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—— Abstract

Our concern is the problem of determining the data complexity of answering an ontology-mediated
query (OMQ) given in linear temporal logic LTL over (Z, <) and deciding whether it is rewritable to an
FO(<)-query, possibly with extra predicates. First, we observe that, in line with the circuit complexity
and FO-definability of regular languages, OMQ answering in AC°, ACC® and NC' coincides
with FO(<, =)-rewritability using unary predicates x = 0 (mod n), FO(<, MOD)-rewritability, and
FO(RPR)-rewritability using relational primitive recursion, respectively. We then show that deciding
FO(<)-, FO(<,=)- and FO(<, MOD)-rewritability of LTL OMQs is EXPSPACE-complete, and that
these problems become PSPACE-complete for OMQs with a linear Horn ontology and an atomic
query, and also a positive query in the cases of FO(<)- and FO(<, =)-rewritability. Further, we
consider FO(<)-rewritability of OMQs with a binary-clause ontology and identify OMQ classes, for
which deciding it is PSPACE-, II5- and cONP-complete.
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1 Introduction

Motivation. The problem we consider in this paper originates in the area of ontology-based
data access (OBDA) to temporal data. The aim of the OBDA paradigm [44,61] and systems
such as Mastro or Ontop! is to facilitate management and integration of possibly incomplete
and heterogeneous data by providing the user with a view of the data through the lens of a
description logic (DL) ontology. Thus, the user can think of the data as a ‘virtual knowledge
graph’ [62], A, whose labels—unary and binary predicates supplied by an ontology, O—are
the only thing to know when formulating queries, ». Ontology-mediated queries (OMQs)
g = (O, ») are supposed to be answered over A under the open world semantics (taking
account of all models of @ and A), which can be prohibitively complex. So the key to
practical OBDA is ensuring first-order rewritability of q (aka boundedness in the datalog
literature [1]), which reduces open-world reasoning to evaluating an FO-formula over A. The
W3C standard ontology language OWL 2 QL for OBDA is based on the DL-Lite family of
DL [3,19], which uniformly guarantees FO-rewritability of all OMQs with a conjunctive query.
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Other ontology languages with this feature include various dialects of tgds; see, e.g., [8,18,22].
However, by design such languages are rather inexpressive.

Theory and practice of OBDA have revived the interest to the problem of deciding
whether an OMQ given in some expressive language is FO-rewritable, which was thoroughly
investigated in the 1980-90s for datalog queries; see, e.g., [2,24,42,53,55]. The data complexity
and rewritability of OMQs in various DLs and disjunctive datalog have become an active
research area in the past decade [15,27,31,41], lying at the crossroads of logic, database
theory, knowledge representation, circuit and descriptive complexity, and CSP.

There have been numerous attempts to extend ontology and query languages with
constructors capable of representing events over temporal data; see [6,40] for surveys
and [16,59,60] for more recent developments. However, so far the focus has been on the uniform
complexity of reasoning with arbitrary ontologies and queries in a given language rather than
on understanding the data complexity and FO-rewritability of individual temporal OMQs.
On the other hand, the non-uniform analysis of OMQs in DLs or datalog mentioned above is
not applicable to standard temporal logics interpreted over linearly-ordered structures.

In this paper, we take a first step towards understanding the problem of FO-rewritability
of OMQs over temporal data by focusing on the temporal dimension and considering OMQs
given in linear temporal logic LTL interpreted over (Z, <).

» Example 1. Let O be an LTL ontology with the following axioms (describing a system’s
behaviour and) containing the temporal operators Oz /O, (always in the future/past), Or /O
(sometime in the future/past) and Op/Op (the next/previous minute):

Op O ( Malfunction — O Fized), (1)
O, Or (Fized — Og InOperation), (2)
0,05 (Malfunction A Op Malfunction A OF Malfunction — ﬁOFInOpemtion) . (3)

We query temporal data, say
A = {Malfunction(2), Malfunction(5), Malfunction(6), Fized(6), Malfunction(7)}
by means of LTL-formulas such as

s = OpOp (Malfunction A \/ Ol (Fized N \/ ~OjJ InOperation))

1<i<5 1<5<5

asking whether there was a malfunction that was fixed in < 5m but within the next 5m the
equipment went out of operation again. The certain answer to the OMQ g = (O, ») over A
is yes because s is true in all models of O and A. It is readily seen that the certain answer
to g over any given data instance A’ in the signature { Malfunction, Fized} can be computed
by evaluating over A’ the following FO(<)-sentence, called an FO(<)-rewriting of g:

Jx [Malfunction(z) A \/ (Fized(z + i) A \/ /\ Malfunction(x + i+ j — k))].
1<i<5 1<5<50<k<2

Problem and related work. The problem we are interested in can be formulated in
complexity-theoretic terms: given an LTL OMQ g, determine the data complexity of answer-
ing q over any data instance A in a given signature =. For simplicity’s sake, let us assume
that g is Boolean (with a yes/no answer). Then the data instances A over which the answer
to q is yes form a language L(q) over the alphabet 2=. In fact, using the automata-theoretic
view of LTL [58], one can show that L(q) is regular, and so can be decided in NC! [9,11].
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class of OMQs FO(<) FO(<,=), AC® | FO(<,MOD), ACC"
LTLj,,,,, OMAQs

LTL; 0, OMPEQs EXPSPACE EXPSPACE EXPSPACE
LTL,S, OMQs

linear LTL;,,,,, OMAQ PSPACE

linear LTLS.... OMPQs | T OPACE PSpace ?

LTLS,,, OMAQs CONP

LTLS,. OMPEQs I all in AC? [7] -

LTLS,, OMPQs PSPACE

Table 1 Complexity of deciding FO-rewritability of LTL OMQs.

The circuit and descriptive complexity of regular languages was investigated in [10,51], which
established an AC? / ACCY / NC! trichotomy, gave algebraic characterisations of languages in

these classes (implying that the trichotomy is decidable) and also in terms of extensions of FO.

Namely, the languages in AC? are definable by FO(<, =)-sentences with unary predicates
z = 0(mod n); those in ACC? are definable by FO(<, MOD)-sentences with quantifiers
Frxp(x) checking whether the number of positions satisfying ¢ is divisible by n; and all
regular languages are definable in FO(RPR) with relational primitive recursion [23].

Thus, our problem can be equivalently formulated in logic terms: given an LTL OMQ g,
decide whether L(q) is FO(<,=)- or FO(<, MOD)-definable. In the OBDA context, we are
also interested in FO(<)-definability (without any extra predicates, quantifiers or recursion),
which has been thoroughly investigated in both automata theory and logic; see, e.g., [26]
and references therein. In particular, deciding FO(<)-definability of regular languages is
known to be PSPACE-complete [14,21,49]. Note also that, by Kamp’s Theorem [35,45],
FO(<)-rewritability reduces answering LTL OMQs to model checking LTL-formulas.

Our contribution. Let £ € {FO(<),FO(<,=),FO(<,MOD)}. First, using results of [9,10],
we obtain criteria of £-definability of DFAs in terms of their transition monoids, which are
then applied to show that deciding L-definability of the language of a given 2NFA can be
done in PSPACE. We also establish a matching lower bound for minimal DFAs. These results
have been known for £ = FO(<) and DFAs/NFAs [14,21,49]—but otherwise are novel.

To investigate L-rewritability of LTL OMQs g = (O, »), we follow the classification of [7],
according to which the axioms of every LTL ontology O are given in the clausal form

00 (C1 A+ ACl = Crga V-V Chim), (4)

where the C; are atoms, possibly prefixed by the temporal operators Op, Op, Or, Op. Given
some o € {0,0,00} and ¢ € {bool, horn, krom, core}, we denote by LTL? the fragment of
LTL with clauses of the form (4), where the C; can only use the (future and past) operators
indicated in 0, and m < 1if ¢ = horn; k+m < 2if ¢ = krom; k+m < 2and m < 1 if ¢ = core;
and arbitrary k, m if ¢ = bool. If o is omitted, the C; are atomic. An LTL? . -ontology O is
linear if, in each of its axioms (4), at most one C;, for 1 < i < k, can occur on the right-hand
side of an axiom in O (is an IDB predicate, in datalog parlance). We distinguish between
arbitrary LTL2 OMQs q = (O, ), where O is any LTL? ontology and s any LTL-formula
with O-, O- and <-operators; positive OMQs (OMPQs), where s is —, —-free; existential
OMPQs (OMPEQs) with O-free s; and atomic OMQs (OMAQs) with atomic .

The main result of this paper is the tight complexity bounds on deciding L-rewritability
(and so data complexity) of LTL OMQs in various classes defined above, which are summarised
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in Table 1. The EXPSPACE upper bound in the first stripe is shown using our £-definability
criteria and exponential-size NFAs for LTL akin to those in [57]; in the proof of the matching

lower bound, an exponential-size automaton is encoded in a polynomial-size ontology. If the
o

rorn, OMAQ is linear, we show that its language (yes-data instances) can

ontology in an LTL
be captured by a polynomial-size 2NFA, which allows us to reduce the complexity of deciding
L-rewritability to PSPACE. However, for linear LTLS,,, OMPQs (with more expressive
queries ), the existence of polynomial-size 2NFAs remains open; instead, we show how the
structure of the canonical (minimal) models for LTLj,, ..-ontologies can be utilised to yield a
PSPACE algorithm. In the third stripe of the table, we deal with binary-clause ontologies.
The CONP-completeness of deciding FO-rewritability of LTL{,).,, OMAQs is established using
unary NFAs and results from [50]. The IT5-completeness for LTLS, . OMPEQs (without V in
ontologies but with A, V, ¢ in queries) and the PSPACE-completeness for LT Lare OMPQs
(admitting O in queries, too) can be explained by the fact that the combined complexity
of answering such OMPEQs and OMPQs is, respectively, NP- and PNP[O(log n)]-complete
(like validity in Carnap’s modal logic [32]), rather than tractable as in the previous case.
It might be of interest to compare the results in Table 1 with the complexity of deciding
FO-rewritability (aka boundedness) of datalog queries, which is
— undecidable for linear datalog queries with binary predicates and for ternary linear datalog
queries with a single recursive rule [33,43];
— 2NEXPTIME-complete for monadic disjunctive datalog queries [17,27];
— 2ExPTIME-complete for monadic datalog queries [12,24];
— PSpPaCE-complete for linear monadic programs [24,54];

— NP-complete for linear monadic single rule programs [55].

2 Preliminaries: LTL OMQs

In our setting, the alphabet of linear temporal logic LTL comprises a set of atomic concepts
A;, i < w. Basic temporal concepts, C, are defined by the grammar

C u= A | 0,0 | 0,0 | O.C | OC

with the temporal operators Op /0, (always in the future/past) and Or/Op (at the next/
previous moment). A temporal ontology, O, is a finite set of axzioms of the form

Cin--ANCp = Crs1 V-V Chim, 5)

where k,m > 0, the C; are basic temporal concepts, the empty A is T, and the empty V is L.
Following the DL-Lite convention [3,5], we classify ontologies by the shape of their axioms
and the temporal operators that can occur in them. Suppose ¢ € {horn, krom, core, bool}
and o € {0,0,00}. The axioms of an LTLZ-ontology may only contain occurrences of the
(future and past) temporal operators in o and satisfy the following restrictions on & and m
in (5) indicated by e: horn requires m < 1, krom requires k +m < 2, core both k +m < 2
and m < 1, while bool imposes no restrictions. For example, axiom (2) from Example 1 is
allowed in all of these fragments, (3) is equivalent to a Horn axiom (with L on the right-hand
side), and (1) can be expressed in Krom as explained in Remark 3 below. A basic concept
is called an IDB (intensional database) concept in an ontology O if its atom occurs on the
right-hand side of some axiom in O. The set of IDB atomic concepts in O is denoted by
idb(O). An LTL7 . -ontology is called linear if each of its axioms C1 A -+ A Cr — Cii1
contains at most one IDB concept C;, for 1 < < k.
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A data instance—ABoz in description logic parlance—is a finite set A of atoms A;(¢),
for ¢ € Z, together with a finite interval tem(A) = [m, n] C Z, called the active domain of A,
such that m < ¢ <n, for all A;(¢) € A. If A =0, then tem(A) may also be (). Otherwise,
we assume (without loss of generality) that m = 0. If tem(A) is not specified explicitly,
it is assumed to be either empty or [0, n], where n is the maximal timestamp in A. By a
signature, =, we mean any finite set of atomic concepts. An ABox A is said to be a Z-ABozx
if A;(¢) € A implies A; € E.

We query ABoxes by means of temporal concepts, s, which are LTL-formulas built from
the atoms A;, Booleans A, V, =, temporal operators Op, Oz, <p (eventually) and their
past-time counterparts Op, Op, <p (previously). If s¢ does not contain —, we call it positive;
if ¢ does not contain O, and O, either, we call positive existential.

An dnterpretation is a structure Z = (Z, AL, AT,...) with AT C Z, for every i < w. The
extension »* of a temporal concept » in 7 is defined inductively as usual in LTL under the
‘strict semantics’ [25,30]:

(Ors)f ={neZ|n+1esx},
(DF%)IZ{TLEZ|]€€%I, forallk>n},
(Ops)t = {n € Z|thereis k > n with k € 5" },

and symmetrically for the past-time operators. We regard Z,n |= 5 as synonymous to n € »7.
We say that an axiom (5) is true in Zif Cf N---NCE € CE U---UCL,,,, that is, if it
holds at every moment of time; cf. (4). An interpretation Z is a model of O if all axioms of
O are true in Z; it is a model of A if A;(¢) € A implies ¢ € AZ.

An LTLZ ontology-mediated query (OMQ) is a pair of the form g = (O, »), where O is an
LTL? ontology and s a temporal concept. If s is positive, we call g a positive OMQ (OMPQ,
for short), if s is positive existential, we call g a positive existential OMQ (OMPEQ), and if
» is an atomic concept, we call g atomic (OMAQ). The set of atomic concepts occurring in
q is denoted by sig(q).

We can treat q as a Boolean OMQ, which returns a yes/no answer, or as a specific
OMQ), which returns timestamps from the ABox in question assigned to the free variable,
say z, in the standard FO-translation of ». In the latter case, we write q(x) = (O, s(z)).
More precisely, a certain answer to a Boolean OMQ g = (O, ») over an ABox A is yes if|
for every model Z of O and A, there is k € Z such that k € s, in which case we write
(0, A) |= Jzse(x). If (O, A) = Jxse(x), the certain answer to g over A is no. We write
(0, A) | x(k), for k € Z, if k € 5T in all models Z of O and A. A certain answer to a specific
OMQ gq(z) = (O, 5(x)) over A is any k € tem(A) with (O, A) |= (k). By the evaluation (or
answering) problems for q or q(x) we understand the decision problem (O, A) =7 3xs(x)’
or (0, A) =’ (k)" with input A or, respectively, A and k € tem(A). We say that q or q(x)
is in a complexity class C if the corresponding evaluation problem is in C.

» Example 2. (i) Suppose O1 = {4 — 0,B, 0,B — C} and q; = (O1,C A D). The certain
answer to g, over A; = {D(0), B(1), A(1)} is yes, and no over Ay = {D(0), A(1)}. The only
answer to q,(z) = (O1, (C A D)(z)) over A is 0.

(7i) Let Oy ={0OpA — B, OpB — A, AANB — 1 }. The certain answer to g5 = (O2,C)
over A; = {A(0)} is no, and yes over Ay = {A(0), A(1)}. There are no certain answers to
qs(x) = (01, C(x)) over A;, while over A, the answers are 0 and 1.

(#i¢) Consider now the ontology

O3 ={0pBy N Ay = By, OpB1_y N Ay — B | k=0,1}.
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For any word e = e; ...¢e, € {0,1}", let Ae = {Bo(0)} U{A, (i) | 0<i<n}U{E(n)}. The
answer to g3 = (Osz, By A E) over the ABox A is yes iff the number of 1s in e is even.

(iv) Let Oy = {A — OxB} and q, = (O4, B). Then, the answer to g, over A = {A(0)}
is yes; however, there are no certain answers to g, (x) = (Oy, B(z)) over A.

(v) Let O5 = {A — BV OrB}. The certain answer to g5 = (Os, B) over A = {A(0),C(1)}
is yes; however, there are no certain answers to g5(z) over A.

» Remark 3. As follows from [4, 28], if arbitrary LTL-formulas are used as axioms of an
ontology O, then one can construct an LTLj; ontology @’ that is a model conservative
extension of 0. For example, let O be the result of replacing (1) in O from Example 1 by
Malfunction N O X — L and T — X V Fized, for a fresh concept name X. Then the OMQ
q = (O, x) is equivalent to ¢’ = (O’ 5) in the sense that g and ¢’ have the same certain
answers over any sig(q)-ABox.

Let £ be a class of FO-formulas that can be interpreted over finite linear orders. A
Boolean OMQ gq is L-rewritable over Z-A Bozes if there is an L-sentence @ such that, for any
E-ABox A, the certain answer to g over A is yes iff & 4 |= Q. Here, & 4 is a structure with
domain tem(A) ordered by <, in which &4 = A;(¢) iff 4;(¢) € A. A specific OMQ q(z) is
L-rewritable over E-ABozes if there is an L-formula Q(z) with one free variable z such that,
for any E-ABox A, k is a certain answer to g(z) over A iff & 4 = Q(k). The sentence Q and
the formula Q(z) are called L-rewritings of the OMQs g and q(x), respectively.

We require four languages £ for rewriting LTL OMQs, which are listed below in order of
increasing expressive power:

FO(<): (monadic) first-order formulas with the built-in predicate < for order;

FO(<,=): FO(<)-formulas with unary (numerical) predicates = 0 (mod N), for N > 1;

FO(<,MOD): FO(<)-formulas with quantifiers 3Vz, for N > 1, that are defined by taking
&4 = Nz p(z) iff the cardinality of {n € tem(A) | &4 = ¥(n)} is divisible by N (note
that 2 = 0 (mod N) is definable as 3Vy (y < ));

FO(RPR): FO(<) with relational primitive recursion [23].

As well-known, FO(<, =) is strictly more expressive than FO(<) and strictly less expressive

than FO(<, MOD), which is illustrated by the examples below.

» Example 4. (i) An FO(<)-rewriting of q,(z) is

Qi (z) = D(x) A [C(x) V Iy (A(y) AVz ((z < 2 <y) = B(2)))],
Jr Q(z) is an FO(<)-rewriting of q;.

(i1) An FO(<, =)-rewriting of q,(z) is

Qa(z) = C(x) vV 3z, y[(A(z) A Aly) Aodd(z,y)) V

(B(z) A B(y) Aodd(z,y)) V (A(x) A B(y) A —odd(z, y))],

where odd(z,y) = (z = 0(mod 2) <+ y # 0(mod 2)) implies that |z — y| is odd, and an
FO(<, =)-rewriting of g, is 3z Q4 (). Recall that odd is not expressible in FO(<) [39].

(797) The OMQ g5 is not rewritable to an FO-formula with any numeric predicates as
PARITY is not in AC? [29]; the following sentence is an FO(<, MOD)-rewriting of qs:

Qs =3,y [E(x)A(y<z)AVz((y<z<a) = Ag(z) V Ai(2)) A
((Bo(y) A Fr((y<z<z)ANAL(2)V(Bily) A=FPz((y <z < z) A A1(2))))].
(iv) An FO(<)-rewriting of g,(x) is B(z) V A(x — 1); an FO(<)-rewriting of g, is

Q, = Jz (A(z) vV B(x)).
(v) The same @, is an FO(<)-rewriting of g5, and B(z) is an FO(<)-rewriting of q5(z).
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It has been shown in [7] that all (Boolean and specific) LTL OMQs are FO(RPR)-rewritable
and that specific OMPQs can be classified syntactically by their rewritability type as shown
in Table 2. This means, for example, that all LTL.S,, OMPQs are FO(<, =)-rewritable, with

some of them being not FO(<)-rewritable. It is to be noted that FO(<, MOD)-rewritable
OMQs such as g5 in Example 2 are not captured by these syntactic classes.

OMAQs OMPQs
¢  LTL? LTLS and LTL]®  LTL]  LTLS and LTLIC
bool FO(RPR) FO(RPR) -
krom  FO(<) FO(<,=) ( )
horn FO(RPR) FO(<)
core FO(<,=) FO(<,=)

Table 2 Rewritability of specific LTL OMQs.

In this paper, our aim is to understand how (complex it is) to decide the optimal type of
FO-rewritability for a given LTL OMQ g over =-ABoxes. We begin by observing an intimate
connection between L-rewritability of OMQs and L-definability of certain regular languages.

A language L over an alphabet X is L-definable if there is an L-sentence ¢ in the
signature X, whose symbols are treated as unary predicates, such that, for any w € X*, we
have w = ag...a, € L iff &, E ¢, where &,, is a structure with domain {0,...,n}, in
which &, = a(i) iff a = a;, for i <n.

For any OMQ q and = C sig(q), we regard Xz = 2% as an alphabet. Any =Z-ABox A can
be given as a Yg-word w4 = ag .. .a, with a; = {A | A(i) € A}. Conversely, any Yz-word
w=ag...ay, gives the ABox A,, with tem(A,,) = [0,n] and A(i) € A,, iff A € a;. The word
() corresponds to Ay = 0 with tem(Ay) = [0, 0].

The language L=(q), for a Boolean g, is defined to be the set of Sz-words w4 such that
the certain answer to q over A is yes. For a specific g(z), we take I's = ¥z UXL with a disjoint
copy X% of Y= and represent a pair (A, 7) with a Z-ABox A and i € tem(A) as a I's-word
WA =0a0...04,...an, Where a] = {A| A(i) € A} € XL and a; = {A | A(j) € A} € Xz, for
j # i. The language Lz(q(z)) is the set of I's-words w_4; such that 7 is a certain answer to
q(z) over A. The following result is proved in a way similar to [58, Theorem 2.1].

» Proposition 5. Both L=(q) and Lz(q(x)) are reqular languages.

Proof. Let subg (or subp) be the set of temporal concepts in g (respectively, O) and their
negations. A type for q (respectively, O) is any maximal subset 7 C subg (respectively,
T C subp) consistent with O. Let T be the set of all types for q. Define an NFA 2l over Xz
whose language L(2) is £ \ L=(q). Its states are Q,. = {T € T'| -3 € 7}. The transition
relation —,, for a € Xz, is defined by taking 7 —, 72 if the following conditions hold:

(a) a C 7o,

(b) OxC € 1 iff C € 79,

(¢) OeC €7 iff C € 15 and O.C € 7o,

(d) OpC e iff C €1 or OpC € 1o,

and symmetrically for the corresponding past-time operators. The initial (accepting) states

are those 7 € Q—,,, for which 7 U {O,-3¢} (respectively, 7 U {Op—sc}) is consistent with O.

Then w € L() iff (O, A,,) = Jx x(x), for any w € L. Indeed, if w € L(A), we take an
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accepting run 7o, ..., 7, of 2 on w, a model Z~ of O with Z~,k | 79 U {O,—s¢}, a model ZT
of O with 7,1 &= 7, U{Oz—3¢}, for some k,l € Z, and construct a new interpretation Z that
has the types 79, ..., 7, in the interval [0, n], before (after) which it has the same types as in

T~ in (—o0, k) (respectively, Z+ on (I,00)). One can readily check that Z is a model of O
and A,, such that »* = (), and so (O, A,) = 3= »(x). The opposite direction is obvious.
To show that Lz(g(z)) is regular, we observe first that the language L over I's comprising
words of the form w4 ;, for all non-empty E-Aboxes A and i € tem(.A), is regular. Thus, it
suffices to define an NFA 2( over I'g such that L=(g(z)) = L\ L(2). The set of states in 2
is T UT' with a disjoint copy T of T. The set of initial states is T" and the set of accepting
states is T”. The transition relation —, for a € ¥z, is defined by taking 71 —, 72 if either
71,72 € T or 71,72 € T" and conditions (a)—(d) are satisfied; for a’ € XL, we set 71—/ T2 if
7 €T, 7o €T, =% €1, a’ C 1o, and (b)—(d) hold. It is easy to see that, for any Z=-ABox
A and i € tem(A), there exists a model Z of O and A with i ¢ »7 iff wy; € L(2). Qa

Note that the number of states in the NFAs in the proof above is 2°(49D)) and that they
can be constructed in exponential time in the size |g| of q as LTL-satisfiability is in PSPACE.

In Section 5, we show that, in fact, the type of L-rewritability of g coincides with the
type of L-definability of the regular languages L=(q) and L=(q(x)). But before that, we
revisit the well-known problem of deciding £-definability of regular languages.

3 Preliminaries: Monoids, Groups and Automata

In this section, we first briefly remind the reader of the basic algebraic and automata-theoretic
notions required in the remainder of the paper, and then prove the criteria of L-definability
of regular languages we need to obtain our complexity results.

3.1 Semigroups, monoids, groups

A semigroup is a structure & = (S,-) where - is an associative binary operation. Given
s, € S and n > 0, we write s” for s- ... -s n-times, and often write ss’ for s-s’. An
element s in a semigroup & is called idempotent if s2 = s. An element e in a semigroup & is
called an identity element if e- 2z = x-e = x for every z € S. (It is easy to see that such
an e, if exists, must be unique.) The identity element is clearly idempotent. A monoid is a
semigroup that has an identity element. (We don’t put it to the signature.) For any element
5 in a monoid, we let s° = e. A monoid & = (S, -) is called a group if for every = € S there
is some x~ € S such that z -~ = 7 - x = e for the identity element e of &. Then z~ is
called the inverse of . (It is easy to see that in a group every element has a unique inverse.)
A group is called trivial if it has only one element, and nontrivial otherwise.

Given two groups & = (G, ) and &' = (G, "), amap h: G — G’ is a group homomorphism
from & to & if for all g1,92 € G, h(g1 - g2) = h(g1) ' h(g2). (It is easy to see that any
group homomorphism maps the identity element of & to the identity element of &’ and
preserves all inverses as well. Also, the set {h(g) | g € G} is closed under ' and so it is a
group, called the image of & under h.) & is a subgroup of &' if G C G’ and the identity
map idg is a group homomorphism. Given X C G, the subgroup of & generated by X is the
smallest subgroup of & containing all elements from X. If & is finite then every element of
the subgroup generated by X can be expressed as a combination (under -) of elements of X.

Given a finite group ® with identity element e, the order og(g) of an element g in & is
the smallest positive number n such that g = e. It is easy to see that og(g) exists, and for



329

330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

346
347

348

349

350

351

352

353

354
355

356

357

358

359

360

361

362

363

364

365

366

367

368

369

370

371

372
373

Ryzhikov, Savateev, Zakharyaschev

any k, if g* = e then og(g) divides k. Also, og(g) = 0g(g~) holds for every g. Also
if g is a nonidentity element in a group &, then gF # ¢gF*t! for any k. (6)

Given two semigroups & = (S,-), &' = (5’,'), we say that &' is a subsemigroup of & if
S’ C S and - is the restriction of - to S’. Given a monoid M = (M,-) and a set S C M, we
say that S contains the group & = (G,-), if G C S and & is a subsemigroup of M. (We do
not require that the identity element of M is in &, even if it is in S.) If S = M then we
also say that M contains the group &, or & is in M. We call a monoid M aperiodic if it
does not contain any nontrivial groups.

Suppose & = (S,-) is a finite semigroup, and take any s € S. Then, by the pi-
geonhole principle, there exist i, > 1 such that i +j < |S| + 1 and s' = s**J. Take
the minimal such numbers, that is, let is,js > 1 be such that is + js < |S| + 1 and
sts = glstds but s, stetL . slHIs=1 are all different. Then clearly &, = (G, ), where
G = {sb,stFL . s=TI:=11 is a subsemigroup of &. It is easy to see that there is some
m > 1 such that iy, < m - js <is+js < |S|+ 1, and so s™ 7 is idempotent. Thus, for every
element s in a semigroup S, we have the following:

there is n > 1 such that s" is idempotent; (7)
®, is a group in & (isomorphic to the cyclic group Zj;,); (8)
& is nontrivial iff s” # s"*! for any n. 9)

One can apply these to a particular setting. Let § be a @ — @ function for some nonempty
finite set Q. For any p € Q, the subset {0*(p) | k < w} with the obvious multiplication is a
finite semigroup, and so we have:

For every p € Q there is n, > 1 such that 6" (6™ (p)) = 6" (p). (10)
There exist ¢ € @ and n > 1 such that ¢ = §"(q). (11)
For every q € Q, if ¢ = 6%(q) for some k > 1,

then there is 1 <n < |Q| with ¢ = 6"(q). (12)

We will also consider solvable groups and not solvable (unsolvable) groups, see [46] for a
definition. We will only use the following facts about them:

— Any homomorphic image of a solvable group is solvable.

— The criterion of Kaplan and Levy [36] (generalising Thompson’s [52, Cor.3]): A finite
group & is unsolvable iff it contains three elements a, b, ¢, such that og(a) = 2, 0¢(b)
is an odd prime, og(c) > 1 and coprime to both 2 and og(b), and abe is the identity
element of &.

A one-to-one and onto function on a finite set S is called a permutation on S. The order
of a permutation 0 is its order in the group of all permutations on S (whose operation is
composition, and its identity element is the identity permutation idg). We will use the usual
cycle notation for permutations.

Now suppose that & is a monoid of ) — @ functions for some nonempty finite set Q.
Let S ={q € Q| es(q) = q}, where eg the identity element in &. For every function ¢ in &,
let §]s denote the restriction of § to S. Then we have the following:

& is a group iff §[g is a permutation on S, for every ¢ in &. (13)
If & is a group and ¢ is a nonindentity element in it, then d[s# idg,
and the order of the permutation d[g divides og (). (14)
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3.2 Automata: DFAs, NFAs, 2NFAs

A two-way nondeterministic finite automaton is a quintuple A = (Q, X, 6, Qo, F') that consists
of an alphabet X, a finite set of states Q with a subset Qg # () of initial states and a
subset F' of accepting states, and a transition function §: Q x ¥ — 2@*{=1.0.1} jndjcating
the next state and whether the head should move left (—1), right (1), or stay put (0). If
Qo ={qo} and [6(¢g,a)| =1, for all ¢ € Q and a € X, then 2 is deterministic, in which case
we write A = (@, %,9,q0, F). If 6(g,a) C Q x {1}, for all ¢ € Q and a € X, then A is a
one-way automaton, and we write : Q x X — 29. As usual, DFA and NFA refer to one-way
deterministic and non-deterministic finite automata, respectively, while 2DFA and 2NFA to
the corresponding two-way automata. Given a 2NFA 2, we write ¢ —4.q4 ¢’ if (¢',d) € (g, a);
given an NFA 2, we write ¢ =4 ¢ if ¢ € §(q,a). A run of a 2NFA 2 is a word in (Q x N)*.
A run (qo0,%0),- -+, (Gm,im) is a run of A on a word w = ag...a, € X* if qo € Qo, 1o =0
and there exist do,...,dn—1 € {—1,0,1} such that ¢; —q; 4, ¢j+1 and ij41 = i; + d; for all
7, 0 <7 < m. The run is accepting if g, € F, iy, = n+ 1. A accepts w € ¥ if there is an
accepting run of 2 on w; the language L(2A) of 2 is the set of all words accepted by 2.

Given an NFA 2, states ¢q,¢' € Q, and w = ag...a, € X*, we write ¢ —,, ¢ if either
w =€ and ¢’ = ¢ or there is a run of A on w that starts with (go,0) and ends with (¢’,n+ 1).
We say that a state q € Q is reachable if ¢ —, q, for some ¢’ € Qg and w € ¥*.

Given a DFA 20 = (Q, X, 0, qo, F'), for any word w € ¥*, we define a function d,,: @ — Q
by taking d,,(¢) = ¢’ iff ¢ =, ¢'. We define an equivalence relation ~ on the set Q" C Q
of reachable states by taking ¢ ~ ¢’ iff for every w € ¥* we have §,,(¢q) € F iff 6,,(¢') € F.
We denote the ~-class of ¢ by ¢/~, and let X/ = {q/~ | ¢ € X} for any X C Q". Define
b : Q"/~ — Q"/ . by taking Sw(q/N) = 6w (q)/~- Then (QT/N,E,S,qo/N, (FOQT)/N) is the
minimal DFA whose language coincides with the language of 2. Given a regular language L,
we denote by 2z, the minimal DFA whose language is L.

The transition monoid of a DFA 2 takes the form M(A) = ({6, | w € ¥*},-), where - is
the composition o of functions, that is, §, - 6, = 0y © dy = Oy, for any v, w. The syntactic
monoid M (L) of L is the transition monoid M (r) of 2r. The map 7 from X* to the
domain of M (L) defined by taking nz,(w) = &, is called the syntactic morphism of L. Given
a set W C 3%, we set np (W) = {nr(w) | w € W}. We call nr, quasi-aperiodic if nr,(X") is
aperiodic for every t < w.

A language L over X is L-definable if there is an L-sentence ¢ in the signature X, whose
symbols are treated as unary predicates, such that, for any w € ¥*, we havew =ag...a, € L
iff &, | ¢, where &,, is an FO-structure with domain {0,...,n} ordered by <, in which
Gy E a(i) iff a = ay, for 0 < i < n.

Table 3 summarises the known results that connect definability of a regular language
L with properties of the syntactic monoid M (L) and syntactic morphism 7y, (see [10] for
details) and with its circuit complexity under a reasonable binary encoding of L’s alphabet
(see, e.g., [14, Lemma 2.1]) and the assumption that ACC? # NC'. We also remind the
reader that a regular language is FO(<)-definable iff it is star-free (see [51] and references
therein) and that AC® G ACC” C NC' (see, e.g., [34,51]).

From now on, we assume that £ € {FO(<),FO(<,=),FO(<,MOD)}.

We conclude the preliminaries by proving algebraic criteria of £-definability of regular
languages that are used in what follows.
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definability of L algebraic characterisation of L circuit complexity
FO(<) M(L) is .aperl().dlc. o ACO
FO(<,=) N is quasi-aperiodic
FO(<,MOD) all groups in M (L) are solvable in ACCP
FO(RPR) arbitrary M (L) in NC!
not in FO(<, MOD) ‘ M (L) contains an unsolvable group NC'-hard

Table 3 Definability, algebraic characterisations, and circuit complexity of regular languages.

3.3 Ciriteria of L-definability

Our aim now is to prove Theorem 6 below. Note that the equivalence (i), which follows
from [47], was used to show that deciding FO(<)-definability is in PSPACE [49]. Criteria (i)
and (7it) appear to be new.

» Theorem 6. For any DFA A = (Q, %, 9, qo, F), the following criteria hold:

(2) [47,49] L(2A) is not FO(<)-definable iff A contains a nontrivial cycle, that is, there exist
a word u € ¥*, a state g € Q", and a number k < |Q| such that g # 6,(q) and ¢ = 6,1 (q);

(i) L(2A) is not FO(<, =)-definable iff there exist words u,v € ¥*, a state ¢ € Q", and a
number k < |Q| such that g % 6,(q), ¢ = 61 (q), |v| = |u|, and §,i(q) = 0uin(q), for every
1 < k;

(i) L(A) is not FO(<,MOD)-definable iff there exist words u,v € ¥*, a state ¢ € Q" and
numbers k,l < |Q| such that k is an odd prime, | > 1 and coprime to both 2 and k,

q 7 0u(q), q 7 0u(q), ¢ # 0un(q), and 0:(q) ~ dzu2(q) ~ Opur(q) ~ Op(uuyi(q), for all
x € {u,v}*.

Proof. Throughout, we consider the minimal DFA (g, with transition function 5.

(i)(=): Suppose that & is a nontrivial group in M (A e)). Let u € ¥* be such that by is a
nonidentity element in &. We claim that there is p € Q" such that dyn (p/~) # dyn+1(p/~) for

any n > 0. Indeed, otherwise for every p € Q" there is n, > 0 with dyne (p/~) = dymp+1(P/~).

Let n = max{n, | p € Q"}. Then ,n = d,n+1, contradicting (6).

By (10), there is m > 1 with dy2m(p/~) = 0um(p/~). Let 5/~ = dym(p/~). Then
5/~ = 0um(s/~), and so the restriction of d,m to the subset s/ of Q" is an s/ — s/~
function. By (11), there exist ¢ € s/~ and n > 1 such that (§,m)"(q) = q. Thus, dymn(q) = ¢,
and so by (12), there is k < |Q| with d,x(q) = q. As s/~ # 04(s/~), we also have g % d,(q),
as required.

(7)(«<): Suppose the condition holds for 2. Then there exists u € X*, ¢ € Q"/~, and
k < w are such that ¢ # 0,(q) and ¢ = 6,x(q). Then dyn # dyni1 for any n > 0. Indeed,
otherwise we have some n > 0 with d,n (¢) = d,n+1(q). Let 7,7 be such that n =i -k + j and
j < k. Then

4= 01 (q) = 0408 (@) = ynyi—i (@) = Synt1yi—i (Q) = Oyii+ry (@) = 0u(q).

So by (8) and (9), the group &; is a nontrivial group in M(L).

(#7)(=): Suppose that & is a nontrivial group in 7 (X?) for some ¢ < w. Let u € X! be
such that 4, is a nonidentity element in &. As is shown in the proof of the = direction
of (i), there exist s € Q" and m > 1 such that s/ # d,(s/~) and s/~ = d,m(s/~). Now
let v € Xt be such that 0, is the identity element in &, and consider 8,. By (7), there is
¢ > 1 such that 6, is idempotent. Then 6,2¢-1,2¢ = d,2¢-1. Thus, if we let u = uv*~! and
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o = v, then |u| = || and 0z = 6515 for any i < w. Also, d,: = dg: for every i > 1, and so
the restriction of dzm to s/~ is an s/ — s/~ function. By (11), there exist ¢ € s/~ and
n > 1 such that (6zm)"(¢) = ¢. Thus, dzmn(¢) = ¢, and so by (12), there is some k < |Q)|
with 054 (q) = q. As s/ # 0u(s/~) = 0a(s/~), we also have q % d5(q), as required.

(#4)(«<): Suppose the condition holds for 2. Then there exist u,v € ¥* ¢ € Q"/~,
and k < w are such that ¢ # 0,(q), ¢ = 04 (q), |v| = |u|, and d,:(¢) = yiy(q), for
every i < k. As M () is finite, it has finitely many subsets. So there exists ¢,j > 1
such that g (SH) = 5 (ZEF)IU), Let 2z be a multiple of j with i < z < i 4 j. Then
nr (32 = np (GRD*Y ) and so np (3241 is closed under the composition of functions (that
is, the semigroup operation of M (Apy)). Let w = = wv*~! and consider the group &5
(defined above (7)-(9)). Then G5 C nr(X#1"). We claim that ®;  is nontrivial. Indeed, on
the one hand, 0, (q) = dyp=-1(q ) 04(q) # q. On the other hand, 5wk( ) =0d,1(q) = q. As is
shown in the proof of the < direction of (i), &5 is nontrivial.

(iii)(=): Suppose & is an unsolvable group in M (% s). By the Kaplan-Levy criterion,
& contains three functions a, b, ¢, such that og(a) = 2, 0 (b) is an odd prime, og(c) > 1 and
coprime to both 2 and o0g (b), and coboa = eg for the identity element eg of &. Let u,v € X*
be such that a = 8,, b = 8, and ¢ = (4y,) ", and let k = o0e(d,) and r = 0g(c) = 06 (duy).
Then 7 > 1 and coprime to both 2 and k. Let S = {p € Q"/~ | es(p) = p}. As o, is & for
every = € {u,v}*, we have eg 00, = d,. Thus,

Szu (q) = % 2(6,(9)) = es (6:(q)) = (ew oc?x)(tJ)
Sk (62(9)) = e (32(q)) = (ew 0 3,)(q)

Then by (13),, each of buls, 0ylg and 0.yl is a permutation on S. By (14), the order of
duls is 2, the order of 4, ls is k, and the order [ of duvls is a > 1 divisor of r, and so it is
coprime to both 2 and k. Also, we have k,I < |S| < |Q|. Further, for every z, if ¢ is in S
then d,(g) € S as well. So we have

x(‘])7 and

B
Sm(q), for every q € S.

§z(uv)l (Q) = S(uu)l (Sx (q)) = (Suv FS)Z(SUU (Q)) = 'dS(Sm (Q)) = Sm (Q), for every q € S.

It remains to show that there is some g € S such that ¢ # Su(q)7 q# 5u(q), and ¢ # Oy (q).
We will use that the length of any cycle in a permutation divides the order of the permutation.
First, we show there is ¢ € S with ¢ # 0, (¢) and q £ 6, (q). Indeed, as 0, g% idg, there
is ¢ € S such that Su( ) = ¢ # q. As the order of duls is 2, Oy (¢") = q. If both 6u(q) = q
and Sv(q') = ¢’ were the case, then (5uv( ) = ¢ and (5uv( ") = ¢ would hold, and so (¢q’)
would be a cycle in Sunls, contradicting that [ is coprime to 2. So take some g € S such that
0u(q) = ¢ # q and 6,(q) # q. If §,(q") # ¢ then d,,(q) # ¢, and so ¢ is a good choice. So
suppose that d,(¢') = ¢, and let ¢ = 6,(q). Then ¢” # ¢, as k is odd. Thus, d,,(¢") # ¢,
and so ¢’ is a good choice.

(#i1)(<=): Suppose u,v € ¥*, ¢ € Q", and k,l < w are satisfying the conditions. For every
x € {u,v}*, we define an equivalence relation ~, on Q"/. by taking p ~, p’ iff 6, (p) = 0, (p').
Then we clearly have that ~,Cr,,, for all z,y € {u,v}*. As Q is finite, there is z € {u,v}*
such that ~,==,, for all y € {u,v}*. Take such a 2. By (7), 6" is idempotent for some
n > 1. We let w = z". Then Sw is idempotent and we also have that

=Ry forally € {u,v}*. (15)

w

Now let Guv} = {0wew | @ € {u,v}*}. Then Gy, ,) is closed under composition. Let &y,
be the subsemigroup of M (r(gy) with universe Gy, .. Then 0w = dwew is an identity



497

498

499

500

501

502

503

504

505

506

507

508

509

510

511

a0
i
@R

515

516

517

518

519

520

521

522

523

524

525

526

527

528

529

530

531

532

533

534

535

536

Ryzhikov, Savateev, Zakharyaschev

element in &y, 3. Let S = {p € Q"/~ | bu(p) = p}. We show that
for every ¢ in By} dls is a permutation on S, (16)

and so &y, .} is a group by (13). Indeed, take some z € {u,v}". As O (Swzw(p)) =
5wmww(p) = 5wrw( ) for any p € Q"/~, dwzwls is an S — S function. Also, if p,p’ € S and
Swaw (D) = buwaw(P) then p Rygy p'. Thus, by (15), p &, p/, that is, p = 64 (p) = 0w (p/) = P/,
proving (16).

We show that the group &y, .} is unsolvable by finding an unsolvable homomorphic image
of it. To this end, let R = {p € Q"/~ | p = d,(q) for some x € {u,v}*}. We claim that for
every $ in S0} 5| g is a permutation on R, and so the function h mapping every 5 todlr
is a group homomorphism from &y, ,} to the group of all permutations on R. Indeed, by
(16), it is enough to show that R C S. To this end, we let W = Z,, ... Z1, where w = 21 ...z,
for some z; € {u,v}, @ = u and T = v*~1. By using that d,(¢) = 0, w2(q) = Sx(v)k(q) for all
x € {u,v}*, we obtain that

dyww(q) = 0z,,_,.. 3 (5y21~~zm5m (9) (6 Y212 — 1((1)) =
(5yzl (@) = 022z, (q) = o,(q), forally € {u,v}*. (17)

SN—
I
S
]
3
|
-

Now suppose that p € R, that is, p = 6, (q) for some x € {u,v}*. Then, by (17),
gw (P) = Sw (Sx(Q)) = wa(Q) = gwwwE(Q) = waﬁ(Q) = g:r (Q) =D,

and so p € S, as required.

Now let & be the image of &y, ,) under h. We prove that & is unsolvable by finding
three elements a, b, ¢ in it such that og(a) = 2, 0os(b) = k, 0s(c) is coprime to both 2 and
os(b), and coboa = idg (the identity element of &). So let a = h(5wuw) b= h(buwyw), and

c= h(gww,w) Observe that for every z € {u, v}*, h(6mw) = 6,r, and so coboa = idg.

Also, for any 62(q) €R, a (5 (q)) = (6w [R)Z(Sx(q)) = 04u2(q) = 0,(q) by our assumption,
and so a®> = idg. On the other hand, ¢ € R as d.(¢q) = ¢, and idr(q) = ¢ # d.(¢) by our
assumption, so a # idg. As og(a) divides 2, og(a) = 2 follows. Similarly, we can show that
0e(b) =k (using that 020 (q) = 0,(q) for every z € {u,v}*, and u # 6,(q)). Finally (using
that 5l(uv)z( ) = 0. (q) for every = € {u,v}*, and u # d,,(q)), we obtain that h(duuwe ) = idg
and h(Juuvw) # idr. Therefore, it follows that og(c) = 06 (A(Swuww) ) = 06 (h(Swuvw)) > 1
and divides [, and so coprime to both 2 and k, as required. a

4 Deciding FO-definability of regular languages

We now settle the complexity of deciding £-definability of the language of a given (minimal)
DFA or 2NFA, for each £ in question. Deciding FO(<)-definability for the languages of
DFAs and NFAs is known to be PSPACE-complete [14,21,49]. For other FO-languages L,
the problem has been recorded as decidable in [10] but the exact complexity seems to remain
open. We start with the lower bound.

4.1 PSpace-hardness

We require three families of DFAs B% , B2 and B},,p, where p > 5 is a prime number with
p # 1 (mod 10). The first one, shown below for p = 7,
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is defined in general as BY = ({s; | i < p}, {a}, 6%% s, {s0}), where 5?2 (s;) = s; whenever
i,j <pand j =i+ 1 (mod p). It is straightforward to check that the language L(B%)
consists of all words of the form (a?)*, B2 is the minimal DFA for this language, and the

p
syntactic monoid M (B~ ) is the cyclic group of order p (generated by the permutation (5? <).

The second family of DFAs, shown below for p =7,

BT

2

is defined in general as BZ = ({s; | i < p},{a,}, %=, s0,{s0}), where 5;3—(57;) = s; and
5D= (s;) = s; whenever 4,5 < p and j =i+ 1 (mod p). It is straightforward to check that
the language L(BL) consists of all words of a’s and §’s whose number of a’s is divisible by
p, BL is the minimal DFA for this language, and the syntactic monoid M (BL) is also the
cyclic group of order p (generated by the permutation 6? ;).

Finally, the DFAs in the third family, depicted below for p = 7,

is defined in general as B8 = ({s: | i < p}, {a,},0%wov, 50, {s0}), Wwhere
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p P
- 6;3“"0[’(317) = sp, and (5?M°D(si) = s; whenever 4,j < p and j =i+ 1 (mod p);
p p P
- 5;3“"0'3(30) = sp, 6?M°D(sp) = sp, and 5;3“"0'3(31-) = s; whenever 1 <i¢,j <pandi-j=
p — 1 (mod p), that is, j = —1/i in the finite field F,,.
It is straightforward to check that B},op is the minimal DFA for its language, and the

. . . . . bitd
syntactic monoid M (By,op) is the permutation group generated by the permutations dq M°°

P
and 6?“"00.

» Lemma 7. For any prime p > 5 with p # 1 (mod 10), the group M(Byyop) is unsolvable,
but all of its proper subgroups are solvable.

p
Proof. It is straightforward to check that the order of the permutation 5? MOP s 2, the order of

P P
6% MOD MOD
a

is p, while the order of the inverse of 6?;
So M (BY,op) is unsolvable, for any prime p, by the Kaplan-Levy criterion. In order to show
that all proper subgroups of M (B},qp) are solvable, we show that M (B%,,5) is a subgroup of
the projective special linear group PSLa(p). If p is a prime with p > 5 and p # +1 (mod 10),
then all proper subgroups of PSLy(p) are solvable; see, e.g., [37, Theorem 2.1]. (So M (Byop)
is in fact isomorphic to the unsolvable group PSLy(p).)

Consider the set P = {0,1,...,p — 1,00} of all points of the projective line over the
field F,,. By identifying s; with ¢ for ¢ < p, and s, with oo, we may regard the elements of
M (Bhop) as P — P functions. The group PSLy(p) consists of all P — P functions of the
form

i m, where w - z — x -y = 1, with the field arithmetic of F,, being extended

by, for any i € P, i+ 0o =00,0-00=1and i-o0o = oo for i # 0.

Then it is easy to check that the two generators of M (Bp,qp) are in PSLy(p): take w = 1,
p P
le,y:O,z:lforé?MOD,andw:O,le,yzp—Lz:Ofor(S;BMOD. d

We are now in a position to establish the PSPACE-lower bound:

» Theorem 8. For £ € {FO(<),FO(<,=),FO(<,MOD)}, deciding L-definability of the
language L(21) of a given minimal DFA 2 is PSPACE-hard.

Proof. That deciding FO(<)-definability of L(2) is PSPACE-hard was established by Cho
and Huynh [21]. We modify and generalise their construction to cover FO(<,=)- and
FO(<, MOD)-definability, too.

Suppose M is a deterministic Turing machine that decides a language using at most
N = Ppg(n) tape cells on any input of size n, for some polynomial Pps. Given such
an M and some input &, our aim is to define three minimal DFAs whose languages are,
respectively, FO(<)-, FO(<, =)-, and FO(<, MOD)-definable iff M rejects @, and whose sizes
are polynomial in N and the size |M| of M.

To this end, suppose that M is of the form M = (Q,T,,b, qo,gacc) With a set Q of
states, tape alphabet I" with b for blank, transition function ~, initial state qg and accepting
state gqe.. Without loss of generality we assume that M erases the tape before accepting
and has its head at the left-most cell in an accepting configuration, and if M does not
accept the input, it runs forever. Given an input word @ = x1 ...z, over I', we represent
configurations ¢ of the computation of M on @ by the N-long word written on the tape (with
sufficiently many blanks at the end) in which the symbol y in the active cell is replaced by
the pair (g,y) for the current state g. The accepting computation of M on @ is encoded by

p
is the same as the order of 5?;"""[’, which is 3.
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aword ficifeall ... fep—1 fcxb over the alphabet ¥ =T U (Q x T') U {t,b}, with ¢y, ca,..., ¢k
being the subsequent configurations. In particular, ¢; is the initial configuration on x (so it
is of the form (go,x1)x2...2,b...b), and ¢ is the accepting configuration (so it is of the
form (ggce, b)b...b). As usual for this representation of computations, we may regard v as a
partial function from (I'U (Q x I‘))3 toTU(Q xT).

Let ppar,e = p be the first prime such that p > N + 2 and p # £1 (mod 10). By [13,
Corollary 1.6], p is polynomial in N. Our first aim is to construct a p + 1-long sequence
2A; of pairwise disjoint minimal DFAs over the alphabet X. Each l; has size polynomial in
N and |M|, and it checks certain properties of an accepting computation on x such that
M accepts x iff the intersection of the L(2l;) is not empty and consists of the single word
encoding the accepting computation on x.

The DFA 2y checks that an input word starts with the initial configuration on x and
ends with the accepting configuration:
start —{ df ®(qo,m1)@ e (=

b b Gaces b
q @ at @ y#4,b

Y # (qace, b), f

@

When 1 <4 < N, the DFA Ql checks, for all j, whether ~(o? ol 0 Ufﬂ) = o/t where

K2

% denotes the Ith symbol of c*.

start @

Formally d; consists of the following transitions for a,b,c € '\ {b} and b, ¢ # f:

(q()vb QO )7 (Q(l)vaquz)a (qgvbv Q;b)v (q}zb»cv qgabc)v (qzlzbaljvpgabu)v
(¢, b,¢2Y), fora#fandl<j<N—1
(¢, 4,p2tY), fora#fandl<j<N—1,
(pl,b,pP*), fora#f,and1<j<N—1,
( Pq 7b qba) (Q(]vamqi?a)a (ngvb? qclLb)v
(a’bfl) 1§]§N7
(Gaps 2, fi)-
Here, 245 = v(a, b, ¢) for a,b,c € T U (Q x T).
Finally, if N +1 < < p then 2; accepts all words with a single occurrence of b, which is
the input’s last character:
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a#b

(@)
start

Note that 2, 1 =2(, as p > N + 2. It is not hard to check that each of the 2(; is a minimal
DFA that does not contain nontrivial cycles and the following holds:

» Lemma 9. M accepts x iff (\;_o L(2;) # 0, in which case this language consists of a
single word that encodes the accepting computation of M on x.

Now take some fresh symbols a1,as. We define three automata A, A=, Amop over
the same tape alphabet ¥ = X U {a1,as,} by taking, respectively, B2, BL, B}, and
replacing each transition s; —, s; in them by a fresh copy of %;, for ¢ < p, as shown in the
picture below, where ¢} is the initial state of ;.

[o ]
R
~ s b & }ooon.on

We make each of A, A=, Ayop deterministic by adding a trash state tr looping on itself

with every y € ¥, and then adding the missing transitions leading to ¢r. It follows from the
construction that A, A=, and Apop are minimal DFAs, and they are of size polynomial in
N and |M|.

» Lemma 10. (i) L(A<) is FO(<)-definable iff (i_, L(2A;) = 0.
(i) L(2A=) is FO(<,=)-definable iff (_y L(2;) = 0.
(iii) L(Amop) is FO(<, MOD)-definable iff (i_, L(A;) = 0.

Proof. In both directions we use that each of the DFAs 20, 2=, Amop is minimal, and
so we can replace ~ by = in the conditions of Theorem 6. For the (=) directions, given
some w € mf:o L(2;), in each case we show how to satisfy the corresponding condition of
Theorem 6:

(i): Take u = ajwag, ¢ = sg, and k = p.

(ii): Take u = ajwasy, v = {1, ¢ = 50, and k = p.

(#i1): Take u =1, v = aywag, ¢ = o, k =p and | = 3.

For the (<) directions, in each case we show that the corresponding condition of Theorem 6
implies that (!_, L(2;) is not empty. To this end, we define a % — {a,}* homomorphism
by taking h(h) =1t, h(a1) = a, and h(b) = ¢ for all other b € 3.

(i) and (#): Let o € {<,=} and suppose ¢ is a state in A5 and v € X% such that
q# 521,5((]) and ¢ = 6?5),9@) for some k. Let S = {s¢,s1,...,8p—1}. We claim that there
exist s € S and u € X3 such that

s # 025(s), (18)
525 (s) e S, for every z € {u}*. (19)

Indeed, observe that none of the states along the cyclic ¢ —(,/)x ¢ path II in AP is tr. So
there is some state along II that is in S, as otherwise one of the 2[; would contain a nontrivial
cycle. Therefore, u’ must be of the form wh"a;w" for some w € ¥*, n < w and w’ € ¥ . It

is easy to see that s = 6(25%—171;(‘1) and u = §"ajw'w is as required in (18) and (19).
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As M(B?) is a finite group, the set {(5?(2;) | # € {u}*} forms a subgroup & in it
(the subgroup generated by 5,?(%)). We show that & is nontrivial by finding a nontrivial
homomorphic image of it. To this end, (19) implies that, for every z € {u}*, the restriction
525 g/ of 2% to the set S = {5 s) |y € {u}*}isan S’ — S’ function and 52 = 6,?}2;) lgr

As M(8}) is a group of permutations on a set containing S’, 6}1(1-) [s/ is a permutation of

S’, for every x € {u}*. Thus, {523) ls/| # € {u}*} is a homomorphic image of & that is
nontrivial by (18).

Finally, as & is a nontrivial subgroup of the cyclic group M (28%) of order p and p is
a prime, it follows that & = M (B%). Therefore, there is x € {u}* with 5h(;) = 62¢ (a
permutation containing the p-cycle (ss1 ...sp—1) ‘around’ all elements of S), and so S’ = S
and z = §"aywagw’ for some n < w, w € ¥*, and w’ € ¥%. Asn =0 when o =< and 5?; (s)

for every s € S, S = S implies that w € (-, L(2;) = N_y L(2L).

(zm) Suppose q is a state in QlMOD and u/,v" € ¥ such that ¢ # (53&00 (q), g # 6§&°D(q),
q# 5 “"OD( ), and 5 oD (q) = 6m(hff[)) (q) = 63&‘,’;} (q) = 5?&92,)1(@ for some odd prime k and

number ! that is coprime to both 2 and k. Let S = {s¢, s1,...,5p}. We claim that there
exist s € S and u,v € X7 such that

s+ &%lﬁoo (s), s # 53‘5100 (s), s # 53‘1?'%(3), (20)
Hon(s) € 5, torevery 2 € a0 .
3000 (5) = o750 () = 6700 () = 67008, (5),  for every x € {u,v}, 22)

Indeed, by an argument similar to the one in the proof of (i) and (i¢) above, we must have
v = wyf"a 1w, and v = w,f"a1w;, for some w,, w, € ¥*, n,m < w and w,,w; € ¥ . For
P P
every x € {u,v}*, as both 53[1%2[) (¢) and 53&%3“ (¢) are in S, they must be the same state.
P

Using this it is not hard to see that s = (53,“255 (¢), u =t ayw,w, and v = " a;w,w, are as
required in (20)—(22).

As M(Bhop) is a finite group, the set {5h(“$"‘)"’ | & € {u,v}*} forms a subgroup & in it
(the subgroup generated by 6h(M°D and (5h(M°D) We show that & is unsolvable by finding

an unsolvable homomorphic image of it. To this end, we let S’ = {62‘1“3"05’(3) |y € {u,v}*}.
Then (21) implies that S” C S and

5h(“£‘)’[’(s ) = 5y MOD( "Yes', foralls €S andxe {u,v}* (23)

AP AP AP B2
and so the restriction d;"°° g, of zM°° to S" is an S’ — S’ function and §, M°°[g = 5h(";‘))'3 [g/

‘B . .
As M(%MOD) is a group of permutations on a set containing S’, h(g‘)"’ [/ is a permutation of

S’, for every x € {u,v}*. Thus, {5h(“"‘)"’ ls/| # € {u,v}*} is a homomorphic image of & that
is unsolvable by the Kaplan Levy criterion: By (20) ( 2), and 2 and k being primes the

order of the permutation 6h(M‘)’D [ is 2, the order of (5 MOD [sr is k, and the order of 6 MOD st

(which is the same as the order of its inverse) is a > 1 d1v1sor of [, and so coprime to both 2
and k.

As & is an unsolvable subgroup of M(B},qp), it follows from Lemma 7 that & =
M (Bhop)- and s0 {u,v}* Z g*. We claim that S’ = S also follows. Indeed, let = € {u, v}*

be such that 5 MOD = (5?“"0'3. As |5l > 2 by (20), s € {so,...,8p—1} must hold, and so
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{s0,...,8p—1} C 9’ follows by (23). As there is y € {u,v}* with 5?{23’[’ = 6?300, sp € S also
follows by (23).

Finally, as {u,v}* Z b*, there is € {u,v}* of the form f"a;wasw’ for some n < w,
weXandw € 5. As §' =S, 5?MOD(81') € S for every i < p, and sow € (/_, L(2;). Q

As A, A=, and Amop are all of size polynomial in N and |M|, Theorem 8 clearly follows
from Lemmas 9 and 10. d

4.2 Deciding L-definability of 2NFAs in PSpace

In this section, we give a PSPACE-algorithm deciding whether the language of any given
2NFA is L-definable, for £ € {FO(<),FO(<,=),FO(<,MOD)}, which matches the lower
bound established in the previous section.

Let & = (Q,%,0,Qo, F) be a 2NFA. Following [20], for any w € X1, we introduce
four binary relations by (w), by(w), byr(w), and by (w) on @ describing the left-to-right,
right-to-left, right-to-right, and left-to-left behaviour of 2 on w. Namely,

- (¢,¢') € by-(w) if there is a run of A on w from (g, 0) to (¢, |wl|);

- (¢,¢') € byr(w) if there is a run of 2 on w from (g, |w| — 1) to (¢, |w|);

- (¢,¢') € byy(w) if, for some a € %, there is a run on aw from (g, |aw| — 1) to (¢’,0) such
that no (¢”,0) occurs in it before (¢’,0);

- (g,¢') € by(w) if, for some a € %, there is a run on aw from (g, 1) to (¢’,0) such that no

(¢",0) occurs in it before (¢’,0).

For w = ¢ (the empty word), we define the b;;(w) as the identity relation on Q).

Let b = (byy, by, byr, byy), where the b;; are the behaviours of 2 on some w € ¥*, in which
case we can also write b(w), and let b” = b(w’), for some w’ € ¥*. We define the composition
b-b" = b" with components b;; as follows. Let X be the transitive closure of bj; o b, and
let Y be the transitive closure of b, o bj;. Then, we set:

b, = by 0 by, Uby 0 X o by,
v =bl,0ob,Ubl., 0Y ob,,
by, = b}, Ub, 0Y oby0by,,
22 =byUbj0Xo b;l ob,;.

One can readily check that b” = b(ww’).
We define the DFA ' = (@', 3,8, qf), F') by taking

Q' ={(Byr,B) | B, Qo x Q, B.r CQ xQ},

7%= ({(¢:9) | 4 € Qo}.0),

F' = {(Biy,By) | (90,4) € By, for some gy € Qg and q € F},

for any a € %, 8, ((Bir, Byr)) = (Bj,, B,..), where B}, = Bj, o X(a) o by.(a),
B!, = B, Ub,(a) oY (a)oby.(a), and X(a) and Y (a) are the

reflexive transitive closures of, respectively, by (a) o B,.. and B o by(a).
It is not hard to see that

for any w € ¥*, 8., ((Bi, Byr)) = (B, B,.,.) iff B}, = By o X (w) o by (w),
B!, = B Uby(w) o Y(w) o by.(w), where X (w) and Y (w) are the

reflexive transitive closures of, respectively, by (w) o By, and B,.,. o by (w). (24)
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Also, it can be shown in a way similar to [48,56] that
L(A) = L(A). (25)

» Theorem 11. For £ € {FO(<),FO(<,=),FO(<,MOD)}, deciding L-definability of the
language L(2l) of any given 2NFA A can be done in PSPACE.

Proof. Let 2’ be the DFA defined above for the given 2NFA 2[. First, we consider FO(<)-
definability. By Theorem 6 (i) and (25), L(2) is not FO(<)-definable iff there exist a word
u € ¥*, a reachable state ¢ € Q’, and a number k < |Q’| such that ¢ ¢ d;,(¢) and ¢ = 0/ ,.(q).
We guess the required k in binary, ¢, and some quadruple of binary relations b(u) on Q.
Clearly, they all can be stored in polynomial space in the size of 2. To check that our guesses
are correct, we first check that the quadruple b(u) indeed corresponds to some u € ¥*. This
is done by guessing a sequence by, ..., b, of pairwise distinct quadruples of binary relations
on @ such that by = b(ug) and b;y; = b; - b(u;41), for some characters ug, ..., u, € X.
(Any sequence with a subsequence starting after b; and ending with b;,,, for some ¢ and
m such that b; = b;1,,, is equivalent, in the context of this proof, to the sequence with
such a subsequence removed.) Therefore, we can assume that n < 209D and so n can be
guessed in binary and stored in PSPACE. So, the stage of our algorithm that checks that b(u)
corresponds to some u € ¥* makes n iterations and continues to the next stage if b,, = b(u)
or terminates with an answer no otherwise. Now, using b(u), we are able to compute b(u*)
by means of a sequence by, ..., bg, where by = b(u) and b;; = b; - b(u). With b(u) (b(u*)),
we are able to compute d;,(¢) (respectively, 6! .(q)) in PSPACE using (24). If 6/ . (q) # ¢, the
algorithm terminates with an answer no. Otherwise, in the final stage of the algorithm, we
check that 0,(¢) 7 q. This is done by guessing v € ¥*, such that 0, (q) = q1, 9, (5;(q)) = qo,
and ¢; € F' iff g1 ¢ F'. We guess such a v (if exists) in the form of b(v) using an algorithm
analogous to that for guessing u above.

We next consider FO(<,=)-definability. By Theorem 6 (ii) and (25), L(2() is not
FO(<, =)-definable iff there there exist words u,v € ¥*, a reachable state ¢ € Q’, and
a number k < |Q'| such that g ¢ &;,(q), ¢ = 0.,.(q), |v| = |u|, and &/ ,(q) = 0..,(q), for
every i < k. We outline how to modify the algorithm for FO(<)-definability above to check
FO(<, =)-definability. First, we need to guess and check v in the form of b(v) in parallel
with guessing and checking u in the form of b(u), making sure that |v| = |u|. For that, we
guess a sequence of pairwise distinct pairs (bg, bf), ..., (bn,b),) such that the b; are as above,
by = b(vg) and b}, ; = bj - b(v;;1), for some vy, ..., v, € X. (Any such sequence of pairs with
a subsequence starting after (b;,b}) and ending with (b;ym,bj,,,), for some i and m such
that (b, bj) = (bijm,bi,,,), is equivalent to the sequence with that subsequence removed.)
So n < 290D, For each i < k, we can then compute &/, (q) and & (g), using (24), and
check whether whether they are equal.

Finally, we consider the case of FO(<, MOD)-definability. By Theorem 6 (iii) and (25),
L(2) is not FO(<, MOD)-definable iff there exist words u,v € ¥*, a reachable state g € Q’
and numbers k,l < |Q’| such that k is an odd prime, ! > 1 and coprime to both 2 and
ko q % 3(a), 4 7 0,(a), 4 7 0ul@). and 8,(0) ~ 8La(@) ~ 31e(a) ~ 8,,0(a), for all
x € {u,v}*. We start by guessing u,v € £* in the form of, respectively, b(u) and b(u). Also,
we guess k and [ in binary and check that k is an odd prime and [ is coprime to both 2 and k.
By (24), ¢!

! is determined by b(x), for every = € {u,v}*. Thus, we can proceed as follows to

verify that u, v, k and [ are as required. We perform the following steps, for each quadruple
b of binary relations on Q. First, we check whether b = b(x), for some z € {u,v}* (we
discuss the algorithm for this in the next paragraph). If this is not the case, we construct the
next quadruple b’ and process it as this b. If it is the case, we compute all the states ¢’ (q),
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!

ra2(@), 0Lk (q), 5;(M)l(q), 0!.(q), 6:(q), 0.,(q), and check their required (non)equivalences
w.r.t. ~, using the same method as for checking d/,(¢q) 7 ¢q above. If they do not hold as
required, our algorithm terminates with an answer no. Otherwise, we construct the next
quadruple b’ and process it as this b. When all possible quadruples b of binary relations of
@ have been processed, the algorithm terminates with an answer yes.
Thus, it remains to explain how to check that a given quadruple b is equal to b(z), for

some x € {u,v}*. We simply guess a sequence by, ..., b,, of quadruples of binary relations
on @ such that by = b(wg), b, = b and b;41 = b; - b(w;+1), where w; € {u,v}. It follows
from the argument above that it is enough to consider n < 20(QD, d

5 Deciding FO-rewritability of LTL OMQs

In this section, using results and constructions from the previous one, we establish the
complexity of recognising the type of FO-rewritability of any given LTL OMQ q. The
following proposition formalises the connection between L-rewritability of ¢ and £-definability
of the corresponding regular languages L=(q) and Lz(g(x)).

» Proposition 12. Let £ € {FO(<),FO(<,=),FO(<,MOD)} and E C sig(q).

(i) A Boolean LTL OMQ q = (O, ») is L-rewritable over Z-ABozes iff the language
L=(q) is L-definable.

(79) A specific LTL OMQ q(z) = (O, »(x)) is L-rewritable over Z-ABozes iff the language
L=(q(z)) is L-definable.

Proof. (i) For every A € E, let xa(y) = V gcqes. a(y), where a(y) is a unary predicate

associated with a € ¥z. Conversely, for every a € Xz, let Xa(y) = Ascu AW) A Aaga ~AW)-

For any E-ABox A € 3% and any n € tem(A), we have G4 = A(n) iff &,,, = xa(n), and
Gu, Ea(n) iff 64 = xa(n). Thus, we obtain an L-sentence defining Lz(q) by taking an
L-rewriting of g and replacing all atoms A(y) in it with xa(y). Conversely, we obtain an
L-rewriting of g by taking an L-sentence defining L=(q) and replacing all a(y) in it with
Xa(y)-
(73) (=) Let (x) be an L-rewriting of g(x) and let ¢’(x) be the result of replacing atoms
A(y) in ¢(z) with x4 (y) = \/AEGEFE a(y). Given an ABox A and i € tem(A), we have
CalEe@)if 6y, i E¢'(1). Awordw=ag...a, € L isin Lz(q(z)) iff (a) there is ¢ such
that a; € XL, (b) a; € Xz for all j # 4, and (c) &, = ¢’(7). Therefore, for the sentence

"= 3 (go’(:c)Avy[((y=x)—> \V d)A(w#x) = \/ a(y))])

a’eXL A=

and a word w € T'L, we have &, = ¢” iff w = w4 ; for some A and ¢ such that & 4 = ¢(i).

It follows that ¢ defines Lz(g(z)).

(«<=) Suppose 9 is an L-sentence defining L=(g(z)). Let ¢'(x) be the result of replacing
atoms a(y) in ¢, for a € Yz, with a(y) A (z # y) and atoms d'(y), for a’ € XL, with
a(y) AN(x =y). Forw=aqg...a, € L, we have &,, = ¢'(¢) iff &, | ¢, where w; is w with
a; replaced by aj. Let ¢0”(z) be the result of replacing a(y) in ¢'(z) with x4(y). Then, for
any ABox A and ¢ € tem(A), we have &4 = ¢" (i) iff &, = ¢/'(i) iff &, , = 1, and so
" (x) is a rewriting of q. a

In view of Proposition 12, we can reformulate the evaluation problem for ¢ and q(x)
over Z-ABoxes as the word problem for the languages L=(q) and L=(q(x)), both of which
are regular by Proposition 5. Furthermore, to make circuit complexity applicable to our
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languages, we can assume that the alphabets ¥z and I's of Lz(q) and Lz(g(x)) are encoded
in binary in a way preserving the properties of languages from Table 3. For example, one
can take an encoding similar to that in [14, Lemma 2.1]. Then Table 3 yields the following
correspondences between the data complexity of answering and FO-rewritability of Boolean
and specific LTL OMQs q:

q is FO(<, =)-rewritable iff it can be answered in ACY;
- qis FO(<, MOD)-rewritable iff it can be answered in ACCY;
— g is not FO(<, MOD)-rewritable iff answering ¢ in NC*-complete (unless ACCY = NC');
— q is FO(<,RPR)-rewritable iff it can be answered in NC',

As a consequence of Theorem 11, which is applied to the exponential-size NFAs constructed
in the proof of Proposition 5, we immediately obtain the following upper bound:

» Theorem 13. Deciding L-rewritability of both Boolean and specific LTL OMQs over
=-ABozes can be done in EXPSPACE.

Before establishing a matching lower bound, we prove two technical results, which allow
us to reduce, in certain cases, L-rewritability of specific OMQs to L-rewritability of Boolean
OMQs. Call two OMQs E-equivalent (or simply equivalent) if they have the same certain
answers over every Z-ABox (respectively, over every ABox). Our first useful observation
allows one to remove axioms with | from LTLj,; ontologies:

» Lemma 14. Let O be an LTL%'OOol ontology, let O result from O by removing every aziom
of the form C1 A-+- AN Cy — L, and let Q" result from O by replacing every axiom of the
form Ci A+ ANCp — L withCy A---NCj, = A, A — O A", A = OA", A/ = A, for a
fresh atom A’. Let = be a signature that does not contain the newly introduced atoms A’.
(i) Every Boolean OMAQ q = (O, A) is E-equivalent to the OMAQ q' = (0", A). Every
specific OMAQ q(z) = (O, A(x)) is E-equivalent to the OMAQ q'(z) = (O”, A(z)).
(i) Every Boolean OMPQ q = (O, ») is equivalent to the OMPQ q" = (O', '), where

7 =V \/ OrOp(Cy N+ ACy)

C1A+ACi—LeO
Every specific OMPQ q(z) = (O, »(z)) is equivalent to the OMPQ q"(z) = (O, ' (2)).

Proof. We only show the first claim in (¢); other claims are similar and left to the reader.
Let A be any Z-ABox. Suppose the certain answer to ¢’ over A is no. This means that there
is a model Z of O” and A such that Z,n }= A for all n € Z. Then Z is also a model of O and
A. Indeed, if Z,n = Cy A--- ACy, for some n € Z, then Z,n = A’, and so Z,n = A, which is
a contradiction. It follows that the answer to q over A is no. Conversely, suppose the answer
to q over A is no. Let Z be a model of O and A such that Z,n = A for all n € Z. Extend Z
to the fresh atoms A’ by setting Z,n = A’. Then T is a model of O” and A, as required. Q

The next statement, which will be used in Theorems 16, 20, 27, and 29, shows that
deciding L-rewritability of specific LTL;,, ..-OMAQs q(z) is polynomially reducible to deciding
L-rewritability of Boolean LTL;, . -OMAQs g:

» Proposition 15. Let O be an LTLEOOm—ontology without occurrences of L, A an atom,

» a positive LTL formula, and Z a signature. Let X, X' be fresh atomic concepts and

Ex =ZU{X}. Then the following hold:

(2) The specific OMAQ q(x) = (O, A(x)) is L-rewritable over Z-ABozes iff the Boolean
OMAQ q' = (OU{AANX — X'}, X') is L-rewritable over Ex-ABozes.
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(ii) The specific OMPQ q,,(x) = (O, %(x)) is L-rewritable over Z-ABoxes iff the Boolean
OMPQ qx = (0, X A 3) is L-rewritable over =x-ABozes.

Proof. We only show () as the proof of (i¢) is analogous. Recall from [7] that, since O is a
Horn ontology, for any ABox A consistent with O, there is a canonical model Co, 4 of O and
A such that for any OMPQ s,

(0, A) = Jzx(z) iff Co a4 = (k) for some k € Z
Co.a = =(k) iff (0, A) = (k) for all k € Z. (26)

(=) We show that if Q(x) is an L-rewriting of g(x) over E-ABoxes, then 3z (Q(x) A X (x))
is an L-rewriting of gy over Zx-ABoxes, that is, & 4 = 3z (Q(z) A X (x)) iff the answer to
gx over A is yes, for every Ex-ABox A. (=) Suppose G 4 |= Iz (Q(x) A X(x)). As X does
not occur in O, we then have 6 4 = Q(n) and &4 = X (n), for some n € tem(A). Since
Q(z) is a rewriting of g(x), it follows that n is a certain answer to g(x) over A, and so
Z,n = s for every model T of (O, .A). Since Z,n = X, for every such model Z, it follows
that Z,n = X A s for every model Z of (O, A), as required. (<) Suppose the answer to
gx over A is yes. As g is Horn, it follows that Z,n = X A s for the canonical model T of
(0, A). Since X does not occur in O, there exists n in tem(A) such that S 4 | X (n) and
Z,n [= 3. Thus, n is a certain answer to g(z) over A, and so & 4 E Jz (Q(x) A X(z)).

(<) Suppose Q is an L-rewriting of g5 over Ex-ABoxes. Fix a variable a that does not

occur in @ and let @~ be the result of replacing every occurrence of X (y) in Q with (z = y).

We show that Q™ is an L-rewriting of q(x) over Z-ABoxes. Given a Z-ABox A, construct
the Zx-ABox A% = AU{X(k)}, for any k € tem(A). Note that S 4 = Q™ (k) iff S EQ,
for every k € tem(A). Indeed, S, E X(y) « (k=y), and so Su FQ & Q (k). It

remains to recall that X does not occur in Q~, from which & 4 EQ (k)iff 64 FQ (k).

Now, suppose k is a certain answer to g(x) over 4. Then the certain answer to gy over
A% is yes, and so GA;; E Q, which implies S 4 = Q™ (k). Conversely, if k is not a certain
answer to q over A, then the answer to gy over A% is no. We then have & Ak K Q), and so

Sl Q (k). d

In the remainder of this section, we establish a matching EXPSPACE lower bound, which
holds already for LTLj,,,,, OMAQs and LTLy,,. OMPEQs.

A counter is a set A = {A; |i=0,1, j =1,...,k} of atomic concepts that will be used
to store values between 0 and 2* — 1, which can be different at different time points. The
counter A is well-defined at a time point n € Z in an interpretation Z if Z,n = AJAN A} — L
and Z,n f= A} v A}, for any j =1,..., k. In this case, the value of A at n in T is given by
the unique binary number by, . ..b; for which Z,n A}f A A AZ’“. We require the following
formulas, for ¢ = by ...by:
~ [A=d =AY A- A AV with Z,n |= [A = ¢] iff the value of A is ¢ (provided that A is

well-defined);

- [A< = \/k>1>1 (AY A /\J it 7) with Z,n = [A < ¢] iff the value of A is smaller than
=1

¢ (provided that A is well- deﬁned)
- [A>] = \/k>1>1 (A} A /\j i+l -j) with Z,n |= [A > ¢] iff the value of A is greater than

¢ (provided that A is well-defined).
We regard the set (OpA) = {OFA;- |i=0,1, j =1,...,k} as another counter that stores
at m in Z the value stored by A at n + 1 in Z. This allows us to use formulas such as
[A > c1] = [(OpA) = c2], which says that if the value of A at n in Z is greater than ¢;, then
the value of A at n+ 1 in 7 is cs.
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Given two counters A and B, we set

k
A =Bl = A (B A0 A (B! - A1),

Jj=1

k
A=B+1]= N\ (BIAB_ A~ ABl = AL ANA)_ A= AAD) A
i=1
N\ ((BY AB) — A) A (B} ABY — A}))).

j<i

We have Z,n |= [A = BJ iff the values of A and B at n in Z coincide, and Z,n |= [A =B + 1]
iff the value of A at n is equal to the value of B at n plus one. In a similar way, we define
the formula [A =B — 1].

» Theorem 16. For any L € {FO(<),FO(<,=),FO(<,MOD)}, deciding L-rewritability of
LTLj,,, Boolean or specific OMAQs over Z-ABozes is EXPSPACE-hard.

Proof. Consider a deterministic Turing machine M with exponential space bound, which
behaves as described in the proof of Theorem 8. Given an input word € =z ...2,, let N
be the space needed for the computation of M on x, and let N’ be the first prime exceeding
N + 1 and such that N’ # +1 mod 10. Our aim is to construct LTLj,,,, ontologies O, O
and Opop of polynomial size that simulate the exponential-size, O(N’), DFAs 2., 2= and
Anmop from the proof Theorem 8, whose languages are £-definable (for the corresponding £)
iff M rejects x.

First we define O<. Let k = [log, N']| + 1.

The ontology O uses the following atomic concepts: the symbols in X" from the proof
of Theorem 8, S, Qq, Q1, Qu, Qub, Py for a,b € ¥, F, X, Y, and F,,4; we also use counters
A and L with atomic concepts A; and L§-7 fori=0,1,j=1,...,k. Set ZE=X"U{X,Y},
where ¥ is defined in the proof of Theorem 8.

In the DFA 2l;, we represent
— each state ¢ of 2; as [A =] AQy A[L =
— each state pJ of A; as [A=i| AP, AN[L=
- fias[A=1i|AF;

sias [A =14 AS.
To make the ontology O, simulate the automaton 2. (see Lemma 17) we require the
following axioms (which are equivalent to polynomially-many LTL,  axioms):
- aAb— L, fora,beE
— X — [(OpA) = 0] A OpS to simulate the initial state of A;
- [A=0]ASAY — F,,4 to simulate the accepting state of 2;

J;
J;

—~ o~
b R
w N =
o —

— the axioms

[A=0]ASAar — [(OpA) = 0] A OrQo A [(OrL) = A,
[A<N —1]AF ANag — [(OpA) = A+ 1] A OpS,
[A=N —1]AF Aay — [(OpA) = 0] A OpS;

describing the behaviour of 2. in states s; and f;;
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— the axioms
[A=0]AQoA[L=0]AL—[(OA) =0] A OrQo A [(OrL) = 1],
[A=0AQoA[L=1]A(g1,21) = [(OrA) = 0] A OrQo A [(OrLL) = 2],
[A=0AQoA[L=n]Az, = [(OsA) =0] A OrQo A [(OrLL) = n + 1],
[A=0AQoAL>n]ALKN+1Ab—= [(OA) =0]AOprQo A [(OsL) =L + 1],
[A=0AQoN[L=N+1AE—=[(OrA) =0 AOrQ1 AN [(CrL) = 1],
[A=0AQiA[L=1Aa—[(OA) =0]AOrQ1 A[(OsL) =0], for a # (qace, b), 8
[A=0AQiAL=0]Aa—[(OpA) =0]AOrQ1 A[(OpL) = 0], for a # 4,
[A=0]AQiAL=0]Af— [(O-A) = 0] AOrQ1 A[(O,L) = 1],
[A=0AQ1A[L=1]A(qaces b) = [(OrA) = 0] A OrQ1 A [(OpLL) = 2],
[A=0AQiA[L>1AL<N4+1Ab—=[(OrA) =0]AOrQ1 A[(OpL) =L 4 1)],
[A=0AQAL=N+1AD=>[A=0]AOF

describing the transitions of 2fy;

— the axioms for a,b,c € X'\ {b}, b,c £ {f
[A>O0AA<N+1UAQIANL>1]Aa— [(OrA) = A]AOrQo A [(OpL) =L — 1],
[A>O0AA<N+IAQA[L=1]Aa— [(OpA) = A] A OrQq A Op[LL = 0],
[A>O0AA<SNHIAQAL=0]Ab— [(OpA) = A] A OprQap A Or[L = 1],
[A>0AA<N+1UNAQuA[L=1Ac— [(OpA) = A] A OxQ,,. N Ox[L = 2],
A>O0AA<SN+UAQuA[L=1]At— [(OrA) = A] A OpP;,,, A Op[L = 2],
[A>O0AA<N+1UAQLAL>1AL<N]JAb—= [(OrA) = A] A OpQq A [(OsL) =L + 1],
[A>0AA<N+IAQAL>TAL<N]AL—[(OpA) = A]AOpPy A[(OpL) =L + 1]
[A>O0AA<N+I AP, AL>1AL<N]Ab—= [(OrA) = A]AOpPy A[(OsL) =L + 1],
[A>O0AA<N+IAP,AL=N]Ab— [(OrA) = A] A OxQpa A [(OFL) = 0],
[A>O0A[A<N+IAQaN[L=N]AE—[(OrA) = Al A OpQya A [(OrL) = 0],
[A>O0AA<N+1AQaw AL =0]Ab—[(OpA) = A] A OpQas A [(OrLL) = 1],
[A>O0AA<SN+IAQAL<N+IAb— [(OpA) = A] AO:F,
[A>O0AA<N+1UAQuAN[L=1]Ab = [(OrA) = A] A O F,

simulating the transitions of 2;, for 0 <i < N + 1;

— the axioms
[A>N+IUAA<N +1]AQoAa— [(OpA) = A] A OpQo A [(OpL) =1L, for a #b,
[A>N+IAA<SN +1]AQoAb = [(OpA) = A]AOF

simulating the transitions of 2;, for N +1 < < N'.

Next, we define the ontology O= by adding to O the axiom

A< N +

ASAG— [(

OrA) = A A OpS

simulating the f-transitions in 2=. We also we extend = with the atomic concept f.
To define the ontology Omop more work is needed. First, we extend O, with
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— the following axioms regarding A :

[A=N1TASAa; — [(OrA) = N'] A OpQo,
[A=N'TAF Nay — [(OpA) = N'] A OpS,

— the following axioms handling f:

[A=0ASAL— [(OrA) = N'| A OpS,
[A=N]ASAL— [(OpA) =0]AS,
[A>0A[A<NIASAL— [(OrA) =] AOpS.

Here, J is a new counter that stores the value j = —1/i in the field Fy/, which is required to
make sure that, for i # 0, N/, we have

Owmop = [A =] AS A= [(OrA) = j] A ORS.

We achieve this as follows. We compute the number r such that ir = 1 mod N’ using
the following modified version of Penk’s algorithm; see, e.g., [38, Exercise 4.5.2.39]. The
algorithm starts with u = N’, v =4, r = 0, s = 1. In the course of the algorithm, u and
v decrease, with the following conditions being met: GCD(u,v) =1, v = ri mod N’, and
v = si mod N’. The algorithm repeats the following steps until v = 0:
— if v is even, replace it with v/2, and replace s with either s/2 or (s 4+ N’)/2, whichever is
a whole number;
— if u is even, replace it with «/2, and replace r with either r/2 or (r + N')/2, whichever is
a whole number;
— if w,v are odd and uw > v, replace u with (u — v)/2 and r with either (r — s)/2 or
(r — s+ N')/2, whichever is a whole number;
— if u,v are odd and v > wu, replace v with (v — u)/2 and s with either (s —r)/2 or
(s —r 4+ N')/2, whichever is a whole number.
The binary length of the larger of u and v is reduced by at least one bit, guaranteeing that
the procedure terminates in at most 2k iterations while maintaining the conditions. At
termination, v = 0 as otherwise a reduction is still possible. If u = 1, we get 1 = rimod N’
and 7 = 1/i in the field Fy/, so we can set j = N’ —r.
For two counters X and Y, set

k
X=v/2] = XPA AN (Y = X)) A (Y = X))
1=2

We have Z,n |= [X = Y/2] iff the values x of X and y of Y at n in 7 satisfy z = |y/2]. We
define three new counters Cxy, Cxy, and (ng, which come with the following axioms, for all
t1,t2,t3 € {0,1}, that should be added to the ontology:

X9 AYS2 o (Cgy)lr et med 2. for all i € [1, k],
X{PAYY? = (Cy)ds
XLy ANY 2N (C;gry)éil - (C;gry)gbwﬂwﬂﬂs) med 27 for all i € [2, k],

XP'AYY? = (Cy)ts

X9 LAY A (Cgy)'sy — (Cgy) ez Hiatatiasstiats) mod 2. for all i € [2, k].

i
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Define the following formulas, where W is some counter:

k
(XIAY2A N\ (Cx)i),
1 j=i+1

-

X>Y]=

2

k
X 2 Y] = X > ¥]v ACro)l

k
W=X+VYl=/A A\ (X2 AY2A(CH)E - Wyrtatemed2)
t=111,2,3€{0,1}
k
[W =X — Y] — /\ /\ (X:l A Y;LQ A (ng) W11+/2+/3 mod 2)

=11y 53€{0,1}

Wehave Zyn E X > Y], Z,n EX>Y],Z,n E[W=X+Y],or Z,n | [W=X-Y] iff the
values z of X, y of Y, and w of W at n in 7 satisfy, respectively, the following conditions:

>y, c>y (r+y<2) s (w=x4+y),or (z>y) = (w=x—1).

In our ontology Omop, we use counters U, V;, R, R?‘, R, S, S, Sl+, Dy, Gy, Hy, for

lelo,...,

index [ hold the values of the corresponding expressions after the I-th step of the algorithm

according to the table below:

2k], along with some auxiliary counters Cxy. Intuitively, the counters with the

[L]l, ‘yrl, Hgil, S§l u,v,r,s

RS, S r+N' s+ N’

RS, —rmod N’, —smod N’

Dy lu — ]

Gy the even number from the pair ((r — s) mod N'), ((r — s) mod N') + N’
H; the even number from the pair ((s — r) mod N'), ((s — r)mod N') + N’

We add the following axioms (simulating the algorithm above) to the ontology Omop

constructed so far:
ANA<N]IASAE—=[Ug=N

[ILJ[ > ‘%’l] — [I[Dl = ILJ[ — erl],
Vi >U] = D =V, =Ty,

R =R+ U] AR =Uo —RJA[S| =S +Up] A [S; =T — Sy,

Ry > Si] A (R A (SD)D) V (R A (SD)1) = [Gr =Ry = Si] A [H, S++R J;
R > Si] A ((R)1 A (S)D) V ((R)Y A (SD1) = [Gr =Ry + S]] A [H, Ry,

[St > R A (R A (D)D) V (R A (SD)1)) = [Gr =R +S7] A [H Ry,
[St> R A ((R)T A (S)F) V(R A (SD)1) =[G =R —Si] A [H; =S +R ],

[Vi > 0] A (V)Y A (S1)Y = [Urgr = U A [Vigr = Vi/2] A [Rir = Ry A [Sip1 = 8i/2],
[Vi > 0] A (V)Y A (ST = [Uigr = UJ A [Vigr = Vi/2] A Riyr = R A [Sig1 = S} /2],
(V)1 AU A (R)Y = [Urr = Ui/2) A [Vigr = V] A [Rigr = Ry/2] A [Si41 = S,
(VD1 A UDYA (R} = [Unpr = Ui/2 A [Vigr = VI A R =R /2] A [Si41 = S,
(V1 A (U1 AU > Vi) = U = Di/2) A [Vigr = ViIJ A Ry = Hi /2] A [Si41 = S1],
(VD1 AUDT AV 2 Ul = [Urgr = U A [Vigr = Dy/2) A [Rigr = R A [Si1 = G;/2],
[Vi=0] = [J =R/]
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Here, as before, = = X" U{X,Y}. We call ¥ a state-formula if it takes one of the following
forms: ([A=iAQyAL=3j]), ([A=dAP,A[L=j]), ([A=iAS),or ([A=i{AF),in
which case we refer to, respectively, qg of A;, pl of Ay, s, or f; as the state corresponding to
v,

For L € {FO(<),FO(<,=),FO(<,MOD)}, use 2, and O, to denote the corresponding
automaton and ontology defined above.

» Lemma 17. Let A be a Z-ABox and let ¥ be a state-formula. Then the following hold:
(i) A is inconsistent with O iff there is i such that a(i),b(i) € A for different a,b € E.
(13) If A is consistent with O, then O, A = U(l) iff A contains a subset of the form

{X(l—-m-=1),a1(l —m),as(l —m+1),a3(l—m+2),...,an(— 1)}, (27)

where m > 0, ap, € X" for all h € [1,m], and Az, having read the word a; ...an, is in the
state corresponding to W.

Proof. (¢) This is so because the only axiom that can lead to inconsistency is (x1) and, for
consistent A and O, b € = and n € Z, we have O, A |= b(n) iff b(n) € A.

(i4) (<) If there is such a subset of A, then Oz, A |= ([A = 0] A S)(l — m). One can
check by induction on j that if the automaton is in a state ¢ after reading a1 ...a;_1, then
O, AE ¥ (l—m+ j), where g is the state corresponding to the state-formula ¥’.

(=)IfOr, A A5 (1), for some A% € A, then O, A |= b(I—1), for some b € . There are
two possibilities: either b= X or b € X" and there is A% € A such that Oz, A A2 (I - 1).
Therefore there is a unique subset of A of the form (27). By induction on j € [1,m + 1] we
can prove that there is a unique state-formula ¥; such that Oz, A = ¥;(I — m + j) and it
corresponds to the state 2 is in after reading a; ...a;_;. a

» Lemma 18. For £ € {FO(<),FO(<,=),FO(<,MOD)}, the LTL;,,,,, OMAQ (O, Fong) is

horn

L-rewritable over Z-ABoxes iff the language L(2z) is L-definable.

Proof. (=) For w = a1...an, € ¥, let A, = {X(0),a1(1),...,am(m),Y(m + 1)}. By
Lemma 17 and (x3), we see that w € L(2,) iff the answer to (O, Fepng) over A, is yes.

(«<=) Suppose L(2(;) is L-definable and A is a E-ABox. If the certain answer to (O, Fena)
is yes, then either A is inconsistent with Oz, or Oz, A |= ([A = 0] A S AY)(z) for some x.
By Lemma 17 (i), inconsistency is £-definable. Suppose that A is consistent with O,. If
Or,AE ([A=0ASAY)(z) then A contains a subset of the form

{X(’L — 1),a1(i),a2(i + 1),&3(i + 2), L. ,ak_i(k — 1),Y(]<i)}

with ajas...ap—; € L(Az). As L(2.) is definable by an L-formula this condition is also
L-definable. a

Theorem 16 is a direct consequence of Lemma 18 and the properties of 2. (.

» Theorem 19. For any L € {FO(<),FO(<,=),FO(<,MOD)}, deciding L-rewritability of
Boolean and specific LTLkomm OMPEQs over Z-ABozes is EXPSPACE-complete.

Proof. The upper bound follows from Proposition 5 and Theorem 8. We show the matching
lower bound by reduction of LTL;, . OMAQs to LTL;,,. OMPEQs and using Theorem 16.
Consider an LTL;, . OMAQ q = (O, A). We can assume that all of the axioms in O
take the form C — 1 or C — B, for some C = Cy A--- A C,, and an atomic concept B.

We construct an LTLy,, OMPQ ¢’ = (O’, ») that is L-rewritable over Z-ABoxes iff q is
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L-rewritable. Using the atomic concepts {B, B | B € sig(q)}, we define O’ to contain the
axioms BA B — L and T — BV B, for all B € sig(q), and set

x=A Vv \/ %0%C v \/ 00 (CAB).
C—1in O C—B in O

It is readily seen that, for any =-ABox A, the certain answer to q over A is yes iff the answer
to q@’ over A is yes, and k is a certain answer to g(z) over A iff it is also a certain answer to
q'(z). Tt follows that ¢’ is L-rewritable over =-ABoxes iff g is L-rewritable. a

6 Deciding L-rewritability of linear positive LTL,, OMQs

horn

As well known, deciding FO-rewritability of (classical) monadic datalog queries is 2EXPTIME-
complete [12,24], which goes down to PSPACE-complete for the important class of linear
monadic queries [24, 54].

In this section, we focus on linear LTL;, .. OMPQs. First, in Section 6.1, for any linear
LTLhOOm OMAQ g, we construct in polynomial space a DFA 2’ such that q is L-rewritable
iff L(A") is L-definable, for any £ € {FO(<), FO(<,=),FO(<,MOD)}. So, by Theorem 11,
deciding L-rewritability of linear LTL;, .. OMAQs g can be done in PSPACE. An essential
part of this proof is the construction of a (polynomial-size) 2NFA Q(E that recognises a certain
encoding of the language of q. Further in this section, we show that any DFA can be simulated
by a linear LTLSOM OMAQ, which gives a PSPACE lower bound for deciding L-rewritability.
In Section 6.2, we give semantic criteria of L-rewritiability, for £ € {FO(<),FO(<,=)}, of
LTL; . OMPQs and a PSPACE algorithm for checking their £-rewritability, which is based

horn

on the 2NFA quE.

6.1 Linear OMAQs

» Theorem 20. For any L € {FO(<),FO(<,=),FO(<,MOD)}, deciding L-rewritability of
linear LTLY, ~ OMAQs over Z-ABozxes can be done in PSPACE.

horn

Proof. By (i) of Lemma 14 and Proposition 15, it suffices to prove this result for Boolean
OMAQs in the given class without occurrences of L. Let g = (O, B) be such an OMAQ
and = a signature. By possibly adding new IDB predicates, we convert O to the form with
axioms of two types:

(Q]_) Cl/\"'/\Ck—>AI,

(02) C1 A~ ANCL NO'A — A/,

where k > 0, C1, ...,y contain no IDB atomic concepts, A, A" € idb(O), i € {—1,0,1}, and

A, if j =0,
} Op...0p A, ifj<O0,
O'A=4¢ 7 7
Op...Op A, ifj>0.
j

First, we define a quadruple 25 = (2%,Q,{qo},d) (which is in essence a 2NFA without
final states), where the set of states QQ = UQEO QoU{q0,qn}U{ga | A€ idb(O)}, Qo = {0},
and the transition function § = UJ,c0 9o U{q0 a1 q0 | a € 25}, where @, and d, are defined
as follows. If g is of the form (o;) and C; = 0% A;, 1 <i < k, then Q, = {g,} U @), and
8o ={q0 —a,0 g0 | a € 25} U 8], where @/, and &), are described below. If j; < 0 (the cases
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j1 =0 and j; > 0 are analogous), then 527 is such that Ql(% makes j; — 1 steps to the left, by
reading any symbols from 2=. After that, if we read any symbol a with A; ¢ a, 2% comes to
a fixed ‘dead-end’ state g. Otherwise, it makes j; — 1 steps to the right (i.e., to where it
was originally before executing any transitions for ¢ = 1) and repeats the same process for
Cy = OF2 Ay, etc. After executing the transitions for Cy, = O* A;, and provided that ¢, was
avoided, we come to the state g4:. If g is of the form (g2), then @, is the same as above and
8o =1{qa —ap0 qo|a €25} U d;, is the same as above, finishing in either g5 or gar.

By an atomic type vo for O, we mean a restriction of some type 7 for O (see Proposition 5)
to atomic concepts (or their negations). Given a model Z of O, we denote by vz o(n), for
n € Z, the atomic type for O that holds in Z at n. We omit Z from vz,o(n) when it is clear
from the context. Recall that Co 4 denotes the canonical model of O and A, which exists
because O is L-free. Let N = M + 2M?, where M is the number of occurrences of O, and
Op in O.

» Lemma 21. Let A be any ABoz of the form OV BON and O a linear LTLhOOm ontology.
Then we have: A € ve,, ,(£) iff there exists a run (qo,0),...,(q,%),(qa,i) of 25 on A, for
all N <{l<|Al—N.

Proof. We call a sequence © of the form

(CYA-NCR = Ar,n), (CLA -~ ANCL ANO"M AL — Az na), ...,
(CT" A+ ANCP ANO™ A, — Anpir)  (28)

a derivation of A from O and A if the axioms are from O and the numbers nq, ..., M, Nmt1
are such that nj,; =n; +i; and A= C] A--- A C’,zj (nj4+1). We say that such a derivation
ends at n if n,,41 = n. It is straightforward to verify that A € ve, ,(¢) iff there is a
derivation of A at ¢, for any £ € Z.

Let A be of the form @V B@YN. Our next aim is to prove that (a) for any N < ¢ < |A| - N,
if is a derivation of A at ¢, then there is a derivation (28) of A at ¢ such that 0 < n; < |A|,
for all numbers n; in this derivation.

» Proposition 22. Let ©1, D2, D3 be derivations from O and A of the form:

CD]_:...,(C]_/\"'/\Ck/\OiA—)Ao,no),
Doy = (OioAO — Ala”l)? BRI (Oim*lAmfl — Am;nm);
@3 = (C{ ARERIA C]/i)/ A OiAm — Am+1,nm+1)7- .-

If 210593 is a derivation of A at ¢, then there exists a derivation 19503 of A at { from
O and A such that min{ng, nm41} —2M? < n; < max{ng, np+1}+2M? for all numbers n;
in D%.

Proof. Suppose n,,4+1 > ng (the opposite case is analogous). Let j be the earliest number in
®9 such that

— either nj = np41 and njyp = Ny for some k > 0,

— or nj =ng and n;4x = ng for some k > 0.

If such j does not exist, then clearly, (d) holds with ®, = ©3 and we are done. Sup-
pose the former case holds for the earliest j. Let Do = D,95904, where D5 is the sub-
sequence of Dy between j (not inclusive) and j + k. In Dj5, consider any quadruple
((Ajr,njr), (Ajr,mgn), (Agr, g ), (Agr,nge)) such that j° < j7 < k' < kK, njy = ny,
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njr = ngr, Ay = Ajr and A = Apr. Clearly, ©1(D49596)D3 is also a derivation L
at £ from O and A, where

23:31

/5 :(OijAj — Aj+17 nj+1), cee, (OijlflAj/,l — Aj/,nj/), (Oij// Aj// — Aj”+l7 Njrp1 — d), R

(O =1 A1 = Aprymger — d), (O Ay = A, 1), - -

(O Aj g1 = Ajks Mtk

and d = nj» —nj. After recursively applying to ©5 the transformation above for each quad-
ruple ((Aj7,njr), (A, mjr), (Agr, ), (Ak, i) as above, we obtain ©F. It is easy to check
that there exist no n; # no and atoms A, B such that both (Ot A; — A,ny),..., (02 Ay —
B,ni) and (0% A3 — A, na),..., (0" Ay — B, ny) are in Df. Therefore, [n;: —ny,11| < 2M?
for all numbers nj in . If the latter case holds for the earliest j, analogously, we can
transform the subsequence D5 of D5 between j (not inclusive) and j+ k into the subsequence

t with all numbers |n;; — ng| < 2M?. Then, we find j in D¢ satisfying one of the two
cases above and transform D¢ analogously. We proceed until there are no more j satisfying
either of the two cases and the result D/ of transformation is, clearly, as required by the

proposition. a

Now, to show (a), consider a derivation © of A at ¢, for N < ¢ < | A|— N with the numbers
n;. Take the first n;, such that n; > |B|+ M or n; < 2M?. Suppose the former was the case.
Since A; = 0 for [0V B| < i < |A], it follows that there exists n;/, for j' < j, such that 2M? <
nj < |B|+ M and a (sub)sequence (O%' Ay — Ajry1,mj41),..., (O-1A;_1 — Aj,n;) is
in ®. We expand this subsequence by taking all (0% A; — Aji1,n;),..., (0% -1 Ajn_1 —
Ajir,mjn), such that j” is the first after j such that n;» = nj. Let ® = D1D2D3, where
9, is the expanded sequence above. By applying Proposition 22, we obtain a derivation
D1D,D3 of A at ¢, where all numbers n; in D19} are 2M? < n; < ny +2M? < |A|. If
the latter above was the case, i.e., n; < 2M?, we analogously obtain a derivation of A at ,
where all numbers n; in D194 are 0 < n; — 2M? < n; < |B| + M. By continuing to apply
Proposition 22 to D3 a required number of times, we obtain the derivation of A at ¢ with all
the numbers as required in (a).

Now the proof of Lemma 21 is complete. Indeed, there is an immediate correspondence
between runs of A5 on A and derivations of L by O and A whose all numbers n; are such
that 0 < n; < |Al. ]

We now return to the proof of Theorem 20. Define a 2NFA 2[5 = (2%,Q',Qo, 0", F),
where Q' = QU {q1}, F = {q1}, and & = U {gp —a0 q1,¢1 —a1 ¢1 | a € 2%}, Using
Lemma 21, we obtain:

Lz(q) =f{a e 2z | 0Vad" € L(AF)}. (29)

However, we need an automaton 2’, which can be constructed in polynomial space, such
that Lz(q) = L(A') and L-definability of 21’ can be decided in PSPACE. Consider the
DFA Q' from Section 4.2 that recognises the language of a 2NFA 2. We construct 2’
from 2 as in that section except the definition of ¢y and F’, which is now as follows:
¢ = ({(g0,9) € b (™)}, b, (0Y)) and F' = {(By, B,+) | (q0,q1) € By 0 X}, where X
is the reflexive and transitive closure of by (") o B,,.. Using (29), it is easily shown that
Lz=(q) = L(A') and 2’ is clearly constructible from g in PSPACE. That £-definability of 2’
is decidable in PSPACE, follows from the proof of Theorem 11. d

» Theorem 23. For any L € {FO(<),FO(<,=),FO(<,MOD)}, deciding L-rewritability of
linear LTLy,,,,. OMAQs over Z-ABoxes is PSPACE-complete.
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Proof. By Proposition 15 (i), it is sufficient to show the lower bound result for specific linear
LTLg.,,.. OMAQs q(z) = (O, A(z)). We provide a reduction from the problem of deciding £

rewritability of a DFA 2 = (Q, %, §, qo, F). We set = = X U {s}, for a fresh symbol s, and
construct O with idb(O) C {q| ¢ € Q} U{A, X} such that

L(A) is L-definable iff Lz(q(x)) is L-definable. (30)

Let O contain the axioms s — Ogqo, ¢ — A, for all ¢ € F', g\ a — OgF, for all ¢ —, r
in 6, a Ab — L for all distinct a,b € =, and s = Op X, X — O X, X As — L. Let 2F
be the set of all B € 2= with [B| < 1, i..e., 2 = {0} UU,c={{a}}, and let 25, be 2%\ 2F.
We analogously define 2} and 2Z,. To prove (30), observe that (recall that the alphabet of
L=(q(z)) s 2% U (%))
Lz(q(x)) ={U{s}{uo} ... {u,}B'V | U,V € (27)*, uo...un € L(A), B’ € (27)'}U
{UB'V | |U;] > 1 for some i, |B| > 1, or |V;| > 1 for some i}U
{UB'V | s occurs at distinct positions of UB'V'}

We now construct a DFA 2’ such that L(") = Lz(q(x)). It is straightforward to verify that
the following 21" with @ C Q'

can be taken. (The grey box shows @, where the state go is initial in 2( and the states gy, , .. .,
qy, are final. The transitions between ¢,q' € Q in 2’ are defined by taking ¢ — .y ¢ iff
q —q q' in 2, while all the other transitions in 2’ are shown in the picture. As usual, when
an arrow is marked by a sets of symbols from 2= U (2%)’, the corresponding transition holds
for each symbol in the set.) We also observe that:

g~¢q¢ inAiff g~ ¢ in A, forall ¢,¢ € Q, (31)
gtqd inAW forallge @, ¢ €Q\Q. (32)

We now show that L(2l) is L-definable iff L(2") is £-definable. We prove the direction
(=), while the opposite direction is easier and left to the reader. Let first £ = FO(<) and
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suppose L(2') is not FO(<) definable. By Theorem 6 (i), there exists a reachable state
qin A, a word U € (2% U (2%)")* and k, satisfying the corresponding conditions. By the
structure of ', it is clear that the state ¢ is in @ and U = {uo}...{un}, for some u € ¥*,
and d;,;(¢q) € Q, for all i < k. Therefore, we have ¢ in 2 such that 0,+(¢q) = ¢. By (31),
it also follows that ¢ 7 d,(q) in 2, and so L(2) is not FO(<)-definable. The proof for
L = FO(<, =) is analogous and left to the reader. Let now FO(<,MOD) and suppose L(2l")
is not FO(<,MOD) definable. By Theorem 6 (iii), there exists a reachable state ¢ in A’
and U,V € (2% U (2%)')* such that the corresponding conditions are satisfied. Consider the
sequence of states g, d;;(q), 9;,2(q), ... and observe 0y, (q) ~ 07;:42(q) and 07, (q) % 67741 (q)
(in A'), for all 4 > 0. By the structure of 2 and (32), it follows that all §;,;(¢) are in @ and
U= {uo}...{un}, for someu € ¥*. Also, because g ~ d{,.(q) ~ 6EUV)Z (¢) and (32), it follows
that d7,(¢), 5EUV)(q) € Qand V = {vo}...{vn}, for some v € ¥*. Finally, using (31) and an
observation that 6% (¢) = d,(q), for all words X = {x¢}...{z,} and z € £*, we conclude
that 2 satisfies condition (7i¢) of Theorem 6, and so L(2l) is not FO(<, MOD)-definable. O

6.2 Linear OMPQs

By Lemma 14 and Proposition 15, it suffices to prove this result for Boolean OMPQs in the
given class without occurrences of L. Let ¢ = (O, ) be a such an OMPQ. We start with

the criterion and algorithm for FO(<)-definability, and address FO(<, =)-definability after.

The set of all types for g is denoted by T'q. Given a model Z of O, we denote by 7z(n), for
n € Z, the type for q that holds in Z at n. In the rest of this section, we assume and s of
the form ©pOps’. This is w.l.o.g. by (26).

» Lemma 24. Let q = (O, %) be an OMPQ with an LTLYS -ontology ©. Then q is not
FO(<)-rewritable over Z-Abozes iff there exist such ABoxes A, B, D and k > 2 such that the
following conditions hold:

(i) e Al —1) and ¢ |ABE| —1);

|ABFHL| —1).

Al -1) =7

o,ABkD(

‘ABl - 1) =Tc

O,ABkD(

|AB| — 1) and 7¢

o,ABkD(

(”) x € TC(’),ABk+1D( o.ABk+1D( O,AB’C+1D(

Proof. Consider the DFA 2 over the alphabet 2% with the set of states @ = 2T¢, where

g—1 = T4 is the initial state and the set of final states is F' = {q | »r € 7, for all 7 € ¢}.

We expand the relation —, defined on T’y in Proposition 5 to @ by setting §(g,a) = {7 |
7' =, 7 for some 7 € ¢q}. Clearly, 2 is deterministic. In fact, 2 is a determinasation of
the NFA used in Proposition 5 with some simplifications. We write ¢ =>4 ¢’ to say that,
having started in state ¢ and having read an ABox A, the DFA 2 is in state ¢’. We observe
the following important property of 2{. Let ¢_1 =4, ¢o-.-gn—1 =>4, gn be a Tun of A on
A=Ay...Ap,and let ¢ = {7 € q; | T —4,,,..4, T/, for some 7" € g, }. Then

Teo (i) = ()&, for —1<i<n. (33)

Similarly to the proof of Proposition 5, one can check that L=(q) = L(2).

(=) Suppose q is not FO(<)-rewritable. By Lemma 6 (i), it follows that there exist
ABoxes A, B, D and k > 2 such that ¢_1 =4 qo, @ =5 @1, 9o =5 ¢ and g =p ),
@1 =7 ¢}, for some ¢, q¢; € Q such that ¢ ¢ F and ¢} € F. Since ¢ ¢ F, by (33), we
have —c € ¢, 0 (Al = 1) = Tco,Ang(|ABk| — 1) as required in (z). To show (ii), we
observe that ¢f € F by (33) implies s € 7¢ |AB| — 1) = 7¢ |ABFHL| — 1),

o,ABk+lv( O,ABkJrlD(

as required.
(<) Assuming (4) and (i¢), let qo, q1, g2 be states in A with ¢_1 =4 qo =5 ¢1 =g
g2 =5 ¢4 Let g3, ¢4 be such that g2 =p ¢3 and ¢4 =p ¢4. It follows by (33) that g3 ¢ F and
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¢4 € F. Observe that, if we had gy = g2, we could conclude that g is not FO(<)-rewritable,
as the conditions of aperiodicity for 2 (see the proof of (=)) would be satisfied. Since
we are not guaranteed that, we use the following property of the canonical models that
follow from (i) and (i¢): (a) 7¢ |ABk| — 1) = TCO,ABij(lABkjl —1), for any j > 1; (b)
OYAB,C+1D(|AB]”1\ -1)= TCO,ABkj+1’D(|ABkj+1| —1), for any j > 1. Take some 4, j > 1 that
satisfy qo = apw 1 =B ¢4 =k @1 =B ¢4, for some qq, ¢} By (i), (i7), (a) and (b), we have
that g5 € F and ¢ € F for such g5 and ¢f that ¢4 =p ¢5 and ¢4 =p ¢f. Therefore, g is not
FO(<)-rewritable, as the conditions of aperiodicity for 2 are satisfied (as in the (=)-proof
with A, B, D and k being, respectively, AB* B, D and kj). Qa

o,ABkD(
TC

» Corollary 25. Let ¢ = (O, %) be an OMPQ with an LTL]S. -ontology O. If there exist

E-ABozes A,B,D and k > 2 satisfying conditions (i) and (ii) above, then there exist A, B, D
and k with | A, |D|, k < 20U4D) satisfying these conditions.

Proof. First, we show that there is A with |A| < 2|T,|?. Indeed, consider the sequence

(CO,ABkD(O)vCO,AB’C+1D(O))7 R (CO,ABkD(|A| - 2)7CO,ABK‘+1D(|A| - 2))

Suppose, the i-th member of this sequence is equal to its j-th member, for i < j, and
denote A<'A=27 by A’. We clearly have Co apep(|A/| — 1) = Co apep(JA — 1) and
Co.ape+1p(JA'B| —1) = Co ap-p(|AB| — 1), and conditions (i) and (i7) are satisfied with A’
in place of A. The rest of the argument is straightforward. Similarly it is shown that there
exists D with |D| < 2|T4|?. To show that there exists k < 2|T4|?, we consider the sequence

(Co,aprp(|AB| = 1),Co apr+1p(|AB*| = 1)), ...,
(Co,aep(|AB* = 1),Co aprrip(|ABF| — 1)).

Clearly, if the i-th member of this sequence is equal to its j-th member, for i < j, then
conditions (¢) and (i¢) are satisfied with k& — (j — ¢) in place of k. a

Observe that we do not claim that there exists B with |B| < 29(4) However, this is the
case for linear LTL}S. -ontologies, as follows from the proof of Theorem 27.

Let O be in normal form, as in the proof of Theorem 20. Consider the 2NFA 221% from
that proof. Throughout this section, b,, for e € {ir,rr,rl,1l}, and b are defined with respect
to A%. It will be convenient to define each be(w) as an identity relation on @, for the empty
string w, and b(w) is defined accordingly.

» Lemma 26. Let A be an ABoz of the form OV BON and O a linear LTL;S., -ontology. Let
X(0) be the reflezive and transitive closure of by(A>*) o by (ASY). Then ve, , () = {A |
(qo, A) € by (A=Y 0 X(0)}, for any N <k < |A| — N.

Proof. Easily follows from Lemma 21. Observe that there exists a run (qo,0), ..., (q, %), (qr,1)
of 25 on A iff (g0, qr) € by (A=) 0 X (¢), for all £ < |A. Qa

» Theorem 27. Deciding FO(<)-rewritability of OMPQs q = (O, ) with a linear LTL,, ., -
ontology O over Z-ABoxes can be done in PSPACE.

Proof. By Theorem 24 and Corollary 25, we need to check the existence of A, B, D, k > 2,
such that |A|, |D|, k < 29U4D) and conditions (i) and (ii) hold. Without loss of generality, we
assume that A has a prefix ¢~ and D has a suffix 0.

We start by guessing numbers N4 = |A|, Np = |D| and k. We guess two types 79 and 7y

that represent, respectively, 7¢ N) and 7¢ A| — 1), and three types 75, 7, 7
p I p Y7 I YP 00> "1

0,ABkD 0,ABkD
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that represent, respectively, Te_ i1 (N); Teg ypriin (Ml = 1), and 7o (
Next, we compute b(()) and guess b(A), b(B), b(D). Note that, given b(B), we are able to
compute b(X) for each X € {B' |1 <i < k+ 1}. Now, we guess A—symbol by symbol—by
means of a sequence of pairs

(b(ASU), b(.A>O)), o (b(ASNA_1)7 b(A>NA—1))

such that b(AS")-b(A>%) = b(A), for all i, and there are a; € 2% with b(AS1) = b(A=?)-b(a;)
and b(A>%) = b(a;) - b(A>**1). Moreover, we require that a; = () for i < N. Observe that
the pairs of the sequence with i > N together with b(B) and b(D), by Lemma 26, give us
Ve prp (1) o asrp V), we check whether it is subsumed by 7o (if not,
the algorithm terminates with an answer no). Furthermore, we need to check the following
condition:

. When we compute v¢

’ . . /
#' € TCo (ag)acry (0) implies ¢ € 7o,

for each s of the form O, Oz from subg (if not, the algorithm terminates and returns
no). We have now checked that the type 7y is potentially guessed correctly (subject to
further checks). We can apply the same method to check that 7 is potentially guessed
correctly. For the remaining N < i < N4, since 7¢
and ¢, .., (1 — 1), we are able to compute 7, , . (|A| — 1) or obtain a conflict, e.g.,
OrA € 7ey ipup(i—1) and 2A € vey . (7). In the latter case, the algorithm terminates
answering no. In the former case, we check if 7¢ . (|A] — 1) is equal to 1, in which case
71 is guessed correctly, and if not, the algorithm terminates answering no. Analogously it is
checked if 73 is guessed correctly using Co apr+1p.

Now, we show how to check that all the types 7¢ |

o askp (1) 18 determined by ve, ... (4)

, for | A <i < | AB¥|, are correct,
o amniip (1), for [AB] < i < |AB**1| are
o ankp(@)- Observe that 5’ € ¢ (i)
iff ¢ € 7, for each 3¢ of the form Ox”, O from subg and all

JABRD (Z)
that 7{ is guessed correctly, and that all the types 7¢
correct. We only demonstrate the algorithm for 7¢
iff s/ € ¢
|A| — 1 <14,j < |AB¥|. To do the required check, we need to guess a sequence of pairs

0, ABkD (j)

(b(BSO), b(B>O)), . (b(BSlB‘_l), b(B>\B|—1)) (34)

such that b(B=%)-b(B>%) = b(B), for all i, and there are a € 2% with b(B=*1) = b(B<%)-b(a)
and b(B>%) = b(a) - b(B>**1). While we do not have any bound on |B| yet (unlike on |A|, | D]
and k), we can easily observe that any sequence (34) with repeating members at positions
0 < <i” <|B| —1 is equivalent for the purposes of this proof to the sequence with all the
members i/, ...,i" — 1 removed. Since there are < 294D distinct pairs as above, it follows
that |B| < 20U4D | if B required by Lemma 24 exists. By Lemma 26, using an element i
of this sequence, we are able to compute UCO‘_AB’CD(‘AB-” +1i), for all 0 < j < k. We only
need to check that such an atomic type is not in conflict with the modal formulas in 7y,
e.g., 0, A € 1 and -4 € v¢ |AB7| + ). If a conflict is detected for some i and j,
e (B = 1) = 7
O,ABK‘+1D(|ABk+1| — 1) = 71). Finally, we need to check that all the types
TCo anip (| AB%|+1i) (respectively, in ¢
The details are left to the reader.

o0,ABkD (
the algorithm terminates answering no. Here, we also verify that 7¢

(respectively, if 7¢

O.A5k+1D(
a

We now turn to FO(<, =)-definability.

» Lemma 28. Let q = (O, %) be an OMPQ with an LTL}S -ontology O. Then q is not
FO(<,=)-rewritable over Z-Abozes iff there exist such ABoxes A,B,D and k > 2, such

IAB| - 1).

|ABF+1|+4)), are correct, for 0 < i < Np—N.
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that (i) and (ii) from Lemma 24 hold and there exist ABoxes W, U, such that B = UW,
W = ul,

(¢22) 7
(iv) TC

|ABU| — 1), for alli < k, and
(|ABU| — 1), for alli, 1 <i < k.

AB 1) = e,
(|ABY - 1) = 7¢

@.ABkD(

o, ABk+1D O0,ABk+1D

Proof. (=) Suppose q is not FO(<, =)-rewritable. By Theorem 6 (i¢), there exist the ABoxes
AW, U, D with [W| = |U| and k > 2 such that

q—1 =A 9 =uU 90 =W Q1 =uU Q1 =W =W k-1 =U dk—1 =W qo,

qo =p T0, @1 =p 1 for some rg,r; € @ such that ro ¢ F. That (i) and (i7) are satisfied for

B =UW is shown as in the proof of Lemma 24. Then (iii) and (iv) easily follow from (33).
(<) Suppose (i)-(iv) hold and E(ig,...,i;) =UW ... UW. Let Fj (io,...,i;) be the

prefix of E(ig,...,4;) of the form UW ... U~ WU'", for j' < j. By the properties of the

canonical models, we then obtain the following, for 0 <n < mand 0 < /¢ < k:

(a) TCo. acig..., ikm+k—l)D(|A‘7_—kn+e(iO7 ces lgmak—1)|—1) = TCO,AB’C’DOABKI —1), for allm, ¢ >
0;

(b) TCo, ac(ig,..., ikark,,l,z‘o)D(|A}—kn+€+1(i07 oo Uemagk—1, 7’0)‘ - 1) = TCO)A5k+1D(|ABe+1| - 1)'

Take the DFA 2l from the proof of Lemma 24, assume without loss of generality that |Q| > 3,

and, for m > 0, consider the sequence

g1 = quiei-1 Qo =yiell 4o =w o =yiel-1 q1 Syiel ¢4 =w 4] Syt ..

/
Qkm+k—1 =yl Qgm+k—1 =W Qkm+k-

Clearly, ¢; = ¢, for 0 < i < km+k. By taking an appropriate m, as in the proof of Lemma 24,
we can find ¢ and j, such that

-1 = quiei-1owyIeli-1yik To = wylell-1 T1 = pyleli-1 *** = wylell-1 Tjk+k—1 = wyleli-1 To

and 1y =y 14, for 0 < € < jk + k. It can be readily shown using (a) and (b) that ¢ ¢ F'
and ¢} € F for such ¢ and ¢} that ro =p ¢ and r1 =p ¢;. Now, we have found a set of
states in 2 that satisfies the condition of Theorem 6 (ii) with w = WUIQI'~! and u = UI?V".
Therefore, g is not FO(<, =)-rewritable. a

» Theorem 29. Deciding FO(<, =)-rewritability of OMPQs q = (O, 5) with a linear LTLS,, . -
ontology O over Z-ABoxes can be done in PSPACE.

Proof. The proof relies on Theorem 6 (ii). Clearly, Corollary 25 holds providing the bound
of 20U4l) on |A|, |D| and k. The same bound on |W|, [U4| and |B| follows from the same
argument as in the proof of Theorem 27 and a straightforward modification of that proof
gives a PSPACE algorithm we are after. [

The criterion of Theorem 6 (i¢¢) is harder to transform to a PSPACE-checkable condition
on canonical models and ABoxes, and the complexity of deciding FO(<, MOD)-rewritability
of linear OMPQs remains open at the moment.

7 FO(<)-rewritability of LTL; ,, OMAQs and LTL.

krom core

OMPQs

Our next aim is to look for non-trivial classes of OMQs deciding FO-rewritability of which
could be ‘easier’ than PSPACE. Syntactically, the simplest type of axioms (5) are binary
clauses: C7 — Cy and C; ACy — L, known as core axioms, which together with C; vV Cy form
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the class Krom. In the atemporal case, the W3C standard language OWL 2 QL, designed
specifically for ontology-based data access, allows core clauses only and uniformly guarantees
FO-rewritability [3,19].

As we saw in the proof of Theorem 19, OMPEQs with disjunctive axioms can simulate
LTLj,,,,, OMAQs, and so are too complex for the purposes of this section. On the other
hand, LTL,,,, OMAQs and LTLS , OMPQs are all FO(<,=)-rewritable [7]. Below, we

focus on deciding FO(<)-rewritability of OMQs in these classes.

» Theorem 30. Deciding FO(<)-rewritability of Boolean and specific LTL;, ~ OMAQs over
=-ABozxes is CONP-complete.

Proof. Suppose g = (O, A) is an LTLkOmm OMAQ and O is consistent. Using the form of
Krom axioms, one can show [7] that, for any ABox A and | € Z, we have (0, A) = A(]) iff
one of the following holds: (i) there are k < [ and B(k) € A such that O = B — O, FA4;
(i1) there are k > [ and B(k) € A such that O = B — OF~!A; (iii) O and A are inconsistent,
i.e., there exist k1 < ko, B(k1) € A and C(k2) € A such that O | B — OF2~F1 (.

Let lit(q) = {C,~C | C € sig(q)}. For any Ly, Ly € lit(q), we can construct a unary NFA
A, 1, of size O(|q|) that accepts L, ., = {a" | O = L1 — OFLa, n > 0}. The set of its
states is lit(q), L1 is the initial state, the set of accepting states is {L2}, and the transitions
are the following:

- L=, L'iftOEL—OL;
- L. L'itOEL—> L.
Let 23 = {B€Z|0,{B(0)} F3rA(z)} and =% = {B € = | O0,{B(0)} |= V2 A(x)}.

» Lemma 31. (i) The language L=(q) is FO(<)-definable iff, for all B,C € =\ =3, the
language Lp_c is FO(<)-definable.
(i) The language L=(q(zx)) is FO(<)-definable iff the following holds:
— for all B € E, the languages Lpa and L_4_p are FO(<)-definable;
— for all B,C € E\ ZY such that one of the Lpa and L s-c is finite, the language Lp-c
is FO(<)-definable.

Proof. (i) (=) If Lz(q) is FO(<)-definable then so is L=(q) N L({B}0*{C}), for any B,C.

For B,C ¢ 3, we have {B})"{C} € L=(q) iff O | B — Op*1-C.

(«=) For a Z-ABox A, we have w4 € Lz(q) iff either there is B(k) € A, for some B € =3,
or there are B,C € Z\ 23 and k <[ such that B(k),C(l) € Aand O = B — OF~!'=C. By
assumption, all of these conditions are FO(<)-definable.

(17) (=) If Lz(g(x)) is FO(<)-definable, then so is Lz(q(x)) N L({B}0*(’) (see the
definition of Lz(q(z)) in Section 2) and Lz(q(z)) N L(0’0*{B}), for any B € Z. We have

(BY0"0 € L=(q(z)) iff O = B — O A and 0'0*{B} € L=(q(z)) if O = B — OM1A,

Suppose B, C € Z\ZY and L is finite. There is [ € Z such that O, {C(0)}  A(l) and there
is k such that k > n for all a™ € Lpa. For m > k+ |l|, we have O, {B(0),C(m)} = A(m +1)
iff O | B — O*~C. The case when L_ 4 is finite is similar.

(<) One can prove by induction on the construction of star-free expressions that every
star-free language over a unary alphabet is either finite or cofinite. Since, for all B € Z, the
languages Lpa and L_4_p are FO(<)-definable, they all are star-free. Therefore, there is
n € N such that, for any B and ni,ny > n, we have a™ € Lpa iff a™2 € Lg, and similarly
for L_4-B.

For a Z-ABox A and k € Z, we have wa , € L=(q(z)) iff either there is B(l) € A with
I<kand O B— OL %A, or there is B(l) € A with | > k and O = B — OF~'A, or there
are B(k),C(l) € A such that k — [ < 2n and O = B — OF~!'=C, or there are B(k),C(l) € A
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such that k — [ > 2n, L4 and L_4_¢ are infinite, or B(k),C(l) € A such that k — 1 > 2n,
one of Lpa and L_4-¢ is finite and O = B — OF~'=C. All of these conditions are FO(<)
definable. (In the fourth case, since Lpy4 is FO(<)-definable and infinite, O = B — OO, A
and, similarly, O | C — OO0, A; therefore, O, {B(k),C(l)} E VxA(z) and we do not need
to check for inconsistency.) Qa

Thus, to check FO(<)-rewritability of g and g(x), it suffices to check FO(<)-definability,
emptiness and finiteness of the languages of the form Ly, ,. Emptiness and finiteness can
be checked in NL. Using [50, Theorem 6.1], one can show that deciding FO(<)-definability
of the language of a unary NFA is cONP-complete, which gives the required upper bound
for deciding FO(<)-rewritability of both Boolean and specific LTLj,,,, OMAQs.

To show the matching lower bound, for any unary NFA 2 = (Q, {a}, 4, qo, F') without
e-transitions, we define an LTL?O,.e ontology Oy with the axioms X — Opqg, gAY — L,
for every ¢ € F, and ¢ — Ogp, for every transition ¢ —, p. The OMAQs q = (Oq, A) for
A¢ QU{X,Y} and g(x) = (Ox, A(x)) are FO(<)-rewritable over {X,Y }-ABoxes iff L(2)
is star-free because O, A = A(l), for an {X,Y }-ABox A, iff A is inconsistent with Og. An
{X,Y}-ABox A is inconsistent iff there are X (i), Y (j) € A with o/ ="~ € L(2A). Q

Our next result deals with a weaker (HornNKrom) ontology language but more expressive
queries.

» Theorem 32. Deciding FO(<)-rewritability of Boolean and specific LTLS, . OMPEQs over

core
E-ABozes is 115 -complete.

Proof. By Proposition 15 (ii) and Lemma 14, it is enough to consider Boolean LTLS) .

OMPEQs q = (0, q) with L-free O. We further assume, without loss of generality, that all
of the axioms have the following forms: A — B, A — OB, or A — Op B, for atomic A and
B.

» Lemma 33. For v € X%, deciding whether v € Lz(q) can be done in NP.

Proof. We prove that, given an ABox A and j € Z, checking O, A |= »(j) is in NP.

The proof is by induction on the construction of s. If 5 is atomic and O, A |= »(j) then
there is B(i) € A such that O = B — O "A or O |= B — OL 7 A, which can be checked in
polynomial time. The cases 2 = 311 A 3¢5 and » = 311 V 35 are obvious.

Let 20 = Opsey. If O, A |= 5(j), then O, A |= 3¢ (i) for some i > j. By the structure of the
canonical models [7], the required i can be found in the interval j < i < |j| +max .4 +2°U°D.
So it is of polynomial length and we can non-deterministically guess it along with the
necessary certificate proving that O, A |= 5 (i), which exists by TH. The case of 3 = Opsry is
symmetric.

It remains to recall from [7] that the certain answer to g over A is yes iff there exists
j € [-0(2°), max A + O(29)] such that O, A = »(j). a

Using criteria (i)—(4i7) from the proof of Theorem 30, the assumption above, and the
structure of s, we obtain that O, A | Jsx(z) iff O, A" = Fs(x), for some A C A with
| A’ < |5|. We reformulate this observation in slightly different terms. Let B be the set of
words w = w; ... wy € X% such that, for every ¢, we have |w;| > 1 and |wq| +- - - + |wg| < |5].
With every such w we associate the language L, = L(0*w,0*...0*w0*) N L=(q). For
¥;-words v and v’, we write v' < v if they are of the same length and v; C v;, for all i.

» Lemma 34. For every v € X%, we have v € Lz(q) iff there is v < v such that v' € L,,
for some w € B.
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We also require the following;:

» Lemma 35. A regular language
L C L(a*bia*bea™ ... a"bra™)

with a & {by,...,bg} is star-free iff L can be defined by a regular expression of the form

n
a = U ai,Oblai,l e ai,kflbkai,k
i=1

l

for some n € N, where each «; ; is either a'ii or a%ia*, for some l;; € N.

Proof. (<) All individual members of the union are concatenations of star-free languages.
Therefore, L is star-free because star-free languages are closed under concatenation and
union.

(=) The proof is by induction on k. For k = 0, L C L(a*) is either finite or cofinite.
If it is finite, then L = [JJ", a%; otherwise, L = /., a% U {a" | n > iy}, and so
L= L(a"a*U U;":_ll a'i).

Let k > 0. Let 2 = (Q,X,0,qo, F) be a minimal DFA accepting L. Let B = {qg € Q |
Fid4:(qo) = q} and let B' = {q € B | §(q,b1) is defined}. For a non-trash p € B’, let L, be
the language accepted by the automaton (B, {a},d|s,I,{ps}) and let L}, be the language ac-
cepted by the automaton (Q/B, %, 6|q,/p,d(p, b1), F). Clearly, L; C L(a*bea*bsa* ... a*bra™)
and both L, and L, are star-free. Therefore, by IH, there are a regular expression | J; oy

defining L, and a regular expression U;Lil af 1baaf ..ok bral, defining L. Since
L =U,ep(Ly-{b1}- L), the language L is defined by

Tp nlp
p D p D p
U U U elobiofibaal, . afibrad,

pEBi=1j=1
This completes the proof of the lemma. a
» Lemma 36. The language L=(q) is star-free iff L., is star-free, for every w € B.

Proof. (=) If L=(q) is star-free, then so is L,, because L(0*w,0*...0*w,0*) is star-free
and star-free languages are closed under intersection.

(<) Suppose the language L, is star-free. By Lemma 35, L,, is defined by the expression
= UM aiowia g ... g 1wk g, for some ny, € N, where each «; ; is either 0r or OLO*.
Let agyj = ol or 0!@° (we use ) to denote the letter of ¥z and @ to denote the empty
language), respectively, where o = Uaezq a. Let

Nw

al, = U (a;p( U a)aly ..ol U a)a;’k).

j=1 w1 Ca wkCa

We see that «;, is star-free and L(c),) = {v € X | 3’ € L, v' < v}. It follows that
L(U,ep ) = Lz(q) and Lz(q) is star-free. a

For w = wy ... w, € Band I = (ig,...,ix), let v, = 0°w,0% ... wi0%. For c € N, let
I<. be I with all i; > c replaced with c.

» Lemma 37. L, is star-free iff vy, 1 € L=(q) just in case vy, 1., € L=(q), for all I, where
¢ — olsiE(@|+x | 1. <
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Proof. (<) For w = w; ... wy, let Z,, = {I = (ig,...,ix) | maxi; < ¢,vy 1 € L(g)}. It isa
finite set. For each I € T, let af = agobiar s ... by, where ap; = 07 if j < ¢ and 0°0* if
j = c. We see that L,, is defined by UIeIw ar, and so it is star-free.

(=) Consider «,, from Lemma 36. Each «;; is either ' or §'0*. Choose lyq: to be
bigger than all of the . We see that v, ; € L=(q) iff Vw,Iey, . € L=(q).

Consider ABox A corresponding to vy, 7., and choose [ such that i; = c¢. There are two
places in the part of the canonical model cofresponding to i; where exactly the same atomic
concepts and subformulas of s are true. Let them be I3 and l5. If we ‘repeat’ the [I; + 1,15]
part m times, we obtain exactly the canonical model for the ABox corresponding to vy, -
where I’ has ¢+ (m — 1)(I3 — 1) in place of 4;.

L

We can choose m so that ¢+ (m — 1)(ly — l1) > lyae. We can do the same for all i; = ¢
in I, and all i; > ¢ in I. So the words vy 1, ., Vw1 . and v, are in or out of L,
simultaneously. a

We are now in a position to show that deciding FO(<)-rewritability of g can be done in
I15. Indeed, q is not FO(<)-rewritable iff we can guess w € B and I such that max(I) < 2¢
and only one of v; and vy, belongs to Lz(q). By Lemma 33, we can check membership in
L=(q) using an NP-oracle, so the problem is in cONP™" = IT5.

We show the matching lower bound by reduction of VA3CNF. Suppose we are given a
QBF vX3Yp with a 3CNF ¢, X = {z1,...,z,} and Y = {y1,...,ym . We construct an
LTLS,. OMPEQ q, = (O, »,) such that q,, is FO(<)-rewritable iff VX3IYp(X,Y) is true.

We use atomic concepts Ag, for 1 <i<m,0<j<py,—1, where p; is the i-th prime
number, z° and 2!, for 2 € X UY, A and B. The ontology O, comprises the axioms

A AY AL = OpATTIOP A0 0 ALyl

) = Opa?d, z} — Opzl, B — O:OpB.

The size of the ontology |O,| is polynomial of | X |+ |Y| because p,, = O(mlogm). Let ¢’
result from ¢ by replacing all z; with x}, all ~x; with 2, and similarly for the ;. We set

s, =AN /\(ac? Vi) A (BV Opg).
=0
We now show that g, is as required. Suppose YX3Y'p(X,Y) is true. Consider an ABox A
with the answer yes. There is t € Z such that O, A |= 2,(t). We know that then A(t) € A,
and Oy, A = N\ (29 V 2}). This means that, for every i, there is z9(s) or z}(s) in A, for
some s < t. There is an assignment for as; € 2% such that O, A = 2 (s) for all 5 > ¢.
For this assignment, there exists a corresponding assignment of as, € 2¥. There is a number
r such that r mod p; = asz (i) for all i« < m. Therefore O, A = yfsz(i), Oy, A= (t+T),
and so Oy, A = Op¢’(j). Thus, the sentence

3t (A(t) AN 3s ((s ) A @) v al(s)) )
=0
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is an FO(<)-rewriting of q.,.
If VX3Y p(X,Y) is false, then there is an assignment as € 2% to the variables in X
such that ¢ is false for any assignments to Y. Let X,, = {A} U U?:l{:rfs(zi)}. Consider
A={B(0)} UU,cx,. z(l) for some [ > 0. If the certain answer to g, over A is yes, then
Oy, A = 3,(1). Therefore O,, A = B(l) since O,, A = Orp’(l). This means that, for
w = {B}Xas, the language L., is L(0*{B}(00)* X,:0*) and not star-free, and therefore q,,

is not FO(<)-rewritable by Lemma 36.
This picture illustrates the intended models of O, and A = {A(0), z1(0),z3(0)} for the
formula ¢ = Va1, z23y1, y2 (21 = y1) A (22 = ¥2)):
N NI

AT AT A

}
o
o
o
)
[

0 .0 .0 .0 .0 .0 .0
1‘2\'.12\'.12\'.12 \1'12 \1'1'2 ~v

This completes the proof of Theorem 32. d
If we slightly increase the expressive power of LTLS, . OMPEQs q = (O, 5) by allowing

core
O-operators in s, the problem of deciding FO(<)-rewritability becomes more complex:

» Theorem 38. Deciding FO(<)-rewritability of Boolean and specific LTLS, . OMPQs is
PSPACE-complete

Proof. By Proposition 15 and Lemma 14, it suffices to prove this theorem for Boolean
LTLS,. OMPQs. The upper bound follows from Theorem 27 as core OMQs are linear Horn
OMQs.

To prove the matching lower bound, we reduce the PSPACE-complete DFA intersection
problem (see, e.g., [14,21]) to OMQ rewritability. Let 4, ...,2, with 2; = (Q;, %, &, ¢4, F;)
be a sequence of DFAs that do not accept the empty word, have a common input alphabet,
and disjoint sets of states.

Let Qi = {qi,....q}}.
{X,Y,B}U Uie[l,n] 0;:

Consider the following ontology O with atomic concepts

(q,@,a,qf)/\(q;,b,q;)%L, ifk#£morl#n,

(@h ava}) A Or(ghy,0,gl) = L, ifL#£m,
(Ghra.q)) A (@b, gh) = L, ifa#b,

X ANOr(qp,a,q;) = L, fork#0,
(@hra,q}) NORY — L, for ¢ ¢ F,
XANOY — 1,

Y — O,

B — OprOrB.
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Set
n = C’/\X/\DF<( /\ \/ (r,a,s))VY).
i€[1,n] (r,a,s)€d;

We claim that the OMQ g = (O, ») is FO(<)-rewritable over Z-ABoxes, for E = sig(q), iff
Miep1,n L) = 0. The picture below illustrates the structure of the intended models:

/\ ___________________ N (q&,alaqjl'l) (q;kil,amq;k)

’ A
B B B, X (¢},a1,q}) (af,_, ar:q5,) Y Y
—O——————O——— O e —l—————————O— s O O0—O—>

(=) If Nigpny L(A;) = 0, then, for any ABox A, we have O, A |= 5(k) iff the ABox A is
inconsistent with O. It follows that the disjunction Q of the following sentences (describing
different cases of how A can be inconsistent with @)

VoV 3s(dh @, a)(s) A (gl b,5)(s))

i k#m,l#n

\/;{n 35((gh @, 0)(5) A (¢l 01) (5 + 1))

V \7{b 3s((ak: @, 01) () A (@, b, 43)(5)

\};yo s (X (5) A (g 0, 01) (s +1))

b V 35,8 ((s <"+ 1) NA(S) A Y (s))

AG{X}U{(r,a7s)|s¢Ui Fi}

is an FO(<)-rewriting of q.

(=) Let w=w1...wk € [N;gp ) L(A). For i € [1,n] and j € [0, k], there exists g5 € Q;
such that (¢} ;,w;,q}) € 6;. Let wa = {B}, ws = ) and we be the word corresponding to
the ABox C = {X(0)} U (quep,n] Uje[17k]{(q§71,wj,q;»)(j)}) U{Y(k+1)}. We see that a

word of the form wwpiwe is in L=z(q) iff n is odd. Therefore, L=(q) is not star-free, and g
is not FO(<)-rewritable. a

The reason causing the complexity gap between Theorems 32 and 38 can be explained by
the rising combined complexity of answering LTLS),,e OMPQs, established by the following

theorem, which should be compared with Lemma 33:

» Theorem 39. Given an LTLS,,, OMPQ q(x) = (O, »(z)) and & € Z, checking whether
0, A = x(x) is PN?[O(logn)]-complete.

Proof. As we saw above, checking whether O, A = A(z), for atomic A, is in P. Therefore,
for ¢ without temporal operators, but possibly with atoms of the form (z > k), for some
k € Z, checking whether O, A |= p(z) is also in P. We call such formulas simple. For any
simple o and any o € {0, Op, Op, Op }, the set of x such that O, A = op(z) is either empty,
the whole line, or a half-line. Therefore, in the canonical model of O and A, either op(x) is
equivalent to T, L, or there is t € [min A — ¢, max A + ], for some ¢ = 200D such that
op(x) is equivalent to x < t for o = Op, Op or t < x for o = O, Op. We can find the precise
equivalent (in the canonical model) atomic formula in NP. So we can find the equivalent
formulas for the subformulas of s¢ of the form oy, replace them with these atomic formulas,
and repeat until we arrive to a single simple formula that can be evaluated in P at the
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given point. Therefore the combined complexity of LTL?OTe OMPQs belongs to the class
TREES(NP), which is equivalent to PNY[O(logn)] (see [32] for details).

To prove the matching lower bound, consider the PNP[O(log n)]-complete problem of
checking validity in Carnap’s modal logic. Carnap’s modal logic is a nonstandard modal
logic that differs substantially from the better-known Lewis’ systems. In Carnap’s modal
logic, a subformula < of a formula ¢ evaluates to true if v is a consistent formula, and a
subformula O evaluates to true iff ¢ is valid. Each modal subformula of ¢ is evaluated
independently of its context in .

The sentences true in Carnap’s modal logic are precisely those sentences that are true
in the fully connected Kripke structure, where each world corresponds to a finite set of
propositional atoms made true, and each such set corresponds to precisely one world (see [32]).

Let var be a finite set of propositional variables. Let S, be the fully connected Kripke
structure, where each world corresponds to a finite set of propositional atoms from var made
true, and each such set corresponds to precisely one world.

Let p; be the i-th prime number and let P, =[], p;.

We construct an LT L?Ore ontology O, in the following way. The set of atomic concepts
in it is

{A511<i<n,0<j<pn—1}U{X;, X, | X; €var} U{A, B}.

The axioms of O, are

A—>A6, for 1 <i<n,

Aj = OrA(j 1) mod pi>

A6 — yi,

All — Xl',

A§—>B, for 1 <j<p,—2

One can see that |Oyg| is polynomial in |var]|.

Let ¢(x1,...,x,) be a formula built from x;,0,1,V, A, -, 0,< in negation normal form
with all the variables from var. Define s, inductively as follows:

;42Ei = ‘)(57

}{-1ri = :Xii,

Hovyp = P \ d)

Hony = P A ’(/}

sop =Ur(BV o)

%050 = <>F((p)
Consider A = {A(0)}. For any world w € Sy, there exists exactly one n,, < P, such that
Ny, = 0modp; iff x; ¢ w and n,, = 1 modp; iff x; € w. We see that, for any Boolean formula
¥, we have Oy,r, A = ¥(ny,) iff ¢ is true in w. Then, for any k& > 0, we have Oy, A = (k)

iff Ovar, A = ¥(k+ Py) and if ¢ is a tautology then Oy, A | ¢V B(k). By induction on the
construction of ¢ one can show that Oyar, A = Opz,(0) iff ¢ is valid in Carnap’s logic. Q0

8 Conclusions

Motivated by ontology-based access to temporal data—a paradigm relying on FO-rewritability
of ontology-mediated queries—we considered the problem of determining the optimal rewrit-
ability type and data complexity of answering any given LTL OMQ. We showed that this
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problem is closely related to deciding FO(<)-, FO(<,=)- and FO(<, MOD)-definability of
regular languages given by DFAs, NFAs and 2NFAs of different size. Various characterisations
of FO(<)-definability of the languages of DFAs/NFAs, deciding which is PSPACE-complete,
have long become classical results in automata theory. Here, we extended some of them
to FO(<,=), FO(<,MOD) and 2NFAs, establishing the same PSPACE complexity bound.
Based on these results, we showed how the clausal form of ontology axioms in OMQs, the
temporal operators involved and the type of queries are reflected in the structure of automata
accepting the OMQs’ yes-data instances and the complexity of deciding their FO-definability.

Interesting open problems include understanding the impact of the O-operators in linear
and core ontologies on the complexity of deciding FO-rewritability, extending our analysis to
MTL-ontologies where OMQs are not necessarily FO(RPR)-rewritable, and so are outside of
NC!', and to 2D combinations of LTL with description logics, in particular DL-Lite.
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