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Abstract. We give a finite axiomatisation to representable ordered domain

algebras and show that finite algebras are representable on finite bases.

Domain algebras provide an elegant, one-sorted formalism for automated rea-
soning about program and system verification [DS08a, DS08b]. The algebraic
behaviour of domain algebras have been investigated, e.g. in [DJS09a, DJS09b].
Their primary models are algebras of relations, viz. representable domain algebras.
P. Jipsen and G. Struth raised the question whether the class R(;, dom) of repre-
sentable domain algebras of the minimal signature (;, dom) is finitely axiomatisable.
To formulate the question precisely, let us recall the definition of representable do-
main algebras R(;, dom).

Definition 0.1. The class R(;, dom) is defined as the isomorphs of A = (A, ;, dom)
where A ⊆ ℘(U × U) for some base set U and

x ; y = {(u, v) ∈ U × U : (u,w) ∈ x and (w, v) ∈ y for some w ∈ U}
dom(x) = {(u, u) ∈ U × U : (u, v) ∈ x for some v ∈ U}

for every x, y ∈ A.

The signature (;, dom) can be expanded to larger signatures τ by including other
operations. For instance, we can define

ran(x) = {(v, v) ∈ U × U : (u, v) ∈ x for some u ∈ U}
x^ = {(v, u) ∈ U × U : (u, v) ∈ x}

1′ = {(u, v) ∈ U × U : u = v}
and the corresponding representation classes R(τ) analogously to the definition of
R(;, dom). We can also include bottom 0 and top 1 elements (interpreted as ∅ and
U ×U , respectively) and the ordering ⊆ to yield representable algebraic structures.

It turned out that the answer to the above problem is negative.

Theorem 0.2. [[HM11]] Let τ be a similarity type such that (;, dom) ⊆ τ ⊆
(;, dom, ran, 0, 1′). The class R(τ) of representable τ -algebras is not finitely ax-
iomatisable in first-order logic.

Note that the above theorem does not apply to signatures where the ordering ⊆ is
definable. In fact, D.A. Bredikhin proved [Bre77] that the class R(;, dom, ran,^,⊆)
of representable algebraic structures is finitely axiomatisable. Our aim is to pro-
vide an alternative, and slightly more general, proof that R(;, dom, ran,^, 0, 1′,⊆)
is finitely axiomatisable. The advantage of our proof is that it uses a Cayley-type
representation of abstract algebraic structures that also shows finite representabil-
ity, i.e. that finite elements of R(;, dom, ran,^, 0, 1′,⊆) can be represented on finite
bases. In passing we note that if composition is not definable in τ , then R(τ)



has the finite representation property, but every signature containing (∩, ;, 1′) or
(∩, ;,^) fails to have the finite representation property.

Main result

Let Ax denote the following formulas.

Partial order: ≤ is reflexive, transitive and antisymmetric, with lower bound
0.

Monotonicity and normality: the operators ^, ;, dom, ran are monotonic,
e.g. a ≤ b → a ; c ≤ b ; c etc. and normal 0^ = 0 ; a = a ; 0 = dom(0) =
ran(0) = 0.

Involuted monoid: ; is associative, 1′ is left and right identity for ;, 1′^ = 1′

and ^ is an involution: (a^)^ = a, (a ; b)^ = b^ ; a^.
Domain/range axioms:

dom(a) = (dom(a))^ ≤ 1′ = dom(1′)(1)

dom(a) ≤ a ; a^(2)

dom(a^) = ran(a)(3)

dom(dom(a)) = dom(a) = ran(dom(a))(4)

dom(a) ; a = a(5)

dom(a ; b) = dom(a ; dom(b))(6)

dom(dom(a) ; dom(b)) = dom(a) ; dom(b) = dom(b) ; dom(a)(7)

dom(dom(a) ; b) = dom(a) ; dom(b)(8)

A model of these axioms is called an ordered domain algebra.
A consequence of axioms (4) and (5) is

(9) dom(a) ; dom(a) = dom(a)

Each of the axioms (1)–(8) has a dual axiom, obtained by swapping domain and
range and reversing the order of compositions, and we denote the dual axiom by a

∂ superscript, thus for example, (6)
∂

is ran(b ; a) = ran(ran(b) ; a). The dual axioms
can be obtained from the axioms above, using the involution axioms and (3).

Our main result is the following.

Theorem 0.3. The class R(;, dom, ran,^, 0, 1′,⊆) is finitely axiomatisable:

A ∈ R(;, dom, ran,^, 0, 1′,⊆) iff A |= Ax

and has the finite representation property.

Proof. First we extend the operations of a domain algebra to subsets of elements.

Definition 0.4. Let A be an ordered domain algebra.

(1) Write D(A) for the set of domain elements of A — those elements d ∈ A
such that dom(d) = d. Observe that (D(A), ;) forms a lower semilattice
ordered by ≤.

(2) For a ∈ A, let a↑ = {b ∈ A : a ≤ b} and more generally, for X ⊆ A, let
X↑ = {b ∈ A : (∃a ∈ X)a ≤ b}.



(3) We extend the operations so as to apply to sets of elements. If X,Y ⊆
A, a ∈ A, then

X^ = {x^ : x ∈ X}↑(10)

X ; Y = {x ; y : x ∈ X, y ∈ Y }↑(11)

dom(X) = {dom(x) : x ∈ X}↑(12)

ran(X) = {ran(x) : x ∈ X}↑(13)

Note that these sets are all ‘closed upwards’ by definition.
(4) A non-empty subset X of A is closed if

(14) dom(X) ;X ; ran(X) = X

Thus, for an ordered domain algebra A, we can define another algebra on the
subsets ℘(A) of A, and the partial order ≤ on ℘(A) is given by ⊇. We will denote
this ordered algebra as C(A), the elements of ℘(A) by upper case letters X,Y, Z
etc. or by a↑, b↑ etc., and the elements of A with lower case letters a, b, c etc. It
should be clear from this notational convention whether we evaluate a term in A
or in C(A).

It is not difficult to check the following. Let τ ≤ σ be an axiom of domain
algebras such that every variable a occurs at most once in τ and at most once in σ.
Then the inequality τ ⊇ σ is valid C(A). (Hint: use monotonicity and the validity
of τ ≤ σ in A.) But axioms like (2) and (5) fail in general even in the subalgebra
of upwards-closed elements of C(A).

Observe, from definition 0.4(3) and the transitivity of ≤, that (dom(X) ; X ;
ran(X))↑ = dom(X) ;X ; ran(X), for any set X ⊆ A. So every closed set is upwards
closed. More equations are valid in C(A) if the variables are evaluated on closed
elements, e.g. (5), but closed elements may not be closed under the operations, e.g.
X ; Y for closed X and Y is not closed in general, and (2) may still fail.

Let Cl(A) be the set of all closed subsets of A. Since Cl(A) ⊆ ℘(A), we have
|Cl(A)| ≤ 2|A|. Define a map F from A to a structure with base Cl(A) as follows.

(15) (X,Y ) ∈ aF ⇐⇒ X ; a↑ ⊆ Y and Y ; (a^)↑ ⊆ X
We claim that F yields a representation of A. To this end let 0 6= a 6≤ b. It is easy
to show that (dom(a))↑, a↑ are closed. By monotonicity, (5) and (2), (dom(a))↑ ;
a↑ ⊆ a↑ and a↑ ; (a^)↑ ⊆ (dom(a))↑, so ((dom(a))↑, a↑) ∈ aF . Also, we cannot
have dom(a) ; b ≥ a, by transitivity, monotonicity and (1), since a 6≤ b. Thus
((dom(a))↑, a↑) 6∈ bF , whence F is faithful.

0F = ∅, by normality and the partial order axioms. ≤ is correctly represented
by the partial order axioms and monotonicity. 1′F = {(X,X) : X ∈ Cl(A)} by the
involuted monoid axioms. ^ is correctly represented by the involution axioms.

Next we check composition. If (X,Y ) ∈ aF and (Y,Z) ∈ bF , then X ; a↑ ⊆
Y, Y ; (a^)↑ ⊆ X, Y ; b↑ ⊆ Z and Z ; (b^)↑ ⊆ Y . Hence X ; (a ; b)↑ ⊆ Z and
Z ; ((a ; b)^)↑ = Z ; (b^ ; a^)↑ ⊆ X by associativity and the involution axioms. So
(X,Z) ∈ (a ; b)F .

Conversely, assume that (X,Z) ∈ (a;b)F . We need a closed Y such that (X,Y ) ∈
aF and (Y,Z) ∈ bF .

Claim 0.5. The sets

α = X ; a↑ ; ran(Z ; (b^)↑) and β = Z ; (b^)↑ ; ran(X ; a↑)



and α ∪ β are closed.

Thus we can define the closed element Y = α∪β. That ; is properly represented
follows by the following claim.

Claim 0.6. (X,Y ) ∈ aF and (Y,Z) ∈ bF .

Finally, we show that dom and ran are properly represented. If (X,Y ) ∈
(dom(a))F , then X ; (dom(a))↑ ⊆ Y . Since dom(a) ≤ 1′ by (1), we have that,
for every x ∈ X, there is y ∈ Y such that x ≥ x ; dom(a) ≥ y. Since Y is (up-
wards) closed, we get X ⊆ Y . Similarly, we get Y ⊆ X by Y ; ((dom(a))^)↑ ⊆
Y ; (dom(a))↑ ⊆ X (using (1)). Hence X = Y , i.e., (X,X) ∈ (dom(a))F . Note also
that dom(a) ∈ ran(X), since dom(a) ∈ ran(Y ; (dom(a))↑) ⊆ ran(x).

Define the closed element Z = X ; a↑. Then (X,Z) ∈ aF , since X ; a↑ ⊆ Z by
definition, and

X ; a↑ ; (a^)↑ ⊆ X ; (dom(a))↑ ⊆ X
by (2) and dom(a) ∈ ran(X). Conversely, suppose (X,Z) ∈ aF (for some Z). Then
X ; a↑ ⊆ Z and Z ; (a^)↑ ⊆ X. Since Z ; (a^)↑ ⊆ X, we have dom(a) = ran(a^) ∈
ran(Z ; (a^)↑) ⊆ ran(X), whence X ; (dom(a))↑ ⊆ X, i.e. (X,X) ∈ (dom(a))F . So
dom is correctly represented. Showing that ran is properly represented is similar.
This finishes the proof of Theorem 0.3. �
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