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1. Consider the following argument. “If I am clever and do the homeworks, then I can solve
the exercise. If I fail the exam, then I cannot solve the exercise. It is not true that if I am
clever, then I pass the exam. Therefore, if I do the homeworks, then I pass the exam.”

(a) Formalise the above argument using propositional logic. (10 marks)

(b) Using the semantic tableaux method determine whether the argument is valid. (15 marks)

2. A frame F = (W, R) is called Euclidean if

∀s∀t∀u((sRt ∧ sRu) → tRu).

Consider the following formula

euclid: �ϕ → ��ϕ.

(a) Prove that the formula euclid is valid in Euclidean frames. (15 marks)

(b) Show that the formula euclid is not valid in general. (10 marks)

3. We define �1ϕ = �ϕ and �n+1ϕ = �(�nϕ) for any natural number n.

(a) Show that, for every model M = (W, R, v) of modal logic and world s ∈ W , the
following claim holds:

(M, s) |= �nϕ
if and only if

(M, t) |= ϕ for some t that is R-reachable from s in n steps.

(15 marks)

(b) Explain how the above claim can be simplified for the modal logic S5. (10 marks)

4. Let ϕ be the formula
�p ↔ �(p ∧ �p)

(a) Show that neither ϕ nor its negation is valid in general. (15 marks)

(b) Define a class of frames F such that F |= ϕ. (10 marks)

5. There are three agents, A, B and C. It is common knowledge among the agents that

• agents can love only other agents (i.e., they do not love themselves),

• no agent loves C, and A does not love anybody,

• initially all agents know only about their own affection (e.g., if B loves A, then this is
only known by B).

One day agent B publicly (i.e., in the presence of both A and C) declares that B loves A.

(a) Draw a Kripke model representing the agents’ knowledge. (10 marks)

(b) We say that “agent i can identify a world s” if there is a formula ϕ such that Kiϕ is
true at s, but it fails at any other world. Show that

• it is common knowledge that agent C can identify the current world
• agents A and B cannot identify the current world.

(15 marks)
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6. Consider the following facts. “Alice has three friends, Bob, Carl and Darren. Carl is a
neighbour of Bob, and Darren is a neighbour of Carl. Bob is clever and Darren is not.”

(a) Design a knowledge base Σ in description logic expressing the above facts. (5 marks)

(b) Decide whether the following are true:

Σ |= ∃hasFriend.(¬Clever 	 ∃hasNeighbour.Clever)(ALICE)
Σ |= ∃hasFriend.(Clever ↔ ∃hasNeighbour.¬Clever)(ALICE)

(20 marks)

COIY027P Page 3 of 3 c©Birkbeck College 2007


