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There are six questions on this paper. Candidates should attempt
any FOUR of them. Calculators are not permitted.

1. A frame is called dense if, for every pair of related points, there is an intermediate point,
i.e.,

∀s∀t(sRt → ∃u(sRu ∧ uRt)).

Consider the following formula

dense: 22ϕ → 2ϕ.

(a) Prove that the formula dense is valid in dense frames. (15 marks)

(b) Show that the formula dense is not valid in general. (10 marks)

2. Negative introspection is defined as the following formula of epistemic logic

ni: ¬Kiϕ → Ki¬Kiϕ.

(a) Explain in plain English what formula ni expresses. (5 marks)

(b) Show that ni is a valid formula of epistemic logic. (10 marks)

(c) Which properties of the accessibility relation Ki are essential in establishing the validity
of ni? (10 marks)

3. Consider the following variant of the muddy children puzzle. The father’s public announce-
ment is that

“the number of muddy children is even”.

(Even includes zero as well.)

(a) Draw a Kripke frame representing the children’s knowledge after the father has spoken.
(In this part, you can assume that there are only three children). (10 marks)

(b) Using epistemic logic, determine how many rounds are needed for the children to find
out whether they are muddy. (5 marks)

(c) How does the situation change if some of the children are deaf (hence unaware of the
father’s announcement)? (10 marks)
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4. (a) Explain the difference between justice and compassion. (10 marks)

(b) Describe a run that has one of these properties but not the other. (5 marks)

(c) Write two formulas of temporal logic expressing these two properties, respectively. (As-
sume that we have atomic formulas request and grant for requesting and granting CPU
time, respectively.) (10 marks)

5. Consider the following concurrent program.

input variables: y1 = 0 y2 = 0

P1


l0 : while(true){
l1 : noncritical
l2 : y1 = 1
l3 : await(y2 = 0)
l4 : critical
l5 : y1 = 0}

 || P2


m0 : while(true){
m1 : noncritical
m2 : y2 = 1
m3 : await(y1 = 0)
m4 : critical
m5 : y2 = 0}


(a) Show that the formula y1 = 1 ↔ at l3,4,5 is inductive. (10 marks)

(b) Using the invariance of y1 = 1 ↔ at l3,4,5 and y2 = 1 ↔ at m3,4,5, prove mutual
exclusion. (10 marks)

(c) Give a computation that reaches a state from which there is no transition to another
state. (5 marks)

6. Show that the sum
n∑

i=0

(2i + 1)

of the first n odd numbers is a square number, for every natural number n. (25 marks)
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