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Abstract. It has recently been shown that first-order- and datalog-rewritability of
ontology-mediated queries (OMQs) with expressive ontologies can be checked in
NEXPTIME using a reduction to CSPs. In this paper, we present a case study for
OMQs with Boolean conjunctive queries and a fixed ontology consisting of a
single covering axiom A v F t T , possibly supplemented with a disjointness
axiom for T and F . The ultimate aim is to classify such OMQs according to their
data complexity: AC0, L, NL, P or CONP. We report on our experience with
trying to distinguish between OMQs in P and CONP using the reduction to CSPs
and the Polyanna software for finding polymorphisms.

1 Introduction

Description logics (DLs) [4] have been tailored—by carefully picking and restricting
various constructs that are relevant to intended applications—to make sure that reason-
ing with all ontologies in a given DL can uniformly be done in a given complexity
class. For example, concept subsumption can be checked in EXPTIME for all ALC-
ontologies, in P for all EL-ontologies, and in NL for all DL-Lite-ontologies.

In ontology-mediated query (OMQ) answering, a typical reasoning problem is to
check whether a Boolean query q holds in every model of an ontology T and a data
instanceD. In the context of ontology-based data access (OBDA) and management [28,
35], this problem is solved by reducing answering the OMQ Q = (T , q) over D to
standard database query evaluation overD. If the target database query language is first-
order logic, then such a reduction is possible forQ just in case answering it can be done
in AC0 for data complexity. If a reduction to first-order queries with (deterministic)
transitive closure is acceptable, then answering Q should be done in NL (respectively,
L) for data complexity. In terms of the data complexity measure, OMQ answering with
conjunctive queries (CQs) can uniformly be done in CONP for all ALC-ontologies, in
P for all EL-ontologies, and in AC0 for all DL-Lite-ontologies.

In OBDA practice, an ontology T is designed by a domain expert to capture the
natural vocabulary of the intended end-users, who formulate their queries in terms of
that vocabulary and execute them using an OBDA system such as Mastro [10] or On-
top [30, 11]. Thus, from the user’s point of view, the ontology T is fixed. Moreover, the
class of queries the user is interested in could also be limited. For example, the NPD



FactPages ontology4, used for testing OBDA in industry [22, 20], contains covering ax-
ioms of the form A v B1 t · · · t Bn, which are not allowed in DL-Lite as there exist
CONP-hard OMQs with such axioms. However, all of the practically important OMQs
with the NPD FactPages ontology we know of can be answered in AC0. Also answering
CQs mediated by covering axioms can model some attacks in the setting of sensitive
information disclosure [7].

These observations have lead to the following non-uniform problems: (i) What is
the worst-case data complexity of answering OMQs with a fixed ontology and arbitrary
CQs? (ii) What is the data complexity of answering a given single OMQ?

A systematic investigation of these problems was launched in [24, 8, 25]. In partic-
ular, [8] discovered a remarkable connection between OMQs and constraint satisfac-
tion problems (CSPs) and used it to show that deciding FO-rewritability and datalog-
rewritability of OMQs with SHIU ontologies is NEXPTIME-complete.

In this article, we are concerned with a very special case of the non-uniform problem
(ii) above: classify the OMQs with the fixed ontology CovA = {A v F t T} and
arbitrary CQs according to their data complexity. We also consider three variants of
CovA, namely, Cov> = {> v F t T}, Cov⊥> = {> v F t T, F u T v ⊥} and
Cov⊥A = {A v F t T, F u T v ⊥} with top > and bottom ⊥ concepts. It turns out
that a single covering axiom, possibly supplemented with a disjointness axiom, gives
rise to a surprisingly non-trivial and diverse class of OMQs. To illustrate, we show and
discuss a few simple examples.

Appetisers

Suppose we are interested in querying digraphs of social network users, in which only
some of the users have specified their gender. Let F mean ‘female’, T ‘male’ and R the
’follows’ relation.

Example 1. Our first OMQQ = (Cov>, q) with q = ∃y, z (T (y)∧R(y, z)∧F (z)) is
supposed to check whether one can claim with certainty that, in given a data instance,
there is always a man who follows a woman. We draw the CQ q as the labelled digraph

T

y

F

zR

Now, consider the data instance D = {T (u0), R(u0, u1), R(u1, u2), F (u2)}, which
can be depicted as the labelled digraph

T

u0 u1 u2

F

R R

In every model of Cov> extending D, we must have T (u1) or F (u1). In the former
case, q is satisfied by the assignment y 7→ u1, z 7→ u2, in the latter one by y 7→ u0,
z 7→ u1. It follows that the certain answer toQ over D is yes.

More generally, it is readily seen that the certain answer to Q over any given D
is yes iff D contains an R-path from a T -vertex to an F -vertex. As known from the

4 http://sws.ifi.uio.no/project/npd-v2/



basic computational complexity theory [3], the reachability problem in digraphs is NL-
complete (NL stands for Nondeterministic Logarithmic-space), and so answering Q is
NL-complete for data complexity.

Example 2. Consider next the OMQQ = (Cov>, q) with q given by the digraph

F T

R

R

which checks if one can claim with certainty that there are a man and a woman who
follow each other. In this case, answering Q is L-complete (L stands for deterministic
Logarithmic-space) for data complexity, that is, as complex as reachability in undirected
graphs. Indeed, to show that Q can be answered in L, with each data instance D we
associate the undirected graph G with the same vertices as D connecting u and v by
an edge iff R(u, v) and R(v, u) are both in D. Then the answer to Q over D is yes
iff G contains a path from a T -vertex to an F -vertex. To prove L-hardness, with any
undirected graphG and a pair s, t of its vertices we associate a data instanceD obtained
by replacing each edge (u, v) in G by R(u, v) and R(v, u) and adding atoms T (s) and
F (t). It is readily seen that the certain answer toQ over D is yes iff t is reachable from
s in G.

Example 3. Now supposeQ = (Cov>, q) and q looks as in the picture below

T

x

T

y z

F

S R

where S is another binary relation between the users. Consider the following data in-
stance D:

u1

T

T

u2

T

T

z

F

S

R

S

R

R

S

The certain answer to Q over D is yes. Indeed, in any model of Cov> based on D,
we have either T (ui) or F (ui), i = 1, 2. If F (u1) holds, then q maps onto the left
vertical section of the model. Similarly, if F (u2) holds, then q maps onto the right
vertical section. Otherwise, we have T (u1) and T (u2), in which case q maps onto the
horizontal section.

In general, for any data instance D, the certain answer to Q over D is yes iff the
following monadic datalog query with goal G, encoding our argument above, returns
the answer yes over D:

P (x)← T (x)
P (z)← P (x) ∧ S(x, y) ∧ P (y) ∧R(y, z)
G← P (x) ∧ S(x, y) ∧ P (y) ∧R(y, z) ∧ F (z)



It follows that answering Q can be done in P (Polynomial time). It is not hard to show
that this OMQ is P-hard. The proof is by reduction of the monotone circuit evaluation
problem, which is known to be P-complete [27]. Without any loss of generality we
assume that AND-nodes have two inputs and that the circuit consists of alternating
layers of OR- and AND-nodes with an AND node at the top; an example of such a
circuit is shown in the picture below. Now, given such a circuit C and an input α for it,
we define a data instance DαC as the set of the following atoms:

– R(g, h), if a gate g is an input of a gate h;
– S(g, h), if g and h are distinct inputs of some AND-gate;
– S(g, g), if g is an input gate or a non-output AND-gate;
– T (g), if g is an input gate with 1 under α;
– F (g), for the only output gate g;
– A(g), for those g that are neither inputs nor the output.

To illustrate, the picture below shows a monotone circuit C, an input α for it, and the
data instance DαC , where the solid arrows represent R and the dashed ones S:

1 0 1 0 0 0

OR OR OR OR

AND AND AND

OR OR

AND

T T

A
A

A A

A A A

A A

F

The reader can check that C(α) = 1 iff the answer to Q over DαC is yes. Indeed, the
datalog program above computes the value of the circuit by placing P on those nodes
which are evaluated into 1.

Example 4. Curiously enough, the OMQ Q = (Cov>, q′) with q′ obtained from q in
the previous example by changing S to R

T

x

T

y z

F

R R

is NL-complete for data complexity, showing which is an instructive exercise. (Hint:
prove that a data instance validates Q iff it has a path that starts with T , which is
followed by T , and ends with F ).

Example 5. It has been known since Schaerf’s paper [32] that answering the OMQ
Q = (Cov>, q) with q below is CONP-complete for data complexity.

T T

F F

P1 P2

N1 N2R



Schaerf showed CONP-hardness by encoding the satisfiability problem for 2+2-CNFs
that consist of clauses of the formP1∨P2∨¬N1∨¬N2. The reader may find entertaining
the task of showing that the OMQ (CovA, q) with q below is also CONP-complete.

T T F F

R R R

One possible solution will be given in Section 6 below.

The remainder of this article is organised as follows. In the next section, we provide
definitions of the basic notions we require later on. Then, in Section 3, we give a brief
survey of related work. In Section 4, we explain by means of a simple example how
detecting tractability of an path-OMQ can be reduced to checking tractability of a CSP.
Then, in Section 5, we discuss how the program Polyanna [13], which was designed to
check tractability of CSPs, can be used in the context of our case study for detecting
whether answering a given OMQ with a 4-variable path CQ can be done in P or is
CONP-hard. In Section 6, we sketch direct proofs of CONP-hardness using a reduction
of 3SAT. In Section 7, we show how Polyanna can be used for constructing monadic
datalog rewritings of tractable OMQs. Finally, in the appendix, we summarise what we
know about the data complexity of answering the OMQs in the framework of our case
study.

2 Preliminaries

In this paper, a Boolean conjunctive query (CQ) is any first-order (FO) sentence of
the form q = ∃xϕ(x), where ϕ is a conjunction of unary or binary atoms whose
variables are all among x. We often regard CQs as sets of their atoms, depict them as
labelled digraphs, and assume that all of our CQs are connected as graphs. By a solitary
occurrence of F in a CQ q we mean any occurrence of F (x) in q, for some variable
x, such that T (x) /∈ q; likewise, a solitary occurrence of T in q is any occurrence
T (x) ∈ q such that F (x) /∈ q. We say that q is a path CQ if all the variables x0, . . . , xn
in q are ordered so that

– the binary atoms in q form a chain R1(x0, x1), . . . , Rn(xn−1, xn);
– the unary atoms in q are of the form T (xi) and F (xj), for some i and j with
0 ≤ i, j ≤ n.

By answering an ontology-mediated query (OMQ) Q = (T , q), where T is one of the
following ontologies (or TBoxes)

CovA = {A v F t T}, Cov⊥A = {A v F t T, F u T v ⊥},
Cov> = {> v F t T}, Cov⊥> = {> v F t T, F u T v ⊥},

we understand the problem of checking, given a data instance (or ABox) A, whether
q holds in every model of T ∪ A, in which case we write T ,A |= q. For every Q,
this problem is clearly in CONP for data complexity. It is in the complexity class AC0

if there is an FO-sentence q′, called an FO-rewriting of Q, such that T ,A |= q iff
A |= q′, for any ABox A.



A datalog program, Π , is a finite set of rules ∀x (γ0 ← γ1 ∧ · · · ∧ γm), where each
γi is an atom P (y) with y ⊆ x. (As usual, we omit ∀x.) The atom γ0 is the head of the
rule, and γ1, . . . , γm its body. All the variables in the head must occur in the body. The
predicates in the head of rules are IDB predicates, the rest EDB predicates [1].

A datalog query is a pair (Π,G), where Π is a datalog program and G an 0-ary
atom, the goal. The answer to (Π,G) over an ABox A is ‘yes’ if G holds in the FO-
structure obtained by closingA under Π , in which case we write Π,A |= G. A datalog
query (Π,G) is a datalog rewriting of an OMQ Q = (T , q) in case T ,A |= q iff
Π,A |= G, for any ABoxA. The answering problem for (Π,G)—i.e., checking, given
an ABox A, whether Π,A |= G—is clearly in P. Answering a datalog query with a
linear program, whose rules have at most one IDB predicate in the body, can be done
in NL. A datalog query is monadic if all of its IDB predicates are of arity at most 1.

3 Related Work

We begin by putting our case study problem into the context of more general investiga-
tions of (i) boundedness (i.e., equivalence to an FO-query) and linearisability of datalog
programs and (ii) the data complexity of answering OMQs with expressive ontologies.

The decision problem whether a given datalog program is bounded (equivalent to an
FO-query) has been a hot research topic in database theory since the late 1980s. Thus,
it was shown that boundedness is undecidable already for linear datalog programs with
binary IDB predicates [34] and single rule programs (aka sirups) [26]. On the other
hand, deciding boundedness is 2EXPTIME-complete for monadic datalog programs [12,
6] and PSPACE-complete for linear monadic programs [12]; for linear sirups, it is even
NP-complete [34].

The last two results are relevant to deciding FO-rewritability of OMQs (CovA, q),
where q has a single solitary F (see Section 2) and is called a 1-CQ. Indeed, suppose
that F (x) and T (y1), . . . , T (yn) are all the solitary occurrences of F and T in q. Let
Πq be a monadic datalog program with three rules

G← F (x), q′, P (y1), . . . , P (yn), (1)
P (x)← T (x), (2)
P (x)← A(x), q′, P (y1), . . . , P (yn), (3)

where q′ = q \{F (x), T (y1), . . . , T (yn)} and P is a fresh predicate symbol that never
occurs in our ABoxes. Then, for any ABox A, we have CovA,A |= q iff Πq,A |= G.
Thus, FO-rewritability of (CovA, q) is clearly related to boundedness of the sirup (3).

The problem of linearising datalog programs, that is, transforming them into equiv-
alent linear datalog programs, which are known to be in NL for data complexity, has
also attracted much attention [29, 31, 36, 2] after the Ullman and van Gelder pioneering
paper [33]. Here, Example 4 is very instructive: it is easy to construct Πq automatically
(either directly or by using the markability technique from [19] for disjunctive datalog),
but clearly some additional artificial intelligence is required to notice the Hint and use
it to produce a linear program. In Section 7, we show a datalog program for a similar
query, which is produced automatically from an arc consistency procedure; again, this
program is not linear but linearisable.



By establishing a remarkable connection to CSPs, it was shown in [8] that decid-
ing FO- and datalog-rewritability of OMQs with a SHIU ontology is NEXPTIME-
complete. This result is obviously applicable to our case study, and we shall discuss it
in detail in the next section.

An AC0/NL/P trichotomy for the data complexity of answering OMQs with an EL
ontology and atomic query, which can be checked in EXPTIME, was established in [23].
This result is applicable to OMQs (CovA, q), in which q is an F -tree having a single
solitary F (x) such that the binary atoms in q form a ditree with root x. Indeed, denote
by TQ the EL TBox with concept inclusions F u Cq v G′, T v P and A u Cq v P ,
where Cq is an EL-concept representing q \ {F (x)} with P for T (so for q of the form

F

x

FT

y1 y2

T

y3R1 R2 R3

Cq = ∃R1.(F u P u ∃R2.∃R3.P )). Then, for any ABox A that does not contain G′,
we have ΠQ,A |= G iff TQ,A |= ∃xG′(x).

Yet, despite all of these efforts and results (implying, in view of the recent positive
solution to the Feder-Vardi conjecture [9, 37], that there is a P/CONP dichotomy for
OMQs with SHIU ontologies, which is decidable in NEXPTIME), we are still lack-
ing simple and transparent, in particular syntactic, conditions guaranteeing this or that
data complexity or type of rewritability. Some results in this direction were obtained
in [17, 19]. That a transparent classification of monadic sirups according to their data
complexity has not been found so far and the close connection to CSPs indicate that this
problem is extremely hard in general.

In the next section, we illustrate how OMQs of the form (Cov⊥>, q) with a path CQ
q can be reduced to CSPs.

4 Converting Path OMQs to CSPs

In the context of our case study, we are interested in non-uniform CSPs. Let B be a fixed
relational structure which in this setting is called a template. Each template B gives rise
to the decision problem CSP(B) which is to decide, given an ABox A, whether there is
a homomorphism fromA to B, in which case we writeA → B. We show, following [8],
how given an OMQQ = (Cov⊥>, q) with a path CQ q, one can construct a template Bq
such that, for any data instanceA, we haveA → Bq iff Cov⊥>,A 6|= q. We illustrate the
construction of Bq using the CQ q below:

T T F F

R R R

The construction generalises to arbitrary path CQs in the obvious way and can be further
extended to OMQs with tree-shaped CQs.

First, we assign labels A, B and C to the first three vertices of q in the following
way:

C

T

B

T

A

F F

R R R

Then we construct the following disjunctive datalog program Π such that, for any A,



we have Cov⊥>,A |= q iff A, Π |= ∃xC(x):

A(x)← F (x), R(x, y), F (y) (4)
B(x)← T (x), R(x, y), F (y), A(y) (5)
C(x)← T (x), R(x, y), T (y), B(y) (6)

T (x) ∨ F (x)← (7)
⊥ ← T (x), F (x) (8)

(Informally, the labels A, B and C are used in Π to detect the query pattern in a data
instance step-by-step.)

We now construct the CSP template Bq using unary types for Π , which are sets t
of unary predicates in Π such that t contains either T or F , but not both of them, and
C /∈ t. Thus in this example the types are 8 specific subsets of {A,B,C, T, F} that are
used as vertex labels in Fig. 1 (talking about types, we often omit curly brackets and
commas, so, for example, FAB stands for {F,A,B}). In general, for a path CQ with n
variables there are 2n−1 types. Two types t1 and t2 are called R-compatible if the data
instance

{R(t1, t2)} ∪ {X(t1) | X ∈ t1} ∪ {Y (t2) | Y ∈ t2}
is a model of Π . The domain of the template Bq consists of the types for Π , unary
relations are interpreted in the natural way by TBq = {t | T ∈ t}, FBq = {t | F ∈ t},
and the binary relation is specified by RBq = {(t1, t2) | t1 and t2 are R-compatible}.

For the q above we obtain the template Bq shown on the left-hand side of Fig. 1,
where the vertices are labelled by the corresponding types. For example, there are no
edges between F and FB since the data instances {F (x), R(x, y), F (y), B(y)} and
{F (x), B(x), R(x, y), F (y)} do not satisfy the rule A(x) ← F (x), R(x, y), F (y), but
there is an edge from FA to F since the data instance {F (x), A(x), R(x, y), F (y)} is
a model of Π . One can see thatA, Π 6|= ∃xC(x) iffA → Bq , and so Bq is as required.

T

BT

AT

ABT

F

FB

FA

FAB

T

BT

F

FA

Fig. 1. CSP template Bq (left) and its core (right).



5 Enter Polyanna

To check whether CSP(Bq) is in P or CONP-hard, one can use the program Polyanna
[13]. Polyanna proceeds in two stages. First, it finds a core of the template Bq . We
remind the reader that a relational structure D′ is a core of a relational structure D if D′
is a minimal substructure of D that is homomorphically equivalent to D (in the sense
that D′ → D and D → D′). The process of constructing such a core by Polyanna is
called ‘squashing’. For example, it squashes the 8-vertex template Bq in Fig. 1 into the
core template with 4 vertices shown on the right-hand side of the figure.

Then Polyanna decides tractability or CONP-hardness of CSP(Bq) by checking
whether the core template has polymorphisms of certain types by constructing and solv-
ing the corresponding ‘indicator problems’ [18]. While doing this, Polyanna uses dif-
ferent decomposition techniques to reduce computation in the case when the indicator
problem has symmetries. The indicator problem for polymorphisms of arity k and cores
with d vertices, for a signature Γ , has k ·dk variables and ΣR∈Γ |R|k constraints. Given
a core template of size d, Polyanna considers polymorphisms of arity up to max(3, d).
In practice, for our use case, this implies that it can handle cores of size up to 4, but
runs out of memory for some cores of size ≥ 5.

It has recently been shown that tractability of CSP can be determined by considering
special polymorphisms of arity 4 that satisfy the identity f(y, x, y, z) = f(x, y, z, x);
they are called Siggers polymorphisms in [5]. However, we could not find any publicly
available implementations for these polymorphisms, and so Polyanna can be considered
as top-edge technology even if it is more than 15 years old. We conjecture that the
range of its applicability can be significantly extended by enhancing it with the ability
to search for Siggers polymorphisms.

We used Polyanna to classify the data complexity of OMQs Q = (Cov⊥>, q) with
path CQs q of length up to 4 (that is, with at most 4 variables).5

She correctly determined that all of them but four OMQs with two T -nodes and two
F -nodes are in P. For example, the OMQ with the CQ

T T F T

and the core CSP template B shown below was classified as tractable.

T

F

TB

FA

In Section 7, we illustrate how Polyanna’s output can be used to construct a monadic
datalog-rewritings of OMQs.

Polyanna also managed to determine that the CQs q1 and q2 below give CONP-hard
OMQs:

5 Path CQs of length 5 produce templates of size 16, and it takes over an hour to detect its core.



q1
T T F F

q2
T F T F

q3
T F F T

In fact, the CSP templates for q1 and q2 have a 4-vertex core, while CSP(Bq3 ) has the
following core with five vertices:

TF

FB

FA

FAB

which turned out to be too hard for Polyanna.
In the next section, we sketch direct proofs of CONP-hardness of answering the

three OMQs Qi = (Cov⊥>, qi), for i = 1, 2, 3, by reduction of 3SAT. The conaisseurs
might find it instructive to compare the gadgets used in those proofs with the general
machinery of pp-interpretations coming from universal algebra.

6 Three CONP-hard OMQs

Consider first the OMQ Q1 = (Cov⊥>, q1). For every propositional variable p in a
given 3CNF ψ, we construct a ‘gadget’ shown in the picture below, where the number
of vertices above each of the circles matches the number of clauses in ψ; we refer to
these vertices as p-contacts and, respectively, ¬p-contacts:

F F

T T

T

F T

F T

F T

F

... ...

p-contacts ¬p-contacts

p ¬p

Observe that, for any model I of Cov⊥> based on the constructed gadget for p, if I 6|= q1
then either (i) the p-contacts are all in F I and the ¬p-contacts are all in T I , or (ii) the
p-contacts are all in T I and the ¬p-contacts are all in F I .

Now, for every clause c = (l1 ∨ l2 ∨ l3) in ψ with literals li, we add to the con-
structed gadgets the atoms T (c), R(c, ac¬l1), R(a

c
¬l1 , a

c
l2
), R(acl2 , a

c
l3
), where c is a new

individual, ac¬l1 a fresh ¬l1-contact, acl2 a fresh l2-contact, and acl3 a fresh l3-contact.
For example, for the clause c = (p ∨ q ∨ r), we obtain the fragment below:



T ac¬p acq acr

T

F T

F T

F T

F T

F T

F

¬p q r

The resulting ABox is denoted by Aψ . The reader can check that ψ is satisfiable iff
Cov⊥>,Aψ 6|= q1. It follows that answeringQ1 is CONP-hard.

Next, consider the OMQ Q2 = (Cov⊥>, q2). Similarly to the previous case, for
every variable p occurring in ψ, we take the following p-gadget, where n is the number
of clauses in ψ:

a1 . . . an

F

T

cn. . .c1

F

T

T

F

T

F

T

F

T

F

T

F

F

T

F

T

F

T

F

T

F

T

b1 . . . bn

T

F

dn
. . .d1

T

F

T

F

T

F

T

F

T

F

T

F

F

T

F

T

F

T

F

T

F

T

F

T

p ¬p

The key property of the p-gadget is that, for any model I of Cov⊥> based on this gadget,
if I 6|= q2 then either the vertices without labels on left-hand side of the gadget are all
in T I and the vertices without labels on the right-hand side are all in F I , or the other
way round. We refer to the ai and bi as p↑- and ¬p↑-contacts, and to the ci and di as
p↓- and ¬p↓-contacts, respectively.

Now, for every clause c = (l1 ∨ l2 ∨ l3) in ψ, we add to the constructed gadgets for
the variables in ψ the atoms R(uc¬l1 , v

c
l2
), R(vcl2 , c), T (c), R(c, w

c
l3
), where c is a new

individual, uc¬l1 a fresh ¬l↑1-contact, vcl2 a fresh l↓2-contact, and wcl3 a fresh l↓3-contact.
For example, for the clause c = (p ∨ q ∨ ¬r), we obtain the fragment below:

bi cj

T

c dk

¬p q ¬r

The resulting ABox Aψ is such that ψ is satisfiable iff Cov⊥>,Aψ 6|= q2.
Finally, for the OMQQ3 = (Cov⊥>, q3), we use the following p-gadget:



a1 . . . an

F

T

cn. . .c1

F

T F

T

F

T

F

T

F

T

F

T

F

T

F

T

F

T

F

T

F

T

b1 . . . bn

F

T

dn
. . .d1

F

T

F

T

F

T

F

T

F

T

F

T

F

T

F

T

F

T

F

T

F

T

F F

p ¬p

and a similar encoding of clauses. The only difference occurs at the individual c in the
clause gadget where we place an F -atom instead of a T -atom.

7 Monadic Datalog Rewritings based on Arc Consistency

For tractable OMQs, Polyanna outputs semilattice functions, which guarantee that the
classical arc-consistency check gives correct answers to these OMQs; see [21] for a sur-
vey of different arc-consistency routines. The classical arc-consistency procedure can
be interpreted as a monadic datalog program, which gives a monadic datalog-rewriting
of the OMQ in question. It may be instructive to have a look at the monadic datalog
program for the CQ

T

x

F

y z

F

R R

which is dual to the one in Example 4. Below is a 3-vertex core of the template for this
query:

T

AF

F

The idea of arc-consistency is to introduce an IDB predicate P for each subset of
vertices in the template, with the intuitive meaning that P should hold of a constant c in
a given data instance iff it follows that c must be mapped by a homomorphism within
the set corresponding to P . Using semilattice function, one can prove that the CSP does
not have a solution iff we can deduce the predicate that corresponds to the empty set.

To make our monadic datalog program more readable, we associate predicate names
P,Q, T ′, F ′, F0 etc. to sets of types according to the table below. The table also shows
the R-image of any set X (the set of all vertices that are R-accessible from X) and its
R-pre-image (the set of all vertices from whichX isR-accessible) encoded as predicate



names:

predicate subset of vertices R-image R-pre-image
P {T, F} P 1
T ′ {T} P 1
F ′ {AF,F} 1 Q
Q {T,AF} 1 1
F0 {F} T Q
F1 {AF} 1 F1

1 {AF,A, T} 1 1

Then we have the following program for arc-consistency. The first two rules say that
T and F should be preserved. The next rules say ‘if X is the R-pre-image of Y , then
we should have the rule X(x) ← R(x, y), Y (y)’ (second group), ‘if Z is the R-image
of Y , then we should have the rule X(z)← Y (y), R(y, z) (third group). We also have
rules for Boolean reasoning: if X ⊆ Y , then we add Y (z)← X(z); and if Z = X ∩Y ,
we have the rule Z(z)← X(z), Y (z). Finally, we have rules with the goal predicate in
the head for disjoint X and Y . Here goes the program:

T ′(x)← T (x) (9)
F ′(x)← F (x) (10)

P (y)← T ′(x), R(x, y) (11)
Q(x)← R(x, y), F0(y) (12)
F1(x)← R(x, y), F1(y) (13)
P (y)← P (x), R(x, y) (14)
Q(x)← R(x, y), F ′(y) (15)

F ′(x)← F1(x) (16)
F ′(x)← F0(x) (17)
Q(x)← F1(x) (18)
P (x)← F0(x) (19)
Q(x)← T ′(x) (20)
P (x)← T ′(x) (21)

T ′(x)← Q(x), P (x) (22)
F0(x)← P (x), F ′(x) (23)
F1(x)← Q(x), F ′(x) (24)

G← F1(x), P (x) (25)
G← T ′(x), F ′(x) (26)
G← Q(x), F0(x) (27)

To illustrate, consider the following data instance
T

x0 x1

F

x2

F

x3



Then rule (9) produces T ′(x0), rule (11) produces P (x1), and rule (14) produces P (x2)
and P (x3). On the other hand, rule (10) produces F ′(x3) and F ′(x2), and so rule (23)
produces F0(x2) and F0(x3). Now rule (12) produces Q(x2), which gives us G by rule
(27).

However, the program returns ‘no’ on the following data instance (it still produces
P (x3) and Q(x2), but now instead of G it produces T ′(x2)):

T

x0

F

x1 x2

F

x3

8 Appendix

We conclude this article with a brief appendix that summarises what is known about the
data complexity of answering the OMQs in the framework of our case study. For more
details and proofs the reader is referred to [15, 14, 16].

We classify the OMQs according to the number of occurrences of solitary F in their
CQs (the case of solitary T is symmetric).

8.1 0-CQs

By a 0-CQ we mean any CQ that does not contain a solitary F . A twin in a CQ q is any
pair F (x), T (x) ∈ q. Here is an encouraging syntactic criterion of FO-rewritability for
OMQs of the form (Cov⊥A, q):

Theorem 1. (i) If q is a 0-CQ, then answering both (Cov⊥A, q) and (CovA, q) is in
AC0, with q being an FO-rewriting of these OMQs.

(ii) If q is not a 0-CQ and does not contain twins, then answering both (Cov⊥>, q)
and (Cov>, q) is L-hard.

Corollary 1. An OMQ (Cov⊥A, q) is in AC0 iff q is a 0-CQ, which can be decided in
linear time.

Theorem 1 (i) generalises to OMQs with ontologies Covn = {A v B1t· · ·tBn},
for n ≥ 2:

Theorem 2. Suppose q is any CQ that does not contain an occurrence of Bi, for some
i (1 ≤ i ≤ n). Then answering the OMQQ = (Covn, q) is in AC0.

Thus, only those CQs can ‘feel’ Covn as far as FO-rewritability is concerned that
contain all the Bn (which makes them quite complex in practice).

If twins can occur in CQs (that is, F and T are not necessarily disjoint), the picture
becomes more complex. On the one hand, we have the following criterion for OMQs
(CovA, q) with a path CQ q whose variables x0, . . . , xn in q are ordered so that the
binary atoms in q form a chain R1(x0, x1), . . . , Rn(xn−1, xn).

Theorem 3. An OMQ (CovA, q) with a path CQ q is in AC0 iff q is a 0-CQ. If q
contains both solitary F and T , then (CovA, q) is NL-hard.



On the other hand, this AC0/NL criterion collapses for path CQs with loops:

Proposition 1. The OMQ (CovA, q), where q is shown below, is in AC0.

FT

R

T F FT

SR R S S

Note that the CQ q above is minimal (not equivalent to any of its proper sub-CQs).
Note also that, if a minimal 1-CQ q contains both a solitary F and a solitary T , then
FO-rewritability of (CovA, q) implies that q contains at least one twin (FT ) and at least
one y with T (y) /∈ q and F (y) /∈ q (which can be shown using Theorem 7 (i)).

8.2 1-CQs

1-CQs have exactly one solitary F . We now complement the sufficient conditions of L-
and NL-hardness from Section 8.1 with sufficient conditions of OMQ answering in L-
and NL.

A 1-CQ q′(x, y) is symmetric if the CQs q′(x, y) and q′(y, x) are equivalent in the
sense that q′(a, b) holds inA iff q′(b, a) holds inA, for any ABoxA and a, b ∈ ind(A).

Theorem 4. LetQ = (CovA, q) be any OMQ such that

q = ∃x, y (F (x) ∧ q′1(x) ∧ q′(x, y) ∧ q′2(y) ∧ T (y)),

for some connected CQs q′(x, y), q′1(x) and q′2(y) that do not contain solitary T and
F , and q′(x, y) is symmetric. Then answeringQ can be done in L.

If we do not require q′(x, y) to be symmetric, the complexity upper bound increases
to NL:

Theorem 5. LetQ = (CovA, q) be any OMQ such that

q = ∃x, y (F (x) ∧ T (y) ∧ q′(x, y)),

for some connected CQ q′(x, y) without solitary occurrences of F and T . Then answer-
ingQ can be done in NL.

By an F -tree CQ we mean a CQ q having a single solitary F (x) such that the binary
atoms in q form a ditree with root x.

Theorem 6. (i) Answering any OMQ (CovA, q) with a 1-CQ q can be done in P.
(ii) Answering any OMQ (CovA, q) with an F -tree q is either in AC0 or NL-

complete or P-complete. The trichotomy can be decided in EXPTIME.

Theorem 6 (ii) was proved by a reduction to the AC0/NL/P-trichotomy of [23].
It is to be noted, however, that applying the algorithm from [23] in our case is tricky
because the input ontology must first be converted to a normal form. As a result, we do
not obtain transparent syntactic criteria on the shape of q that would guarantee that the
OMQ (CovA, q) belongs to the desired complexity class.



We now give a semantic sufficient condition for an OMQ with a 1-CQ to lie in NL.
This condition uses ideas and constructions from [12, 23]. Let Q = (CovA, q) be an
OMQ with a 1-CQ q having a solitary F (x). Define by induction a class KQ of ABoxes
that will be called cactuses for Q. We start by setting KQ := {q}, regarding q as an
ABox, and then recursively apply to KQ the following two rules:

(bud) if T (y) ∈ A ∈ KQ with solitary T (y), then we add to KQ the ABox obtained by
replacing T (y) in A with (q \ F (x)) ∪ {A(x)}, in which x is renamed to y and all
of the other variables are given fresh names;

(prune) if CovA,A′ |= Q, whereA′ = A\{T (y)} and T (y) is solitary, we add to KQ
the ABox obtained by removing T (y) from A ∈ KQ.

It is readily seen that, for any ABoxA′, we have CovA,A′ |= Q iff there existA ∈ KQ
and a homomorphism h : A → A′. Denote by K†Q the set of minimal cactuses in KQ
(that have no proper sub-cactuses in KQ).

For a cactus C ∈ KQ, we refer to the copies of (maximal subsets of) q that comprise
C as segments. The skeleton Cs of C is the ditree whose nodes are the segments s of
C and edges (s, s′) mean that s′ was attached to s by budding. The atoms T (y) ∈ s
are called the buds of s. The rank r(s) of s is defined by induction: if s is a leaf, then
r(s) = 0; for non-leaf s, we compute the maximal rank m of its children and then set

r(s) =

{
m+ 1, if s has ≥ 2 children of rank m;
m, otherwise.

The width of C and Cs is the rank of the root in Cs. We say that K†Q is of width k if it
contains a cactus of width k but no cactus of greater width. The depth of C and Cs is the
number of edges in the longest branch in Cs.

We illustrate the definition by an example. Denote by qTnT , for n ≥ 0, the 1-CQ
shown below, where all the binary predicates are R and the n variables without labels
do not occur in F - or T -atoms:

F T T

n

. . .

Example 6. LetQ = (Cov>, qT1T ). In the picture below, we show a cactus C obtained
by applying (bud) twice to qT1T (with A = > omitted):

F T

z

T

T T

One can check that Cov>, C \ {T (z)} |= qT1T , and so an application of (prune) will
remove T (z) from C. Using this observation, one can show that K†Q is of width 1. On



the other hand, if Q = (CovA, qT1T ) then K†Q is of unbounded width as follows from
Theorem 9 below.

Theorem 7. LetQ = (CovA, q) be an OMQ with a 1-CQ q. Then
(i)Q is in AC0 iff for every C ∈ K†Q, there is a homomorphism h : q → C;

(ii)Q is rewritable in linear datalog, and so is in NL, if K†Q is of bounded width.

It is worth noting that, forQ = (Cov>, q) with q from Proposition 1, K†Q consists of
q and the cactus of depth 1, in which the only solitary T is removed by (prune). Clearly,
there is a homomorphism from q into this cactus, and soQ is FO-rewritable. However,
for the 1-CQ q in the picture below (where all edges are bidirectional), (Cov>, q) is not
FO-rewritable, but there is a homomorphism from q to both cactuses of depth 1. We
do not know whether, in general, there is an upper bound Nq such that the existence of
homomorphisms h : q → C, for all C ∈ KQ of depthNq , would ensure FO-rewritability
of (CovA, q). For 1-CQs q with a single solitary T , one can take Nq = |q|+1. Neither
do we know the exact complexity of deciding FO-rewritability of OMQs with 1-CQs.
As mentioned in Section 3, this problem is reducible to the boundedness problem for
monadic datalog programs, which is known to be in 2EXPTIME.

T
FT FT

T
FT FT

F

S S S R Q R

Q

S R,Q R,Q

S S R Q R Q

R

S R,Q R,Q

S

Theorem 7 (ii) allows us to obtain a sufficient condition for linear-datalog rewritabil-
ity of OMQs (CovA, q) with an F -path CQ q, that is, a path CQ with a single solitary
F at its root. We represent such a q as shown in the picture below, which indicates all
the solitary occurrences of F and T :

q =
F

x

T

y1

T

yi

T

ym ym+1

. . . . . . . . . . . .

We require the following sub-CQs of q:

– qi is the suffix of q that starts at yi, but without T (yi), for 1 ≤ i ≤ m;
– q∗i is the prefix of q that ends at yi, but without F (x) and T (yi), for 1 ≤ i ≤ m;
– q∗m+1 is q without F (x),

and write fi : qi � q if fi is a homomorphism from qi into q with fi(yi) = x.

Theorem 8. If for each 1 ≤ i ≤ m there exist fi : qi � q, then (CovA, q) is rewritable
into a linear datalog program, and so is NL-complete.

For F -path CQs q without twins, we extend Theorem 8 to a NL/P dichotomy (pro-
vided that NL 6= P). Given such a CQ q, we denote by Nq the set of the numbers
indicating the length of the path from x to each of the yi, i = 1, . . . ,m+ 1.



Theorem 9. Let Q = (CovA, q) be an OMQ where q is an F -path CQ without twins
having a single binary relation. The following are equivalent unless NL = P:

(i) Q is NL-complete;
(ii) {0} ∪Nq is an arithmetic progression;
(iii) there exist fi : qi � q for every i = 1, . . . ,m.

If these conditions do not hold, thenQ is P-complete.

Note that the proof of P-hardness in Theorem 9 does not go through for A = >.
Thus, for (Cov>, qT1T ), we are in the framework of Example 6 and, by Theorem 7 (ii),
this OMQ is in NL. In fact, we have the following NL/P dichotomy for the OMQs of
the formQ = (Cov>, qTnT ):

– either n is equal to 1, and answeringQ is in NL,
– or n ≥ 2, and answeringQ is P -hard.

Proposition 2. Answering the OMQ (Cov>, qT1T ) is NL-complete.

Theorem 10. The OMQs (Cov>, qTnT ) (and (CovA, qTnT )), for n ≥ 2, are P-complete.

On the other hand we have:

Proposition 3. Answering the OMQ (CovA, qT1T ) is P-complete.

We now apply Theorem 7 (ii) to the class of TF -path CQs of the form

qTF =
T

y0

F

x

T

y1

T

ym ym+1

. . . . . . . . . . . .

where the T (yi) and F (x) are all the solitary occurrences of T and F in qTF . We
represent this CQ as

qTF = {T (y0)} ∪ q0 ∪ q,

where q0 is the sub-CQ of qTF between y0 and x with T (y0) removed and q is the
same as in Theorem 8 (and q∗m+1 is q without F (x)).

Theorem 11. If q satisfies the condition of Theorem 8 and there is a homomorphism
h : q∗m+1 → q0 such that h(x) = y0, then answering (CovA, qTF ) is NL-complete.

For example, the OMQ (CovA, q) with q shown below is NL-complete:
T FT F T

On the other hand, we have the following:

Proposition 4. Answering the OMQs (CovA, q) and (Cov>, q) is P-complete for q of
the forms

T F T

R R

T T F

S R



8.3 2-CQs

A 2-CQ has at least two solitary F and at least two solitary T . We have the following
generalisations of the CONP-hardness results from Section 6 for the the OMQs Qj =

(Cov⊥>, qj), for j ∈ {1, 2, 3}:
Consider the 2-2-CQs, which are path 2-CQs where all the F are located after all

the T , and every occurrence of T or F is solitary. We represent any given 2-2-CQ q as
shown below

T

x

T

y

F

z

F

wp r s u v

where p, r, u and v do not contain F and T , while s may contain solitary occurrences
of both T and F (in other words, the T shown in the picture are the first two occurrences
of T in q and the F are the last two occurrences of F in q). Denote by qr the suffix of
q that starts from x but without T (x); similarly, qu is the suffix of q starting from z but
without F (z). Denote by q−r the prefix of q that ends at y but without T (y); similarly,
q−u is the prefix of q ending at w but without F (w). Using the construction from [15],
one can show the following:

Theorem 12. Any OMQ (CovA, q) with a 2-2-CQ q is CONP-complete provided the
following conditions are satisfied: (i) there is no homomorphism h1 : qu → qr with
h1(z) = x, and (ii) there is no homomorphism h2 : q

−
r → q−u with h2(y) = w.

We do not know yet whether this theorem holds for Cov> in place of CovA.
In Theorem 13 and 14, we assume that p and v do not contain F and T , while

r and u may only contain solitary occurrences of T (F 6∈ r,u), and s only solitary
occurrences of F (T 6∈ s).

Theorem 13. Any OMQ (CovA, q) with q of the form
T

x

F

y

F

z

T

wp r s u v

is CONP-complete provided the following conditions are satisfied: (i) there is no ho-
momorphism h1 : rt → u with h1(y) = w, and (ii) there is no homomorphism
h2 : ut → r with h2(z) = x, where r is the sub-CQ of q between x and y without
T (x), F (y), and similarly for u, rt is r with T (x) and ut is u with T (w).

In Theorem 14, we use rext = r(x, y) ∧ T (y) ∧ s1(y, y1) ∧ F (y1), where s1 is
the part of s such that s(y, z) = s1(y, y1) ∧ F (y1) ∧ s2(y1, z) and s1(y, y1) does not
contain any occurrences of F . In other words, the variable y1 corresponds to the first
appearance of F in s, where s is the sub-CQ of q between y and z without F (y), T (z).

Theorem 14. Any OMQ (CovA, q) with q of the form
T

x

F

y

T

z

F

wp r s u v

is CONP-complete provided the following conditions hold: (i) there is no homomor-
phism g1 : rt → u with g1(y) = w, and (ii) there is no homomorphism g2 : u → rext

with g2(z) = x and g2(w) = y1.
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