of a con-
crete domain D to instances of F, is considered as a binary
relationship linking F with D: this can be captured by a
concept Ap and a pair of functional roles P; and P with
the GClIs AP C (Z 1P1), Ap C (: 1P2), HPI_ C AE
and 3P, C D.

In the temporal context, we can express all those con-
straints using O5(C; £ C») instead of the atemporal
Cy C Cy. Below we write Oy C* Oy for OL(Cy T Cy).
However, even at this basic level, global roles are already
required: when reifying relationships, to ensure that every
instance of Ap represents the same tuple at different times,
the roles R; should be global; similarly, the roles P; and P;
introduced for an attribute P should be global. Moreover,
concrete domains should be constant and disjoint: this is
captured by (D C* OD) A (OD C* D), for all D, and
D C* =D’ for all distinct concrete domains D, D’.

In addition, the temporal constructors of TDL-Litey,;
are able to represent dynamic aspects of conceptual mod-
els. Timestamping is the basic temporal constraint used to
model the temporal behaviour of entities, relationships and
attributes [18, 3]. It is implemented either by marking en-
tities, relationships and attributes as snapshot or temporary,
or leaving them unmarked. An object belongs to a snap-
shot entity either never or at all times, no object may be-
long to a temporary entity at all times, and there are no
temporal assumptions about instances of unmarked entities.
The meaning of timestamps for relationships and attributes
is analogous. In TDL-Litep,,; timestamps are expressed by
the following formulas: (Ag C* OAg) A (OAg CF Ag)
for a snapshot/global entity and (T = ©}—Ag) for a tem-
porary entity. Timestamping formulas for a relationship R
involve the concept name Apg that reifies the relationship;
then we need (Ar C* OAg) A (OAr C* Ag) for the
snapshot/global relationship, and (T T <©}-Ag) for the
temporary relationship. Attributes are treated similarly.

Finally, TDL-Lite,,; is capable of capturing dynamic
transitions between entities where objects of a source entity,
L, migrate to a target entity, />, with the help of the GCI
A E; E* & FA Es-

It was observed in [1] that temporal conceptual models
with timestamping and evolution constraints can be trans-
lated into the DL DLR,s and that reasoning with temporal
models with both timestamping and dynamic constraints is
undecidable. The main difference here is that TDL-Litey,o;



lacks the ability to represent sub-relationships which is an
essential part in the undecidability proof.

4. TDL-Lite,,, is EXPSPACE-complete

This result is proved by providing a satisfiability pre-
serving translation of TDL-Litey,,; formulas into the one-
variable fragment QT L' of first-order temporal logic
without function symbols and equality. To define the syn-
tax of QTﬁl, fix one variable z. Then the formulas of
QT L' are constructed from unary predicates P(z) and
P(a;) (where a; is a constant) and propositional variables
p using the standard connectives of first-order logic (with
quantifiers Vz and 3x) and the temporal operators O and /.
Q’Tﬁl-models and the satisfaction relation between formu-
las and time points are defined in the obvious way by modi-
fying the definition of TDL-Lite,,; interpretations (how-
ever, there is no unique name assumption in this case); for
details we refer the reader to [14], where the following is
also shown:

Theorem 1. The satisfiability problem for QT L' -formulas
is EXPSPACE-complete.

Now we define a translation -T of TDL-Litep,,; formu-
las into Q7 L. Let ¢ be a TDL-Litey,,; formula. De-
note by role((p) the set of both local and global role names
occurring in ¢, by g-role(p) the set of global role names
in ¢, and by ob(y) the set of object names in ¢. Let
role*(p) = {R,R™ | R € role(p)} and g-role™(p) =
{I, T~ | T € g-role(p)}. Denote by g, the maximum
numerical parameter in .

With every object name a; € ob(y) we associate the in-
dividual constant a; of Q7 £* and with every concept name
A; the unary predicate A;(z) from the signature of Q7 L.
For each R € role® (), we also introduce q,, fresh unary
predicates E, R(x), for 1 < ¢ < ¢,. Intuitively, for each
n, E1R(x) and Ey R~ () represent the domain and range
of R at moment n (i.e., E1R(x) and E1 R~ (x) are inter-
preted by the sets of points with at least one R-successor
and at least one R-predecessor at moment n, respectively),
while E,R(z) and E,R™ (x) represent the sets of points
with at least g distinct R-successors and at least g dis-
tinct R-predecessors at moment n. Additionally, for each
pair a;,a; € ob(y) and each role R € role®(y), we take
a fresh propositional variable Ra;a; of QT L' to encode
R(ai, aj).

By induction on the construction of a TDL-Litey,;
concept C' we define the Q7 £1- formula C*:

1=,
(A)" = A(x), (> qR)" = E,R(x),
(=C)" ==C*(z), (C1MCy)" =Ci(z)AC5(z),
(00)  =0C*(z), (C1UCy)* =Ci(x)U C5(x),

where A is a concept name and R a role. Next, we extend
this translation to TDL-Litey,,;-formulas:

(C1 E Cp)" =V (Cf(x) — C3(x)),
(Cla:))" = C*(ai),  (R(as, a5))" = Raiay,
(=9)" = =y, (Y1 A2)" = by Ay,
(O9)" = Oy, (1 U tha)™ = YT Uy,

where C, Cq, Cy are concepts, I is a role and a;,a; are
object names.

The following formulas express some natural properties
of the role domains and ranges. For every R € role™(y),
we need two Q7 £'-sentences:

e(R) = JxE1R(x) — Jzinv(E1R)(x), (1)

Q¢_1

/\Vl

where inv(E, R) is the predicate £y R, if R = R and
E Ry if R = R, . Sentence (1) says that if the domain
of R is not empty then its range is not empty either.

We also need formulas representing the relation of the
Ra;a; with the unary predicates for the role domain and
range. For arole R € role™ (y), let

q
/\ A (AR, = ER@). 6)
acob(p) i=1
Qg seees@ig Eob(yp)
Gitdu forit!
u(R) = /\ (Ra;a; — inv(R)aja;), @

ai,a;€ob(p)

(Eqr1R(x) — E4R(x)), (2

where inv(R)aja; is the propositional variable R, aja; if
R = Ry and Ryaja; if R = R;.

For every global role T" € g- role () we need two addi-
tional sentences:

de

n(T) = \ Vo (B,T(x) = OE,T(z)),  (5)
qg=1

v (T) = /\ (Taja; < OTa,aj). (6)
a;,a;€0b(p)

Finally, we set

/\ 0% (e(R)AS(R)Aw

Rerole* ()

AN BEM(T) Ae(T)).
TEg-role ()

el = o* A (R)AL(R))

Theorem 2. A TDL-Litey,; formula  is satisfiable iff o
is satisfiable.



Proof. (<) Let 9 be a first-order temporal model with a
countable domain D and let (9,0) = ¢f. We denote the
interpretation of unary predicates P and propositional vari-
ables p in 9 at moment n by P”" and p”*". The inter-
pretation of constants a in 9 is denoted by a™. Let

Wo = {a™ | a € ob(p)} C D.

Without loss of generality we may assume that all the a™
are distinct.

We are going to construct a TDL-Litey,,; interpretation
7 satisfying ¢ that is based on the domain

A:WO U (DXN)

The interpretations of object names in Z are given by their
interpretations in 9: aZ(™ = o™ € Wj. The interpreta-
tions AZ("™) of concept names A in Z are defined by taking

AT = {we Al (Mn) £ Ap(w)]}, ()

where the function cp: A — D is defined as follows:

w, ifwe Wy,
- 8
cp(w) {d, ifw=(dn)epxN O

We will call w a copy of cp(w). Now, for each R € role(p)
and each n € N, we introduce inductively the interpretation
RZ(™)_ (For global R this can be done for some fixed n, say
0, and then copied for all other n.) RZ(™) will be defined as

the union
oo

RI(n) _ U ]:in,m7

m=0

where, for all m > 0, R™™ C W™ x Wy,

o0
Wr™ CWE™ and | W™ = A

m=0

We start with W5" = Wp. The set W™ \ Wa™ ", for
m > 0, will be denoted by V;""; for convenience, we let
Wgﬁl = (), so that Vg’o = Wh.

First we define the required R-rank v (R,d) of d € D
at moment n;:

0, if (M, n) = -E1R[d],

g, if(M,n) = E,RA-E;qR[d],
for1 < g < gy,

qp, if (M, n) = E,, R[d].

r*(R,d) =

It follows from (2) that 7™ (R, d) is a function and that if
d € Dand r"(R,d) = g then (9, n) = E, R[d] whenever
1 <¢ < g and (M,n) = ~EyR[d] for ¢ < ¢ < qp.

We also define the actual R-rank r},(R,w) of w € A at
moment n and step m by taking

q, ifwe >gR™.A\>q+ 1R"™.A,
for 0 < g < q,,
Qp, ifw € > q, RV™.A,

ri(R,w) =

m

where >qS.A = {z € A|#{y | (z,y) € S} > ¢}, fora
binary relation S.
For the basis of induction we set

R™Y — {(ai»m,a;m) € Wox Wy | (ma n) ': Raiaj}' )

By (3) and (4), for both R and R~ (where R~~ = R) and
all w € Wy,

ro (R, w) < (R, cp(w)). (10)

Suppose that the W™ and R™™ have already been
defined for m > 0. If we had 77 (R, w) = r™(R, cp(w)),
for both R and R~ and all w € W™, then the interpreta-
tion R™™ we need for RZ("™) would have been constructed.
However, in general this is not the case because there may
be some ‘defects’ in the sense that the actual rank of some
points is smaller than the required rank. Consider the fol-
lowing two sets of defects in R™™:

A" = {w e V™ |1 (Ryw) < " (R, ep(w))},
AT = {w e VR [ (R, w) <o (R ep(w))}.

The purpose of, say, A" is to identify those ‘defective’
points w € V"™ from which precisely 7" (R, cp(w)) dis-
tinct R-arrows should start (according to 9J7), but some ar-
rows are still missing (only 7 (R, w) many arrows exist).
To ‘cure’ these defects, we extend W™ to Wi and
R™™ to R™™*! according to the following rules:

(AR™) Letw € AR™. Denote ¢ = r*(R,d) — 7 (R, w)
and d = cp(w). Then (M, n) = Ey R[d] for some
¢ =g > 0. By (2), (M,n) = E1R[d] and, by (1),
there is d’ € D such that (M, n) = E1R™[d]. In
this case we take g fresh copies wyi, ..., w; of '
ie, wi,...,w, € ({d'} x N)\ Wz, add them to

Wg’mﬂ and add the pairs (w,w}), 1 < i < ¢, to
Rn,m«kl'

(AR™) Letw € A" Denote g = v (R~ d)—r), (R7w)
and d = cp(w). Then (M, n) = Ey R~ [d] for some
¢ > q > 0. By 2, (M,n) = E1R"[d] and,
by (1), there is d’ € D with (9, n) E EiR[d].
In this case we take g fresh copies wy, ..., w; of &',
ie, wp,...,w, € ({d'} x N)\ W™, add them to

Wg’mﬂ and add the pairs (wj,w), 1 < i < ¢, to
Rn,m-&-l.



(€0 Finally, if all defects for R in W™ have already
been cured we take, for every d € D, a fresh copy
(d,1) € ({d} x N) \ W™ with minimal [ and add it
to Wt

It should be clear that the rule (£2) guarantees that
Ur_oWgr™ = A. Now we observe the following im-
portant property of the construction: for all mg > 0 and
we V™,

0, ifm < mg,

q, ifm = mg, for some

g < r"(R,cp(w)),
if m > my.

(R, w) = (11

(R, ep(w)),

To prove this property, consider all possible cases. If
m < mg then w has not been added to W™ yet, ie.,
w ¢ Wi, and so r(R,w) = 0. If m = mg and
mo = 0 then 77 (R, w) < r™(R, cp(w)) follows from (10).
If m = mg and mg > 0 then w was added at step mg
either to cure a defect of some point w’ € W™~ " or
by (€2). In the latter case we clearly have 7" (R w) = 0,
and so r”’ (R,w) < r"(R,cp(w)). In the former case this
means that either (w’,w) € R™™ and w’ € A" " or

(w,w') € R™™ and w’ € A", In the first case

(M, n) = E1R™ [ep(w)]. (12)

Since fresh witnesses w are picked up every time the rule
(A%™ 1) is applied and those witnesses satisfy (12),
we obtain 7y, (R,w) = 0, m, (R”,w) = 1 and
r"(R™,cp(w)) > 1. The second case is similar. If
m = myg + 1 then all defects of w are cured at step mg + 1
by applying the rules (Aj;"") and (A;™*°). Therefore,
Tmot1 (R, w) = (R, cp(w)). If m > mg + 1 then (11)
follows from the observation that new arrows involving w
can only be added at step mg + 1, that is, for all m > 0,

Rn,erl \ Rn,m g

V}g,m > V}g,m+1 U V]g,m—&-l ~ V]g,m. (13)

Finally, recall that if R is global then, by (5) and (6),
the above inductive procedure does not depend on n and
RZ() — RT(m) forall n,m € N.

It follows that, for all R € role®(),1 < ¢ < qp,n €N
and w € A,

(9, n)

= B R[cp(w)] iff we>qRT™.A. (14)
Indeed, if (901,
)

) E E,R[cp(w)] then, by definition,
(R, cp( Let w € V™. Then, by (11),
rt (R, w) (R cp(w)) > q, for all m > mg. It

follows from the definition of 7 (R,w) and R*(") that

w € > qR*™ A. Conversely, let w € > g R*(™) A and

:|\/3

w € Vg™, Then, by (11), we have ¢ < 77 (R,w) =
r™(R,cp(w)), for all m > myp. So, by the definition of
(R, cp(w)) and (2), we have (I, n) = E,R[cp(w)].

Now we show by induction on the construction of con-
cepts C'in ¢ that, foralln € Nand w € A,

(M, n) = C*[cp(w)] iff  wecT™, (15)

The basis of induction is trivial for B = 1| and follows
from (7) if B = A, and (14) if B = > ¢ R. The induction
step for the Booleans (C' = —C; and C' = C; M C5) and the
temporal operators (C' = OC and C = C; U Cs) follows
from the induction hypothesis.

Finally, we show that for each subformula 1) of ¢,

@) v (6
For ¢ = Cy C Cs and ¢ = C(a;), this follows from (15).

(M, n) = y*ff

For ¢ = Rilai,a;), (af,af) € R;™ iff, by (13),
(af,al) € RV iff, by (9), (M, n) = Ryaia;. The case
¥ = R, (a;,a;) is similar. The induction step for the

Booleans (¢ = —p1 and Y = Y1 A 1)9) and the temporal
operators (¢ = O and ¥ = 11 U 1)2) follows from the
induction hypothesis.

Thus, we obtain (Z,0) = ¢. The implication (=) is
straightforward. O

The translation f of ¢ is obviously too lengthy to
provide us with reasonably low complexity results. How-
ever, it follows from the proof above that in fact a lot of in-
formation in this translation is redundant and can be safely
omitted. We define now a more concise translation of ¢
into QT L. For R € role* (i), let Qﬁ be the set of natural
numbers containing 1 and all the numerical parameters q for
which > ¢ R occurs in (. Then we set

b:* /\/\D+

RErole® ()

AN\ OEART) Aya(T)),
TEg-role® ()

) N8 (R) AW’ (R) A u(R))

where £(R), «(R) and v, (T') are as before (see (1), (4) and
(6), respectively),

F(R)= N\ Vo (BEyR(z) > ER(x)), (7)

.0 €QE, d'>q
q'>q"' >q forno q”EQE‘

q
SR = N\ A (/\Raaﬁ—>EqR(a)), (18)
a€QF  acob(y) =1
Ay sees @y €0D(p)
Gitiy forii!
NI = N Va (BT (z) « OET(x)). (19)
q€Qy



Corollary 3. A TDL-Litey,; formula ¢ is satisfiable iff the
QT L'-sentence ©’ is satisfiable.

Proof. Follows from the fact that ¢ is satisfiable iff ¢ is
satisfiable. Indeed, if (901,0) = ¢f then (9M,0) = .
Conversely, if (9,0) = ¢” then one can construct a new
model 9’ based on the same domain D as 9t by taking

o AT — AMn for all concept names A and n € N;

o E,R™" = E,R™" for R € role*(p),1 < q<q,
andn € N, where ¢’ is the maximum number from Qg
with ¢ < ¢;

e Ra;a; to be true in M’ at n iff (M, n) = Ra,a;, for
all R € role™ (), all a;,a; € ob() and all n € N;

o o™ =™ forall a € ob(yp).

It follows immediately from the definition that we have
(M',0) = ¢f. (For example, (9, 0) = ¢* follows from
the fact that for every concept (> ¢ R) from ¢ we have
E,R™ ™ = E,R™", forall n € N.) O

This observation makes it possible to prove the following
result:

Theorem 4. The satisfiability problem for TDL-Litep,o; is
EXPSPACE-complete.

Proof. As we know, satisfiability for Q7 £' is EXPSPACE-
complete. However, we cannot use this result directly be-
cause the size of ¢” is exponential in the number of object
names (in fact, double exponential, if g, is given in bin-
ary): || < const - |@| + |ob(p)|%*!. Instead, we use
the EXPSPACE algorithm presented in [14, Theorem 11.30]
(see also [16]) which, given a Q7 L'-sentence 1, decides
whether 1 is satisfiable or not by guessing an ultimately
periodical quasimodel such that the lengths of its prefix and
its period are bounded by some numbers /; and [o, respect-
ively. In general, both /; and l5 are double exponential in
the length || of 1. Hence, the algorithm requires single
exponential space to write down the two numbers. The al-
gorithm also requires exponential space to store at most 3
state candidates. Clearly, every realisable state candidate €
for ¢” is uniquely determined by the following parameters:

o the set of propositional variables and the set of closed
subformulas of the form Vz x(x) that belong to the
types of €;

e for every type in €, the set of all open subformulas that
belong to this type.

It is easy to compute that ” contains |role™ ()| - |ob(p)|?

propositional variables and |¢|+3-|role™ ()| closed subfor-

mulas of the form VY x(z). Therefore, the ‘propositional’

part of a state candidate can be stored in space bounded

by p1(J¢|), where p; is a polynomial. Next, for each type
for ¢°, the number of open subformulas that belong to this
type is bounded by ||, and the number of types in every
state candidate is bounded by 2!¢!. Therefore, the ‘type’
part of a state candidate can be stored in space bounded by
21#l . ||, and so the overall space required to store a state
candidate for ¢ is bounded by 2P2(1#D) for some polyno-
mial ps. Now, [14, Theorem 11.26] provides more precise
upper bounds on /; and l5:

L <#(¢’) and Iy <ky - 8(9") -3 (9") + 1),

where () is the number of distinct state candidates, b(¢?)
the number of distinct types, and k/‘gob the number of ‘even-
tualities,” i.e., subformulas of gob of the form x1 U xo. It
follows from the above argument that #(") < 222" 4nd
b(¢?) < 2rllel) . 2l (every type for ¢ is uniquely de-
termined by its ‘propositional’ part and the subset of open
subformulas that belong to it). Finally, the number £, of
‘eventualities’ is bounded by || +2-|role™ ()|. This shows
that although the length of ¢ is (double) exponential in |
the numbers [y and [y are only double exponential in |¢
(not triple exponential as one would expect). Therefore, the
algorithm of [14, Theorem 11.30] runs in EXPSPACE.

The EXPSPACE lower bound follows from the fact that
there is a satisfiability preserving polynomial translation
from QT L' to TDL-Litey,,;. First, by introducing new
unary predicates one can transform, in a satisfiability pre-
serving way, each Q7 £'-formula into a Q7 £'-sentence
containing neither 3z nor nested Vz. Such a sentence ¢
can be translated into TDL-Litey,,; by first associating with
every unary predicate P(z) a concept name (P(x))* = Ap.
For every subformula 1) of ¢ with free x, we obtain a
concept 1! by distributing the translation -* over the con-
nectives O, U, ~and A, e.g., (Y1 Ag)t = wfl_lwé. For each
subformula of the form Vx v, set (Vz )t = (T C o).
Now, for Q’Tﬁl-sentences, the translation -¥ again distrib-
utes over the connectives O, U, — and A. It is easily seen
that ¢ is satisfiable iff ¢! is satisfiable.

The same lower bound follows also from Theorem 10
below. O

)

5. TDL-Litey,,,, is PSPACE-complete

Consider now the Krom fragment TDL-Litey, oy, of
TDL-Litey,,; with atomic formulas of the form

D E Do, —D; E Do,

D(ai)a

Dl E _‘D27
R(ai>aj)>

where concepts D1, D5 are formed from basic concepts B
by means of O only:

D =:= B | OD. (20)



We can still apply all temporal operators and the Booleans
to formulas. (Note that spatio-temporal logics of a sim-
ilar kind were considered in [15] and [9]. Note also
that satisfiability for the underlying DL DL-Liteg o, iS
NLOGSPACE-complete [2].)

It is readily seen that the . _translations of TDL-Liteom
formulas can be transformed in a satisfiability preserving
way (by introducing abbreviations for nested O operators)
to formulas of the following fragment Q7 £}, of QT L:

Qx) == PFx) | -P(x),
Lix) == Q) | OQ(x),
¢ u= Va(Li(z)VL(z)) | Llaj) |
e [ e A | Op | U e

where the P; are unary predicate symbols and the a; are
constants. Predicates P;(z) and their negations —FP;(x) will
be called literals; literals QQ(x) and O-prefixed literals will
be called temporal literals.

In this section we establish (using the quasimodel tech-
nique from [14]) a PSPACE upper bound for satisfiability of
QT L}, formulas from which we obtain the following res-
ult (using Lemma 8 and an argument similar to the proof of
Theorem 4):

Theorem 5. The satisfiability problem for TDL-Liteyrom
formulas is PSPACE-complete.

We denote by - L(z) the formula equivalent to —L(z)
in the above restricted syntax, e.g., “OP;(x) is O—-P;(x)
and ~O—P;(z) is OP;(z). For every formula of the form
OQ(z), we reserve a unary predicate Q' (z) called the sur-
rogate of OQ(z). Note that we introduce surrogates only
for temporal literals (unlike ‘standard’ quasimodels, here
we do not need to explicitly introduce surrogates for other
temporal subformulas). Given a formula v, denote by ) the
result of replacing all subformulas of ¢ of the form OQ(x)
by their surrogates.

For a QT L}, sentence o, let ¢l be the union of
subg ¢, X, and the E&, for a € con ¢, where subg ¢ is the
set of closed subformulas of ¢, con  the set of all constants
in ¢, and

A, ={Pi(z), ~P;(z), OP;(z), O~ Pi(z) |

P;(z) a predicate in ¢},
Sy ={Vz (Li(z) V La(x)) | La(z), La(x) € Ay},
22 ={L(a) | L(z) € Ay}, fora € cong.

A state candidate € for ¢ is any subset of ¢/ ¢ satisfying the
properties

@s%) Xe = Apeens, ¥ Is satisfiable;
(qsf) forevery ¢ € 5y, if Xxe =19 then ¢ € ¢

(asp) forevery L(a) € 53, ~L(a) € € iff L(a) ¢ &
(gs?) forevery Ly(a), Lo(a) € Z2,
if Ly(a), Ly(a) € € then Va (-Ly (z) V 5Ly () & €;
) €€ iff ¢ ¢¢
(qs”) for every ¥y Aty € subg o,
Y1 ANpg € € iff 1)y, 19 € €.

Let g be a map associating with every w € N a state
candidate g(w) for p. We call g a quasimodel for ¢ if the
following conditions hold:

(qs™) for every — € subg ¢,

(qmg) ¢ € q(wy), for some wy > 0;

(gqm,) for every Va (OQ:(z) V OQ2(x)) € X,

Va (OQ1(x) V OQ2(x)) € q(w)

iff  Vz(Qi(z)V Qa(z)) € qw+1);
(qmy) for every OQ(a) € =g,
OQ(a) € qw) iff Q(a) € g(w+1);
(qms) for every O € subg ¢,
Oy € q(w) iff € gq(w+1);

(qmy) for every ¢y U 1o € subyp, 1 U 2 € q(w)

iff there is kK > 0 such that ¥» € q(w + k) and

Y1 € g(w+n), forall0 < n < k.

Lemma 6. A QT L}, sentence ¢ is satisfiable iff there is
a quasimodel for .

Proof. Suppose (I, wo) = ¢. Then

a(w) = {¥ € clp | (M w) [ ¥}

defines a quasimodel for (. Conversely, suppose that q is a
quasimodel for (.

Claim 7. If {L1(z),...,Li(z)} C A, and € is a state
candidate for p, then

Xe A Fa(Li(z)A---ALg(z)) (21

is satisfiable iff there are no 1 < i,j < k such that
Vo (5L (x) vV -Lj(x)) € €.

Proof of claim. As formula (21) is a conjunction of the
form Vz x1(x) A 3z x2(z), it is satisfiable iff the formula
x1[a] A xz2la] is satisfiable, where a is a constant symbol.
Now, if x1[a] A x2[a] is satisfiable then there are no 4, j
such that Va (-L;(x) V =L, (x)) € €. Conversely, suppose
that there are no such 4, j, but x1[a] A x2[a] is not satis-
fiable. Then x1[a] = —x2[a]. By (qs%), x1a] is satisfiable.
Moreover as it is a 2-CNF,

xila] = ~Lafa] Vv - -

implies that there are 4, j with x1[a] |= =L;[a] V —L;[a].
It follows from (qs};) that —L;[a] V —L;[a] is a conjunct of
X1lal, contrary to our assumption. O

V =Ly[a



Say that t C A, is a type for a state candidate € if

o L(x)et iff =L(x)¢t, forevery L(z) € Ay;

o if Ly(x), La(z) € t then Vo (-L1(x) V 2La(z)) € €,
for every L1 (z), Lao(x) € Ay.

By Claim 7, if ¢ is a type for € then x¢ AJx A t is satisfiable.
Denote by Ty, the set of all types for g(w). A pair of types
(t,t') is called suitable if OQ(x) € tiff Q(x) € t'. Then
the following two properties hold:

(suce) foreacht € T, there is t' € Ty, 11 such that (¢,t’)
is a suitable pair;

(pred) foreacht € T, thereist € T, such that (¢,t)
is a suitable pair.

To show (succ), suppose that ¢ € T,,, but there is no
t' € Ty,+1 such that (¢,¢') is a suitable pair. Let
0Q1(x),...,0Qk(x) be all temporal literals of the form
OQ(z) in t. Then

Xq(w+1) =1 (Ql(x) ARERNAN Qk(x))

is not satisfiable. By Claim 7, there are ¢,j such that
Va (<Qi(z) V 2Q;(x)) € q(w + 1). Then, by (qmy),
Va (20Q;(z) V =0Q;(z)) € g(w), and so, by Claim 7,
the formula xq(,) A 3z (0OQ1(x) A -+ A OQy(x)) is not
satisfiable, contrary to our assumption. Property (pred) is
proved analogously.

Now we define a set R of ‘runs’ through g by taking all

7€ [Lpen Tw

such that (r(w), (w4 1)) is a suitable pair for every w. By
(succ) and (pred), for every w and every type t € T, there
is r € M such that r(w) = ¢.

For a € conp and w € N, let

ty = {L(z) € Ay | L(a) € g(w)}.

It follows from (qs0) and (gsl) that the t“ are types.
Moreover, by (qmy), (£, t“ 1) is a suitable pair for every
w. Thus, there is r, € R with r,(w) = t¥, for every w.
Consider the model M = (R, agn,...,Pgn’w,...),
where o' = r,, and PP = {r e R | P € r(w)}
It is readily checked that (9%, wg) = . O

Lemma 8. A Q7 L}, -sentence ¢ is satisfiable iff there
is an ultimately periodical quasimodel q for ¢ such that
q(lh + w) = q(ly + lo + w), for every w € N and some
li,lo with 1y < 4(p) and ly < kg - (@) + (), where §(p)
is the number of distinct state candidates for ¢ and k, the
number of eventualities in .

Proof. Similar to the proof of [14, Theorem 11.26]. O

Theorem 9. The satisfiability problem for QT L., is
PSPACE-complete.

Proof. The upper bound follows from Lemma 8§ using an
algorithm that first guesses /; and [/, and then tries to con-
struct an ultimately periodical quasimodel (see [14, The-
orem 11.30]). The lower bound follows from PSPACE-
hardness of £7 £ (which is a fragment of QT £},,,.). [

6. TDL-Litey,,,, is EXPSPACE-complete

Consider the Horn fragment TDL-Litepyr, of
TDL-Litey,,; whose atomic formulas are of the form

D1 M- Dk E D’ D(ai), R(aivaj>7

where D, D1, ..., Dy are formed from basic concepts B by
means of O only as in (20). Again we can apply all temporal
operators and the Booleans to formulas. (Note that satis-
fiability for the underlying DL DL-Lite}, -, is P-complete
(21)

Theorem 10. The satisfiability problem for TDL-Litep o,
is EXPSPACE-complete.

Proof. The upper bound follows from Theorem 4. The
lower one is proved by reduction of the N x 2" corridor
tiling problem that is known to be EXPSPACE-complete
(for details see, e.g., [19, 16]): given an instance (T, 79, 1),
where T is a finite set of tile types, 7o € T is a tile type, and
n € Nis given in unary, decide whether 7' tiles the N x 2"-
corridor {(z,y) | z € N, 0 < y < 2"} in such a way that
7o is placed at (0,0) and the top and bottom sides of the
corridor are of some fixed colour, say, white. We construct
a TDL-Litep o, formula o7 -, » such that (i) its length is
polynomial in |T'| and n, and (ii) T tiles the N x 2™ corridor
(with 75 on (0,0) and with white top and bottom sides) iff
OT,79,n 18 satisfiable.

The formula @7 ., ,, will be constructed in a number of
steps. To explain the meaning of its subformulas, let us fix
some interpretation Z with some domain A.

Let S, for 7 € T, be role names and suppose that the
following formula holds in Z at 0:

ok \/ (TC3S,) A /\ O5(3S,M3S, C 1). (22)
TeT THT!

Then there is a uniquely determined sequence 7y, 71, . .. of

tile types such that 3S2™ = A and (387 )M £ 0, for

every m € N; see Fig. 1.
Suppose also that the following formulas hold in Z at 0:

AoE@Es; 1@ noN)., @
TET
A\ CoH(ES; NN C 1), 24)
TeT

0% (N C ON). (25)



T1 T4 T5 Té6

|:| no 35, for all 7

{ |:| N and no 35S, forall 7

N x 22 corridor

Figure 1. A model 7 satisfying ¢r -, 2.

(Formulas of the form Dy M--- M D, © DM ---T1 D;.
are just syntactic sugar.) It follows that at every moment of
time m one can select a point d,, € (355 )%™ such that
dm € NTm+) and d,,, € (Q,,M---NQ,)*™). The former
implies, by (24) and (25), that the d,, are all distinct, and
the latter will be used to encode a 2™ counter on d,,,.

The formulas encoding the 2" counter on elements of
the domain are more or less standard (taking into account
that @, stands for the i-th bit being 0 and Q; for the i-th bit
being 1):

/\ D;(Qzﬂaz C J—)a

1<i<n

A

1<j<i<n

[D;(Qimajﬂqu Mn---ME1C 0Q;)
ATHQING; QN NQ E 0y,

/\ [D;(@j NQj—1M--MQ1 C OQ;)
1<5< _
STEA 0:(Q;MQj—1M--- 1@ C OQj)]'
It follows, in partigllar, that iithe counter is ‘initialised’ on
some d, i.e.,d € (Q,,M---MQ,)**), for some k € N, then
e dc(Q,n---NQ)*iff j =k (mod 2");
o thereis 1 < i < nsuchthatd € Q') iff j # &k
(mod 2™).

Note also that if d ¢ QiI(k) U @f(k), forsome 1l < i <n
and k € N, then the counter may not behave properly on d.
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However, on every d,,, the counter is initialised at moment
m and, therefore, is defined correctly on it.

Let B and the W, for 7 € T, be concept names. Then
the following formulas ensure correctness of tiling:

(T C3S7), (26)
(35, T B)AOL(BC OB), 27
A ERBO[]_ @ n3s-co), @9
TeT
down(T)F#white
A 0i(3ES.no3s. C 1), (29)
T,T'GT
up(T)F#down(t")
A OGS, Cow). (30)
7,7 €T
right(T)#left(T")
N\ oh (W, n |_|j:1@j n3s,C 1), @3
TeT
N\ \oE(W:nQ; € ow,). (32)
T€T i=1

Indeed, (26) ensures that 7y is placed at (0, 0) and (27) that
do € BE(®) forall k € N. It follows that we have a ‘master
counter’ (distinguished by the concept B), which is initial-
ised on dp at 0 and has value 0 at every moment of time,
when a tile for the bottom row is being selected. Then (28)
guarantees that the bottom of the corridor is coloured white.



By (29), the adjacent colours of tiles in the same column
match. It also follows from (29) that the top of the corridor
is also white: the up-colour of a tile in the top row matches
the down-colour of the tile at the bottom of the next column,
which is white by (28). To make the colours of adjacent tiles
in the same row match (such tiles are 2" moments of time
apart) we use the 2" counters. Take d,, € (35 H)I(’”).

By (30), d,, € Wf,(mﬂ), for every tile 7’ that cannot be
put to the right of 7,,, in a correct tiling. As the counter is
initialised on d,,, at moment m, it has value 1 at m + 1.
Then, by (32), we have d,,, € WTI,(mH), for every tile 7/
that cannot be put to the right of 7,,,. The same argument
iteratively applies until the moment m + 2" — 1 and there-
fore, we have d,,, € Wf(m'ﬂ”), for every tile 7/ that cannot
be put to the right of 7,,,. But then, by (31), no such tile 7/
can be selected as 7, on.

It follows that if @7 -, is satisfiable then T' tiles the
N x 2"-corridor. The converse implication is clear. Note
that o7 7, », does not use any number restriction. O

7. Temporalised £ L is undecidable

In contrast to the positive results above we now show that
even a rather weak temporalisation 7 L¢ . of £L with global
roles and GClIs is undecidable. To prove this we do not need
ABox assertions. Moreover, & will be the only temporal
concept constructor, and D; the only operator applied to
formulas. Besides, no local roles are required. Formally,
T L¢ concepts C are defined as follows:

C =T I Az | ClﬂCg ‘ ET;C | <>FC,
where the T; are global role names. A 7 Lg, GCI is
a formula of the form D},E(C’l C (C5) (often written as
C1 C* (), where Cy,Cy are T Lg concepts. Observe
that every set of 7 L¢ . GCls is satisfiable: they are satisfied
in the model where all concepts and roles are interpreted by
the whole domain at every time point.

In fact, the interesting reasoning problem for 7 L¢, is
whether a GCI is a logical consequence of a set of GClIs.
Without the temporal operators, this problem is known to
be decidable in polynomial time [5]. We are now going to
show that it is undecidable for 7 L¢ .

Theorem 11. It is undecidable whether a T Ls, GCI is a
consequence of a finite set of T Lg . GCIS.

Proof. The proof is by reduction of the following version
of the undecidable satisfiability problem for temporalised
ALC. Define the concepts C of 7 L 4,¢ as follows:

CZ::T|L|A1‘|_\C|01UCQ‘

Ci M0y ‘ a7;.C | OrC.
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We introduce T, L and LI as primitive connectives because
this will be useful in the reduction below. A 7L 4,¢ GCI
is of the form 0% (Cy C Cs), where C1,Cy are TLarc
concepts. Say that an ALC concept C' is satisfiable relative
to a set of GCls if there exists a model satisfying C' and the
set of GCIs. The following is proved in [14]:

Theorem 12. Satisfiability of ALC concepts relative to sets
of T L arc GCls is undecidable.

Suppose now that a set of 7L 4,¢ GCls and a concept in
ALC are given. First, we perform a number of satisfiability
preserving operations.

(a) Ensure that negation — occurs in front of concept
names only: for every concept =C' with complex C, in-
troduce a fresh concept name A, replace =C' with - A, and
add A C* C and C C* A to the set of GCIs. The resulting
concept is satisfiable relative to the resulting set of GClIs if
the original one was satisfiable relative to the original set of
GClIs.

(b) Ensure that — does not occur at all in the set of GCIs
nor in the concept: for every concept —A, introduce a fresh
concept name A, replace every occurrence of —A with A,
andadd TC* AU Aand AN A C* L to the set of GClIs.

(c) Ensure that disjunction U does not occur at all in the
set of GClIs nor in the concept: first, modulo introduction of
new concept names, we may assume that L| does not occur
in the concept and that the only occurrences of LI in the set
of GClIs are of the form (i) ALUB C* C and (ii)) C C* AUB,
where A and B are concept names and C is disjunction free.
Denote the resulting set of GCIs by 7 and the concept by
Cp. Now we replace in 7 the former kind of GCI with
A C* C and B C* C. The latter one is replaced with four
GClIs

C C* 3R(M M OpXMOpY),
AR(M N Op(X 1 OpY)) C* A,
AR(M N Op(Y N OpX)) C* A,
IR.(M N Op(X NY)) CF B,

where R is a fresh global role name and X, Y, M are fresh
concept names (for each concept inclusion C' C”* A LI B).
Denote by 7" the new set of GCIs. Clearly, if Cy is sat-
isfiable relative to 7, then Cy is satisfiable relative to 7.
Conversely, suppose that Cy is satisfiable relative to 7. We
may assume that the witness interpretation has an infinite
domain A. Consider a GCI C C* A U B. Interpret R
in such a way that RZ(") is a forest of infinite outdegree,
ie., RT(M ig acyclic, for each w € A there exist infin-
itely many w’ € A such that (w,w’) € RZ(™), and for
each w’ there exists at most one w with (w,w’) € RT("),
Now interpret M by choosing for each w € CZ(™ ex-
actly one node w’ € M*("™ with (w,w’) € R*("™). This
can be done in such a way that MZ(™) 0 MZ(m) = § for



n # m. Finally, interpret X and Y as follows: suppose
(w,w") € RT™) w € C*™) and w' € M*(™), for some
m. Then w € (AL B)X™, If w € BT(™), then include
w’ in XZm+D) and YZm D 1f o € AT\ BT then
include w’ in XZ("+1) and YZ("+2) It can be shown that
the extended interpretation Z satisfies 7’ and Cj.

Observe that 7’ and the concept C only contain the op-
erators I, 3, T, 1, and Op. We now reduce satisfiability
of Cy relative to 7' to subsumption in 7 L¢,. Introduce a
fresh concept name L, replace every occurrence of | with
L and extend 7' with 3T.L T* L, for every role T from
7" and Cy, and OpL T* L. Then Cy is satisfiable relative
to 7' iff C) C* L does not follow from the new set 7" of
GClIs, for the new concept C{: clearly, if Cy is satisfiable
relative to 77, then we obtain an interpretation Z satisfying
T" in which LZ® = () but C;F¥) # 0. Conversely, if
Cy is not satisfiable relative to 7’, then for every interpret-
ation Z with w € C(/)I(O), there exists a w’ reachable from
w following a path along global roles 77(%) (from 7" and
Co) such that w’ € L*(™)_ But then, by the new GCIs,
we LTO). O

8. Conclusion

We have shown that temporalisations of various dia-
lects of DL-Lite are decidable with global roles and GCls,
while temporalisations of ££ are not. The crucial differ-
ence between the two languages is the absence of ‘quali-
fied’ quantification in DL-Lite. As there is no constructor
JR.C in DL-Lite, we can actually encode global roles us-
ing temporal constraints on unary predicates. Although we
obtain unintended models where roles are not global, the
language is too ‘weak’ to notice this. Note, however, that
these decidability results can easily be ruined by role in-
clusions. We have also seen that, in contrast to qualified
quantification, the presence of Boolean operators does not
have any impact on the decision problem: although £ L does
not contain LJ and —, its temporal dimension together with
GCls is perfectly capable of reintroducing them.
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